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NMpepucnoBue

MaremaTuyeckas (u3HKa — 9TO MaTeMaTHYeCKMH annapaT M3yyeHMs PU3MYeCKHX
roseil — OAHOIO U3 LeHTPabHbIX 06bEKTOB COBpeMeHHOH dn3nku. TepMHH «MaTeMa-
THYecKas puaMKa» MmMeeT U bonee y3kuil, k1accuyeckuii, cmbica. FimeHHo, moa Mare-
MaTHueCcKoM (M3MKOI YacTO TIOHMMAIOT TOJNBKO TaKOH MaTeMaTHM4eCKMH afmapar
u3ydeHHsA HU3NYECKUX TI0Jel], KOTOPbIH He CBA3aH HENOCPEACTBEHHO CO CPABHIITENb-
HO 6oJsiee TIO3IHMMU ATOMHBIMH, CTATUCTHYECKUMU, PEJIATUBHCTCKUMH Y KBAHTOBbIMU
TIpe/icTaBJeHUAMH. DTOT ANMaparT siB/sIeTCsi OCHOBOH TeOPeTHYECKOM I'MAPOMEXAHHKH,
TEOpHH TETUIOTIPOBOAHOCTH, TEOPUH YIIPYTOCTH, KJIAaCCHYECKOW YacTH TEOpUM 3JIeK-
TpomarHuTHOTO moasA. Ilonst, paccMaTpuBaemblie B 3THX KJACCHYECKUX pasjenax
(bU3NKH, 0Ka3bIBAETCH BO3MOXKHBIM B TOM MJIM MHOM CMBIC/IE TPAKTOBATH KaK MeXaHU-
yeckre CUCTeMBI ¢ GECKOHEUHbIM YHC/IOM cTereHeii cBoGoabl, uTo 1 06ycI0BHIO 061I-
HOCTb COOTBETCTBYIOUIET0 MATEMATHYECKOTO alMapara.

Kak oTMeyaloT B [peJNCIOBUM aBTOPbl KHUCM «DJe€MeHTbl MaTeMaTHyecKoi GH3u-
ki» !, MareMaTHYecKasi bU3MKa ABJAAETCH, OBITH MOKET, OAHMM M3 CAMbIX 3HAYHTEIb-
HBIX JOCTHKeHNH YenoBedeckoro pazyma. OTKPBITHS OTPOMHOrO 3Ha4YeHUs BOSHUKIIH
6J1aro1aps MaTeMaTHYECKOH GopMyIMpoBKe HUINYECKHX ABJIEHUH U MaTeMaTiT4ecKo-
My aHaJM3y ¥ 006001eHNIO Pe3yIbTaTOB OTbITA.

MaremaTnueckas U3MKa He OrpaHUYUBAETCSA TOJIBKO MOJyyeHHeM MaTeMaTHUYECKNX
COOTHOLIEHWT, OMHCHIBAIOLNX HalifleHHbie M3 OIbITA 3aBHCUMOCTH MeXAy (pHanue-
CKUMM BenunHamu. HyKHO NOAYEPKHYTD €€ poJib B GOpMUPOBaHKM NOHATHH, Hael,
06pa3os. Y1opHbie 3aHATHUS MaTeMaTHueCKoH (hU3MKOH BENYT K TOSBJIEHUIO cBOE0D-
pasHo# MHTYHIMK: 0bIlMe CBOWCTBA pelleHHi CTaHOBATCS CTOJb )K€ HaiMsAAHO O4Ye-
BUAHBIMH, KAK OYEBUHO MajeHHe MTOAOPOLIEHHOIO KaMHS.

MaremaTuueckasi pH3KMKa UMEET CBOIO ICTETUKY, CBOH IIOHATHA O KpacoTe GopMy.ibl,
pesy/bTaTa, Teopult. [10106HO TOMY, KaK /ApeBHME IPeKH BhpaboTasu ONpeae/eHHble
KAHOHB! M TIPONOPLHMH MAEATbHOTO YETOBEYECKOTO TeJia, B MaTeMaTHYeCKOH (usHKe
YCTAaHOBUJIUCH OTIpeziesieHHble Gopmasblibie TpeboBaHNA K BO3BOAMMOIT Teopu. Tak,
ec/u KakHe-1b0 0ODBEKTbi ABJIAIOTCS B paMKaxX AAHHOH TEOPHH B TOM HIH HHOM

! 3envoosuu 4. B., Muxuc A. J[. Dnementsl MaTeMaTuueckoit ¢pusnki. — M. Hayka, 1973,
352 c.
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CMbIC/le WHBAPHAHTHBIMH, TO 3Ta MHBAPMaHTHOCTb AOJKHA HAIIAJIHO TIPOSBAATHCA
1 B GopMysax, CBA3BIBAIOLIMX ITH 06bEKTh. Teopus N0MKHA YAOBAETBOPATD OOIIUM
NPAHUMIIAM COXPAHEHUS KOJIMYECTBA JABIKEHUS U IHEPruM. 3aMeTHUM, KCTaTu, YTO
o6a 9TUX NPHHUMIA TeCHO CBA3aHbI MeXTY cob0il, M BbIABJIEHHE 3TOI CBA3M TaKkKe
€CTb 3acjlyra MaTeMaTHuecKoH pusnkm.

Ho Bbinosnnenne dopmanbHbix TpeboBanmil 0THIONb He UCYEPIIBIBAET OHATHS KPaco-
ThI TEOPUH, TIO06GHO TOMY, Kak cOO/II0IeHHEe aHATOMUYECKUX TIPOTIOPIIKIT He HCYepIIbI-
BAET TIOHATHS KPacoTsl 4esopexa. Jlyullne, reHuasbHble BOIJIOIIEHHA MaTeMaTUye-
CKOi1 QU3KMKH 3ameyaTesnbHBl T€M, YTO OHM BelyT JaJblie, YeM MpeANoNarald UxX
asTopbt. Knaccuueckuit ipuMep 3iech npeacTaBisieT HCTOPHSA OTKPHITHS aHTHYACTHIL,
Kak ussectHo, mepsbim 6b11 OTKPBIT 103uTpoH. Ero cyniecTsosanne 6b10 Npejckasa-
Ho Homem lupakom B 1929 T. ¢ 1IOMOLIBIO YUCTO TEOPETHUECKUX MOCTPOEHMIT, OHO
TIOJIyYMJIOCh KaK MaTeMaTH4eCKoe CJe/ICTBHe KBAHTOBOI TEOPUM ABUXKEHUA dJIEKTPO-
HoB. U Tonbko mosxke, B 1932 r., mosurponb 6biaK akTHyeckn HabMoAeHbl. ITO
KpyIHejiliee (u3nyecKoe OTKpbITHe OBITO OJHOBPeMEeHHO TpuymdoM MaTemaTHye-
ckoil pmzuku!

Hacrostiuit kype sBiistercss yue6HMKOM, B KOTOPOM M3J/IaTalOTCA OCHOBHBIE pasfielibl
MaTeMaTHYeCKON pU3NKH: ypaBHEHUs MaTeMaTH4eCKON GU3NKH, MHTeTpasbHble ypas-
HeHHsl ¥ BapualHoHHOe Hcuncaenne. Kype Hanvcan Ha ocHoBe meKumii, KOTOpble aB-
Top unral ¢ 1998 r. B Cankr-IleTepbyprckom rocysapcTseHHOM YHUBEpPCHTETe BOJ-
HBIX KOMMYHHKalUii Ha (aKy/ibTeTe NHOOPMAIMOHHBIX TEXHONOTMIA AN CTYNEHTOB,
obyyaroInxcs 1o crelinalbHocty «IIpuknantas MaTeMaTuka 1 nHGOpPMATHKA>.

3anac csenenyii, cCOOBIAEMBIX B NIPEATaraeMoil KHWre, aBTOp CTapaJsicsi CAEIATh IO
BO3MOXKHOCTH MHHHMaJIbHBIM. OH COCTOUT U3 U3NI0KeHUS JUILUb TeX PaKToB, KOTOPbIe
paccMaTpuBaIOTCs 0BBIYII0 Ha JEKIUsIX, M HeoOX0AMMbIX I0IOHEH U K HUM, KOTOpbe
KacaloTcs bosiee yriry6eHHOrO pACCMOTPEHHS HEKOTOPHIX MOHATUIA 1 Npe/iHa3HAYeHbl
OTBETHTh Ha BOIIPOCHI M PACCESNTh HEACHOCTH, KOTOpbie MOTYT BO3HMKHYTb Y 4acTH
CayLIaTeseil JeKIHH, H 3TUM ITOMOYb IIPEOIOTIETh HeM30eXHbIE 3aTPy/IHEHUS.,

KHura He sB/sieTcst IPOCTO 3alHChIO NeKUMH, IOITOMY He BCE COJlepialileecsl B Hell
uenecoobpasHo M3JIaraTh Ha JEKUMAX. Tak, HapUMep, IPU M3JIOXEHIII TEOPHH Clie-
UMIbHBIX QYHKIMI MOXHO BIIOJHE OTPAHMYUTHLCS JMIIL NePeyucaeHreM WX OCHOB-
HBIX CBOJCTB, OMyCKas B psie c/lyyaes MoApo6Hbie BBIKJIAAKU U J0Ka3aTe/bcTBa. [pu
W3JI0KeHHH BOIMPOCOB, CBA3AHHLIX C IpUMeHeHneM npeobpasosanusi Jlarraca, MOKHO
OTPaHUYMUTLCA TAKHMH 3a/a4amMu, KOTOPbIE JIONYCKAOT MCII0Ab30BaHMe TabJull U He
paccMaTpUBaTh 3afay, B KOTOPBIX TpebyeTcsT BhluMceHue UHTerpata Pumana—Men-
JnHa. HexoTopbie raBbl MOXHO HETHKOM MCKJIIOYUTh U3 JEKIHMOHHOIO Kypca — OHU
MOTYT COCTABHTb OT/E/IbHbie HeBoNbIIMe KyPChi O METOAAM MaTeMATHYECKO (UaU-
Ku. ITO, B IEPBYI0 OYepe/lb, KACAETCSA [JIAB, IOCBALIEHHBIX MHTEIPATbHBIM NPeobpaso-
BaHUAM, MHTETPaIbHBIM YPAaBHEHHUAM M BAPUAIKOHHOMY HUCYUCIIEHUIO.

Marepuasn B KHKre aBTOp CTapasCs U3JOXKHTb TAK, YTOOBI MAKCUMAIBHO TTOMOYb yua-
IeMYCs OBJIAIETh PA3/IMYHBIMU MAaTEeMaTHYECKMMH METONAMM, CAeNaTh HX TTPOCTBIMH
 eCTeCTBEHHBIMH, HayYUTh CBOOOAHO HX TpuMeHATh. C 3Toii 11e/1bI0 B yuebHuKe MHO-
ro MecTa OTBOAUTCA pa3bopy pellieHus: 3a/1a4 Ha OCHOBE PACCMOTPEHHBIX 06IINX MeTO-
nos. MimeeTcst Takke MHOTO 3azay W yIIPaKHEHUH VIS CaMOCTOATENbHON paboThl, KO-
TOpble TO3BOJIAIOT JIy4lle YCBOUTh U3JI0KEeHHbII MaTepuall, o CYIECTBY pa3obparbcs
B €T0 COlepKaHHH, MPOKOHTPOJIMPOBATh €0 TIOHMMaHHe, PasBHTb MAaTeMATHYECKYIO
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KyJbTYPy MbILIJIEHNS, HAYYUTh ITPHUMEHSTh MaTeMaTHYecKHH arnmapaTr K pelleHHio
npakTHYeckux 3axay. MsnoxeHne MaTepHasa BeJETCA Ha yPOBHE CTPOrOCTH, NPHHA-
TOM B HAacTodllee BPeMS B KJIaCCHYeCKOH MarTeMaTHKe, M37araeMofi B TeXHUYECKHX
YHUBEPCHTETAX.

OTMeTHM HEKOTOphle 0coBEeHHOCTH TOCTpoeHHs Hailero kypca. OH no/KeH, 1Mo 3a-
MBICJTY aBTOPa, CYXKHUTb CTYAEHTaM HHKeHepPHO-(DU3HYeCKHX CIIelHalbHOCTe TeXHH-
YecKHX YHUBEPCHTETOB PYKOBOACTBOM IIPH M3y4eHHH TeX Hay4HbIX JUCIHILIHNH, KOTO-
pble B yuebHBIX [I1aHaX UMEHYIOTCA «ypaBHEHHS MaTeMaTHYeCKOU PH3NKH», «METOABL
MaTeMaTH4ecKod QU3HKHy» MM «MaTeMaTHdeckas ¢usmukar. Hlocnentee HaiMeHoBa-
HUe Jiydlile OTBEYaeT CYIECTBY PACCMaTPHBAEMbIX B KHHIE BOIPOCOB.

Kax o6pI9HO, KypC COAEPKHUT TONBKO TEOPHIO JUHEeHHLIX yPaBHEHWH B YACTHBIX IPO-
M3BOIHBIX, TOYTH MCKJIIOYUTENLHO BTOPOTO TIOPsA/IKa — ypaBHeHUH MaTeMaTH4ecKoH
¢usukyu. EcrecTBeHHBIM 06pa3oM OCHOBHOE MECTO B KHUTe 3aHHMAIOT Haubosee pas-
paboTannbie U Hanboee BaXHBIE [/ IPUIOKEHUH TPH KJIACCHYECKHX THIIA ypaBHe-
HUIL 2JUTHITTHYECKHE, napaboandeckre U rHepboniyeckue. JaeTcs BLIBOJA OCHOBHBIX
ypaBHeHHi MaTeMaTHyeckoi (HU3NKH; KAaccudUKaua ypaBHEHUIl BTOPOro mopsiika
H 3312y MaTeMaTHuyeckoil (PU3MKH; JaeTCsl IOHATHE 0 KOPPEKTHO NOCTaBAeHHOH 3a1a-
ye MaTeMaTHYeCKOH (PU3HKH; H0Ka3bIBAETCS eIHHCTBEHHOCTD pellieHHs 3a1ay MaTeMa-
THYECKOH (PU3HKM /151 OCHOBHBIX ypaBHeHHII.

B kHHre paccMaTpUBaIOTCA CAeAyIOLIHe MeTO/bl pellieHus! 3a/1a4, CBA3AIHbIX ¢ ypaB-
HeHMsIMH B YacTHBIX ITPOM3BOAHBIX BTOPOro ropsiaka: Meron [lanambepa, merton
®ypoe ¢ conyTcTrylomeit Teopueit 3anaun 1Itypma—Jlunysusnis (perynsipioii 1 CHn-
I'y/IsipHOI ), METOJl MHTErPaIbHbIX 1Peo6Pa3OBanUil B KOHCUHBIX 1 GecKoneynbIX 11pe-
nenax. HoapobHo usnaraetcst Merox npeobpaszopanis Jlaiiaca.

Kpome Toro, B yue6HUKe H3/araloTCs HadasbHble CBeAEHUs IO CIeUHaIbHBIM QYHK-
IUSIM, 2JeMeHThbl [eopHy MHTErPaIbHBIX YPaBHEHHI 11 BapHauMOHHOIO HCYHCAEHHS.
Ot pasiesbi MaTeMaTHKH CTAHOBATCA Bee 6oJiee HeO6XOAMMBI HHXKeHepy-HCCae10Ba-
TeJII0 ¥ UHXKeHepy-MaTeMaTHKY, HCIOIb3YOIM B CBOeii paboTe MeTobl NPUKIaAHOM
mareMatHkH. [ToapobHo copepxkanye yyebHHKa OTpaXeHO B OTJIaBJEHUN.

Cnexyer ckasath eile 06 onHoit ocobennocti kuuru. B Hacrosimee Bpems crienma-
JIMCT TI0 NPHUKJIAAHOI MaTeMaTHKe He MbICAUTCS 6€3 XOPOLIEro 3HaHMs KOMIbIOTe-
pa. CoBpeMeHtHble BbIUMC/IMTE/bHblE CHCTeMbl W Gasupyloluecss Ha HUX Hiipopma-
ILMOHHBIE TEXHOJTOTHH COBEPIIeHHO H3MEHHJIH BCE CTOPOHbBI YeJOBEYECKOro BbiTHS.
Hoxanyit, B HanboJbilell CTEeITeHH U3MEeHHICS XapaKTep M MOBBICHIACH IPOU3BOIH-
TeJbHOCTh YMCTBEHHOTO TPyna. Ternepb yke HeBO3MOXKIIO TPEACTaBHTDL cebe KBasIH-
(pUIMPOBAHHOIO YYEHOTO, HHKeHepa, KOHCTPYKTOPa, He HcIobayiotero Internet s
nosiyyeHusi camoii ceexeil nHdopMamii ¥ obMeHa eio, MOJyYeHUs! POrPaMM Juist
ABTOMATH3AMU BBITOJHEHHS M BbICOKOKaYeCTBEHHOTO O(MOPMJIEHHS [IPOEKTOB.
K uncny nanbosiee 3aMeyaTenbHbIX IPOrPAMM TaKOTO THIIA MOXKHO OTHECTH IPOrpaM-
My Maple. 3ToT naker HbiHe IIMPOKO HCIOAbL3YETCH JIJIsl TPENoAaBatis MaTeMaTHKI!
BO MHOTHX yyeGHBIX 3aBefeHHsIX MHPa, B ToM uncne v Pocciin. Ero MoxHo ¢ ycnexom
MCIIOB30BaTh IS IPeNofaBatist TeXHHIECKUX AHCLUII/IHH: TeOPEeTHYECKOIT MexaHu-
KH, CONPOTHBJIEHHS MaTepHasoB, CTPOHTENbHONH MeXaHHKHM W T. 1. [ast CTyleHTOB
Maple sijisieTca HeolleHMMBIM TOMOILIHHKOM B H3yYCHMH Pa3HoobpasHbIX MaTeMaTH-
yecKMX MeTOJI0B, 0CBOBOXKAaA UX OT PYTHIIHBIX MaTeMaTHYeCKHX BBLIYHCAEHHH H CO-
CpeoTOYHBas MX BHUMAHKe Ha CyllecTBe n3yyaemoro Metona. B aToil kniire B konue
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Ka)kKAOH IJIaBbl HOCJE NMEPeyHst 3a1ay ISl CAMOCTOSITEBHOIO PelleHHs IPUBOISTCA
pellleHHsl THTIOBBIX TIPHMEPOB C MCIIOJb3OBAHHEM 3aMedaTesbHbIX BO3MOXHOCTel
nakera Maple. O6yualommiicst MOXeT HCIIOIb30BATh U JAPyrUe MaTeMaTHyecKHe raKe-
b1, Hatipumep Matlab, MathCad, Mathematica u 1. . Bo Bcex npumepax noapo6no
OlLIMCAHO CoCTaBjeHHe TIPOTPAMM ISl PellieHUsT 3a1a4, U CTYA€HThl CMOTYT IIOBTOPHTh
3TH [IPOTPaMMbI Ha APYTHX SI3bIKAX ITPOrPAMMUPOBAHUSL.

TpyaHo nepeyucinTh Te y4ebHHKH, MOHOIpaduHu, CTaThH, IMOJ BAHAHHEM KOTOPBIX
C/IOKHIIMCh METOIMYECKHE B3Il aBTopa. QueHb BaXHO 3/1€Ch TAKXe BJMsHHe Cob-
CTBEHHOTO OlIbITa HAyYHOI M IIperojaBaTeabcKoit paboThl, HAYYHOTO M MeNaroruye-
CKOTO OIbiTa 11eTepOyprekix KoJuier 1 Apy3ei aropa. CIMCOK THTepaTypbl, KOTOpast
Hanbosiee MHPOKO MCIOALIOBANACH, MaH B KoHue KHHrH. Hexoropbie monorpaduu
H y4eOHUKH YIOMSHYTHE B IOACTPOYHBIX 3aMeyaHHUsX.

. I'onockoxos

Cankr-Tlerepbypr, despans—uions 2003 r.

OT usparenbcrea

Bamu 3ameyanusi, TIpeiIOKEHUS M BOMPOCHI OTIPABJIAHTe 110 aipecy 3JeKTPOHHON
nodrel comp@piter.com (M3nateabcTBO «fluTeps, KoMIbIOTEPHAs PeAAKLNA).

Mpb1 6yneM pajlbl y3HATDL Baule MHeHue!

Monpobnyio nndopMalidio 0 HalllIIX KHHTaX Bbl Hajlzere Ha web-caijite u3garenbcrTBa
http://www.piter.com




1 BsepeHue

Ora raaBa HOCUT BCIIOMOTaTe IbHbIH xapakTep. 3/1€Ch KPaTKO HAallOMHHAIOTCS HEKOTO-
pble TIOHATHS MaTEMAaTHYeCKOTo aHalu3a, IIPUBOJSATCA OCHOBHbIE NHGdepeHIHalb-
HbIE OITEPATOPHI H OCHOBHbIE HHTerPabHble TOXKAECTBA, BBOIUTCS IPOH3BOJIbHAA KPH-
BOJIMHEHHAs cHCTeMa KOOP/AHHAT.

Mpeaomer n 3apaum maremarmyeckomn Gusuku

HocTpoenne M MCCle0BaHie MaTeMaTHYeCKHX Mojesled (pU3NYecKux siBeHui co-
CTaBJAIOT NPEMET MaTeMaTHYeCKoil (HPU3NKH. YMECTHO MPOC/IEANTh OCHOBHBIE 3Tallbl
3ApOXKAEHHSA W Pa3sBUTHSA MaTeMaTwyeckoit ¢pusmxu [4]. Marematnueckas usnka
pasBMBajiach co BpeMeH HploToHa NapasiesibHO Pa3BUTHIO (PU3HKK M MaTeMaTHKH.
B xonie XVII B. 66110 oTKpBITO AUddepeHiinanbioe 1 HHTETPaJbHOE HUCUHCIeHHE
(WU. Hyioron, I. Jleitbruu) u copmyupoBaHbl OCHOBHBIE 3aKOHBI K/1aCCHYECKOIH Me-
XaHUKH ¥ 3aKoH BcemupHoro tsrotenns (M. Hetoron). B XVIII B. MeToxsr MaTeMaTh-
yeckoit pU3KMKH Hayanu GOPMUPOBATLCS ITPH M3yyeHHH KojiebaHHil CTPYH U CTepx-
Heil, a TakXKe pelleHny 3a1a4, CBA3AHHBIX ¢ aKYCTHKOH M TMAPOAMHAMMKOM. B aT0 Xe
BpeMsl 3aKJIallblBAIOTCS OCHOBBI aHAUTHYeckod Mexanuku (K. HManambep, JI. Jiinep,
JL. BepuyJsum, XK. Jlarpanx, I1. Jlammac). B XIX B. naen MaTeMaTuueckoi pUanky mo-
JIyYUJIH HOBOE Pa3BHTHE B CBSI3H C 33aUaMH TEILIONPOBOMXHOCTH, AH(PY3UH, yIIpyro-
CTH, OITTHKH, 2JEeKTPOAUHAMUKH. B 3TOT neproi co3faloTcsi Teopusl NoTeHUHana U
teopusi ycroitumpoctu asuxkennst (XK. @ypoe, C. Tlyaccon, K. Taycc, O. Ko,
M. B. Ocrporpanckuii, 1. upuxne, B. Puman, C. B. Kopanesckas, /1. Croxe, A. Ily-
anxape, A. M. JlanyHos, B. A. Crexuos, [l. [uipbept). B XX B. B MaTeMaTH4eCKy10
GbU3KKY BKIIOYAIOTCA 3a4ayl KBaHTOBOH (PU3MKK M TEOPHH OTHOCHTEJBLHOCTH, & TaK-
e HOBble NPo6ieMbl ra30Boi JHHAMUKM, MTepeHoca YacTHIL U PU3KKH MJ1a3MBbl.

MHorve 3aaul KIACCHUeCKO MaTeMaTHueckoit GUBHKH CBOAATCS K kpaesbim 3ada-
yam Ona dugepenyuarvivix (unmeezpo-ougpepenyuarvrvix) ypagnenui — ypaste-
HUli MAMeMamuuecKolt QU3UKU.

OCHOBHBIMH MaTeMaTHYeCKMMH CPeiCTBaMK MCCAeJ0BaHNA 3THX 3aJay CJAyXKaT Teo-
puist audpdepeHHanbHbIX ypaBHeHHi (BKII0Yas POACTBeHHble 06JacTH — HHTerpasb-
Hble ypaBHEHHs 1 BapHAIMOHHOE HCYHCIeHHe), TeopHs PYHKUHI, GYHKIHOHAIBHBIIH
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aHaJIM3, TeopuAa BepOﬂTHOCTeﬁ, HpH6JIH)K€HHbIe METOJbl U BBIYUCJHTEJbHAA MaTe-
MaTHKa.

3syyenne MaTeMaTHUeCKUX Moje el KBaHTOBOM (pU3HKN MOTPeboBasio NPHUBJEYeHHs
HOBLIX ofsacTeil MaTeMaTHMKH, TaKHX Kak Teopus o6obuieHHbIX (pyHxuui, Teopus
bYHKIH MHOTHX KOMIUIEKCHBIX [IePEMEHHDIX, TOMOJOTHYeCKNX M anrebpandecknx
MeTO/IOB.

C noasnenuem DBM cyuecTBeHHO paclIMpPHIICA KJIacC MaTeMaTHyeCKUX MOJeJeH,
JIOIYCKAIOIIMX JeTa/lbliblil aHAIN3; HOSABU/IACh PealbHas BO3MOXHOCTb CTAaBUTh Bbl-
YHC/IHTE/bHBI 9KCITepHMEHT.

Cpeny 3a1ad MaTeMaTHyecKoit (DU3HKH Bblie/IseTcs BAXKHBIH KIacc KOPPEKmHo no-
cmaenenHbix 3a0au, TO ecThb 3ajay, /s KOTOPbIX pelileHHe CYlLIeCTBYeT, e/lHHCTBEHHO U
HeTIpepPhIBHO 3aBHCHUT OT AAHHBIX 3apayi. XoTa aTH TpeboBaHMs Ha TepBbIH B3NN
KaXKyTCSl COBEPUIEHHO eCTECTBEHHBIMH, HX, TeM He Meliee, HeoOXo0umo doxasvieamo
8 pamMKax npuHAMOL Mamemamu4eckoli mooeau. JloKasaTenbCTBO KOPPEKTHOCTH — 3TO
neppasi anpobanys MareMaTHyecKol MoJea: MojeJb HelmpPOTHBOPeuHBa (pelleHve
CYIeCTBYeT), MOJleJIb O/IHO3HAYHO OIMChIBAeT PU3HYeCKuil npouece (peileHHe eant-
CTBeHHO), MOJIe/Ib MaJIO UYBCTBUTEIbHA K TTOTPEITHOCTAM H3MepeHHii pu3nyeckux se-
JIMUMH (pellleHKe HelpepbIBHO 3aBUCHT OT JAHHBIX 3aJayH).

B aToit kuure mbl 6yaeM H3yuaTh KOPPEKTHO ITOCTaBJeHHbIE KPaeBbie 3a1auyl /s
anddepenuanbHbX ypaBHEHHH KIACCHYECKOH MaTeMaTuyecKoi (HU3MKH B TepMH-
Hax xuaccuneckux pewenuti. B coBpemennoil MaTemaTyeckoit dpusnie 6obiIoe 3Ha-
yeHue MMeeT NOHATHE o6obwennozo pewenus. OHobIeHHble PelleHns BOSHUKAIOT ITPH
M3YYyeHi{H MHTerpaJbHBIX COOTHOLUEHMIT THIA JIOKajbHOro GanaHca, M yueT ITHX
peleH il NPUBOAUT K 0606wenibiM nOCMANO8KAM KPAesbix 3a0ay MaTeMaTUyecKoi
dusuku. TouHoe onpesnesenye 0606IIEHHOTO PelleHIs ONHPAETCs Ha NoHATHe 0606-
wennoti npoussoduoii u soobule, obobwennol Gynuxyuu. Annapar Teopun obobuie-
HBIX (DYHKUMIT CIyXKUT yAOOHBIM CPEACTBOM JUIS HCCIIEN0OBAHHS JIMHEHHDBIX KPaeBbIX
331249 MaTeMaTUUecKoil PU3UKH Kak B 060011IeHOMN, TaK M B K1aCCUYeCKOH OCTaHOB-
kax. OJIHAKO 3TH BOIPOCHI BBIXOASIT 33 PAMKH KJacCHYEeCKOH Bbiclleji MaTeMaTHKH,
M3yuaemoii B TeXHHYECKHX yHIBEPCHTETaX H 3HaHHe TOJBKO KOTOPOH Mbl npearnona-
raeM. B ciyuae HeOGXOMMMOCTH MBI OTCBUIAEM K COOTBETCTBYIOWMM yueGHukam [4]'.

OcHoBHblie aunddepeHunarnbHblie onepaTopb!
MaremMmaruieckon puanku

HamnoMHuM HeKOTOphe HOHATHS U onpenesiedust ananusa. [lycts A — nponssosbHoe
MHOXeCTBO. EC/IU a7leMeHT a MPUHaAIeXUT MHOXeCTBY A (COIepKHUTCs BO MHOXECTBE
A), To 3TO 6yaeM sanuceBaTh Tak: @ € A. EciM on1eMenT a He NpUHALIEKUT MHOXKECT-
By A (e COIepX)HTCs BO MHOXeCTBe A), TO 3TO 3anuchiBaeTca Tak: @ € A WM Tak:
a ¢ A. Ilycrbs B — npyroe muoxecrso. O6osnaynm A < B exaouenue As B, A=B —
cosnadenue A c B, AU B — obvedunenue An B, An B — nepeceuenue An B, A\ B —

' Cm. Takoke Bradumupos B. C. O6obulennble hynKimu B MaTemaTHuecKoi dusnke. — M.: Hay-
Ka, 1979. 320 c.
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dononnenue B no A (puc. 1.1), Ax B — npoussedenue A v B (Muoxecrso nap (a,b),
aeA, b eB),J — nycroe MHOXeCTBO.

AUB

NP

Puc. 1.1. Onepauuu Hafp MHOXECTBAMM

O603HaYMM N-MEPHOE BELIECTBEHHOE EBKJIMI0BO TPOCTPAHCTBO yepe3 R”, a ero Touku
yepes x =(x,, X,,..., X, ), e x; (i=12...,n) — xoopauHaTsl ToukH x. CMBOJIaMH
(x,y) u | x| obosnauum ckarsproe npoussedenue v Onuny (1opmy) B R":

(0 y) =Xy, + X,y + + X, Y,

|Jc|=1/(x,3c)=\[x,2 +xl 4w xl

Taxum obpaszoM, yucio |x —y] €CTh EBKJIMAOBO PACCTOSIHHE MEX/y TOUKAMH X H Y.
MHuoxecTBo To4ek X € R”, yIOBNeTBOPSAIOMIMNX HePaBeHCTBY |x —x0| < 7, Ha3bIBAETCA
OMKPbIMbIM WAPOM PAIUYCA T ¢ LeHTPOM B TOYKe X. DTOT Iap 0603HAualOT TaK:
U(x,;7). MHOXeCTBO Ha3bIBAETCS 0ZpanuuennbiM B R, ecv CyliecTByer 1ap, cojep-
Xaiui 370 MHOXecTBo. ToUKa X, Ha3bIBAETCA BHYMPeHHel TOUKOH MHOXECTBE, eCIH
CyUIecTByeT LIap ¢ EHTPOM B TOUKe X, COJepXauuiics B 3ToM MHoxecTse. Muoxe-
CTBO HA3bIBAETCH OMKPLUMbIM, €CJIM BCE ero TOYKH BHyTpeHHHe. MHOXecTBO Ha3blBa-
eTCS C8A3HbIM, eCJI JIo6ble JIBE €r0 TOUKHM MOXKHO COCJHHMTD KyCOYHO-TIaAKOH KpH-
BOIi, Jjiexxamiell B aToM MHoxecTse. CBsI3HOE OTKpPBITOE MHOXECTBO HA3bIBAETCA
obaacmuio.

TocnenoBaTeasHocTs Todek x, = (xf, xf ..., x}) nasvisaercs cxomsimeiicss k Touke
xeR", x, »x, k- o, ecan|x—x,] >0, k - 0. Touxa x, HazbBaeTCS npedervrod
mouxoii MHOXecTBa A, eC/iM CYILECTBYeT ITOC/IeA0BaTEeNbHOCTD X, TaKas, uTo X, € A,
X, # Xy, X, = Xy, k = 0. Ecamt k MHOXecTBY A 106aBUTD BCe €ro npejiesibHble TOYKH,
TO NOJy4eHHOe MHOXECTBO Ha3bIBACTCSH 3aMbiKaHUeM MHOXeECTBA A u 0603HaYaeTCs ;
AcHo, uTo A < A. Ecin MHOXeCTBO COBIIaaeT CO CBOUM 3aMBbIKaHHMEM, TO OHO Ha3bIBa-
eTcs 3amMkHymbiM. 3aMKHYTOoe orpaHHYeHHOe MHOXECTBO Ha3blBAETCSl KOMNAKMOM.
Oxpecmnocmpio MHOXecTBA A Ha3plBAeTCs BCAKOE OTKPBITOE MHOXKECTBO, COAEpxKa-
uree A.

ycts G — 06.1aCTh, TO €CTh CBA3HOE OTKPbITOE MHOXecTBO. Touku 3ambikanus G, He
npunagaexaue G, 06pasyioT 3aMKHYTOE MHOXECTBO S, HasblBaeMoe rpanuiielt 06-
nacti G, Tak yto S = G \ G. Hanpumep, rpanuuieii orkpsrroro mapa U(x;7) siBasieTcst
cdepa | x —x0| =r. D1y cdepy obosHayaoT S(xy;7).

MHoxecTBo GyHKUMI f, HenmpeprIBHBIX B 061acTu G BMeCTe ¢ MPOU3BOAHBIMH 110 He-
KOTOporo ropsaaka p BrjodntenasHo (0 < p < ), obpasyer xracc C )(G). Taxum ob-

0 o

pa3soM, kyacc C ¢ )(G) COCTOMT U3 BCeX HelpPePbIBHBIX PYHKIMIT B G; 9TOT KJacc 4acTo
oGosnauvatot npocto C(G).
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B MareMaTHveckoi (H3KMKe 4acTo pacCMaTpHBAeTCs BEAMYMMHA, KOTOpasl 3aBUCHT He
TOJBKO OT HOJIOXEeHHUS TOYKH X =(X,, X,,..., X, ), TO eCTb OT ee n (dacTo n=1,2, 3)
IIPOCTPAHCTBEHHBIX KOOPAMHAT, HO H elle OT KaKoii-11ubo nepeMeHHOM, B GOJIbIIHHCT-
Be cly4yaeB oT BpeMeHM ¢. Eciu paccMarpyBaeMasi BEIHMYHHA SIBJISETCS YHCIOM, TO
[IPUHATO TOBOPUTD, YTO Peyb HAET O CKAIAPHOM HYHKIHY TOUKH; €CIIH Xe PACCMaTpH-
BaeMasi BeJIMYMHA — BEKTOP, TO FOBOPSIT O BEKTOPHON (PYHKUMH TOUYKH.

BMecTo TepMITHOB «4HC/IOBast (PYHKIMSA TOUKH», «BEKTOP-PYHKIUA TOUKH» yrnoTped-
JIAIOTCA PaBHO3HAUHBlE: CKANADHOE NOAE, 8EKMOPHOE noje. JTa TEPMUHOJIOTHUS ITOA-
YyepKuBaeT, YTO 3HayeHHs paccMaTpuBaeMblX (PYyHKUMH 3aBUCAT HMEHHO OT TOYeK
npocTpancTea (B KOTOPBIX 3TH (hYHKIIMM OfpejiesieHb), a He 0T HX KOOpAUHAT, NPH
BoIGOpE TOH MJIM HHOIT CHUCTEMBI KOOPAMHAT.

Hanpumep, NI0THOCTD 3apsiia B Pa3JMYHBIX TOYKAX H30JHPOBAHHOrO HasJeKTPH-
30BaHHOTO TeJa NpencTaBiseT cobOH CKaMSIPHYIO QYHKUHMIO TOYKM; JJIeKTpHYyecKoe
roJie, KOTOpPoe CO3JaeTcs 9THMH 3apsiIaMH B Pa3JIMyHBIX TOYKAX TeJa, NPeACTaBasgeT
coboll BEeKTOPHYI0O (QYHKUHIO TOUKHM. DJEKTPHYeCKHe 3apAIbl CO3JAI0T CKaJIspHOe
T10Jle MJIOTHOCTH M BeKTOPHOE IT0JIe 3eKTPHUeCKUX cull. Eciu anexTpuyeckue 3apsbl
M3MEHSI0TCS] B 3aBUCUMOCTH OT BPEMEHH, TO CKaJIAPHOE ¥ BEKTOPHOE I0JIs ABAAIOTCS
He TOJIbKO PYHKUHAMH KOOPAMHAT pacCMaTPHBAEMOH TOYKH, HO TaKxke W QyHKLHAMU
BPEMEHH.

Ynorpebisist 3Ty TEPMMHOJIOIHIO, MOXHO CKa3aTh, HAIPUMEP, YTO BCAKOE CKAJIAPHOE
none u =u(M), onpeneientoe U auddepeHurpyemoe B HekoTopoit obaacti G, 1o-
PO JlacT BEKTOPHOE IMoJie ero rpaaveHTon: a(M) = grad (u).

Hanmomunm octoBHble auddepeHnanbHbie ollepaTopsl TEOPUH I0JisI — OINEepaTOpPB
mareMatuueckoi gusnki. Hanbonee BaxcHble nojs XapaKTepusyloT cielyioliie TPH
ynwumi

O rpajiHeHT — BeKTopHas (YHKLHS, apryMeHTOM KOTOPOH SIBJISeTCsi CKaJspHas

(pyHKIMA TOYKIL,

O naMBepreHitMs — cKajsipHasi (pyHKiiHsl, apTYMEHTOM KOTOPOH SIBJISIETCS BEKTOPHAsS
(pyHKUIUS TOYKH;

O BHUXpb — BeKTOPHast (hYHKIIMS, apTYMEHTOM KOTOpOll sIBJA€TCSt BeKTOpHasl (PyHK-
1111 TOYKH.

Onepamop-epaduenm GHyHKUMH u: gaHa ckaaspHast GyHKuus u(X,y,z); rpaglienToM
9TOH (PYHKIMK HA3BIBAETCS BEKTOP ¢ KoOpAHHATaMu du/dx, du/ oy, du/dz.
- Ou = Ou - Ou
gradu)=1—+j—+k—.
ox Oy 0z
C 9TUM 011epaTOPOM TeCHO CBSI3aH OITEPaTOp — ITPOU3BOjIHAsI (TPajMeHT) ITO HAIpPaB-
newmio [:

%au

[grad(w)], = 3 =acos(7,x)+g—2cos(i,y)+—g—:cos(i,z).

3necnh cos (1,x), cos (I,y), cos (/,2) — HanpasJsOIIHE KOCHHYCHI, TO €CTh KOCHHYCBHI YT~

JIOB, COCTAB/sSIeMBbIX HallpapieHieM [ ¢ NoJoXUTeJbHbIMH HATIPABJEHUSAMHI KOOPIH-
HaTHbIX OCEH.
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QueBHAHO,

@

i I-grad(u).

Onepamop-Ousepzenyus BEXTOPHON GYHKIMK A: 1ana BekTopHas GYHKIHA A TOYKH
M(x,y,z); nuBepreHnus Bektopa A — 3TO CKAJISIPHAsl BeJHYHHA
0A, N 04, . 04,

ox 8y oz

3mech npexnonaraercs, uto A(A, A A= iA, + ]Ay + EA,.

divA =

Onepamop-pomop (UK 8UXpPb) BEKTOPA A — 3TO BEKTOPHAS BeJTHYMHA

- - 0A - ~( OA
ot A=1 %__y +J' M;_%f. + k y-%_
Oy 0z 0z Ox ox Oy

yn06H0 CHMBOJIMYECKOE IpeJaCTaB/ieHHe 3TOr0 BEKTOpA B BHU/I€ OIIpeAe/INTe s TPpeThe-
ro nopﬂnxa’:

]

rot A=

:“%’mwx
P Qo =

~

S Q|

NPUMEHAHUE
JlvBepreHuus 11peAcTaBUMa B BUAE CEAYIOWNX CKAISPHbBIX IPOU3BeAEHHH:

dvi=i. 252,54
ox oy 0z
BHXpb HpeﬂCTaBHM B BHIE CyMMbI CJIeLlleIHPIX BeKToprlx HpOMSBelleHHﬁZ
ot A=ix 179, 524
ox oy 0z

Onepamopom Jlannaca (ranaacuarom) Ha3bBIBAIOT OIEPATOP
8t 8t &
Ox oy oz
Ecaut mpuMeHHTD €ro K CKaaApPHOH QYHKIMHY U, TO
o*u  0'u N o*u
axt  oy* 02?

' Tlon <«IpOU3BeJleHHeM» CUMBOJIOB &/ Ox, , OAGR; K %1 Y YA OKMMAaTh, COOT-
YRR KA 1 £ PYARMAD
BEeTCTBEHHO, CKaApbl ¢ /0x, O¢/dy, Opfoz. T ’
| [
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IIpumenum omeparop Jlannaca k Bekropy A. Mmeem

823 A2F A?d
M:6A+6 A+5A.
ax?  oy® 0z’

Tak kax A =14, +]Ay + ITcAz, To AN BeKTOpa AA mosydaem cieAyioliee BbIpa-
XKeHue:

AA =TAA, +]AA, + kA,

Onepamopom Tamunomona (cumeonuueckum 6eKmopom 11abaa) Ha3pIBAIOT BEKTOPHBIA
olepatop

CxansipHoe TIpou3BeieHHe BeKTopoB V U A paBHO

0A -
o4, +—2 4 o4, _ divA.
Ox Oy 0z

V.-A=

BekropHoe npousseenie BeKTopoB V U A paBHO

- - 0A - - 0A -
VxA=i oA, %y +J o4, o4, + k| — o4, = rot A.
dy Oz 0z Ox ox Oy

AHAJIOTHYHO noJjydyaeMm

Au =V,

e cKajsipHbtit orrepatop V ? =V .V obosHaueH Yepe3 A, TO €CTb CYIECTBYeT OYeBH/I-
Has CBA3b Mexy ormepaTopamu: div(grad(u)) = Au.

Ecau oT oaHOH cucreMsl koopauHat Oxyz mepe#iTv K ApYroi cucreMe KOOpAHHAT
O'x’'y'2', To hopMa OCHOBHBIX ONIEPATOPOB MaTEMAaTHIeCKOH HH3MKHM He U3MEHNTCA —
onepaTopbl MHBAPMAHTHBI IT0 OTHOLIEHWIO K IOBOPOTY H NEPEHOCY KOOPAMHATHBIX
ocell.

OcHOBHbIE MHTErpasnbHblie TOXAEeCTBa

[Tycrtp 3axanbl cucTEMA KOOPAMHAT Oxyz v obaactp D, orpanyyeHHas 10BePXHOCTBIO S,
rJIaiKOH HAN KycouHo-raankoit. [1o/ KycouHo-I1aaKoil OBEPXHOCTBIO Mbl 6yaeM Io-
HMMaTh MOBEPXHOCTb, KOTOPAS COCTOMT H3 KOHEYHOrO YHUCJIA KYCKOB C HEIpPEphIBHO
MeHSIolecs Ha HUX KacaTeJbHOH IJIOCKOCTHIO.
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[Iycts A — Bexrophas ¢ynkuus rouku M € D. [Ipepnonaraercs, uro ata GyHkims
HETIpephIBHA BMECTe CO CBOMMHU ITePBBIMH ITPOM3BOIHLIMH B NMi060# Touke obbema D
u ero rpanuusl S. Torza, xax ussectHo, cripasensusa hopMyaa OcTporpajickoro

[divA di =4, do, .1
D S

rie do — ajneMenT nopepxHocTH S; dt — anement obvema D; A, = AA, A- BEKTOP
BHelIHeH HopManu k mosepxnoctu S. @opmyna (1.1) mepua, ecin A e C')(D),

D=DuUsS.

onoxum B gpopmy.e (1.1) A = grad(u), TOT3, OYEBUIHO,
divA = div(grad(u)) = Ay

C APYTO# CTOPOHHBI,

- ou
A =A-n= d = —
n n=grad(u) i

Taxum ob6paszom, OyaeM uMmeTs
Ou
Au dt = | — do. 1.2)
,'[ ! on
Mopmyana (1.2) Bepha, ecanu e CV(D).
3amenum B (1.2) bynkuuo u Ha dyukuHo 42 /2. Umeem

3 (u? ou 8% (u? 8%u (aqu
— — | =u—; _ | — =y — +| — .
x| 2 ox il 2

o (u? ou ?* (u? 8%u du 2
— | —|=z=u—=; —|—=|zu—+|=;
oy\ 2 oy oyl 2 Sy

o (u? ou 8% (u? 8%u (614)2
= =u | e mu— |
oz\ 2 oz 322\ 2

OTKyaa nonyyum

u’ ) 2, 0 (ul)_,ou
A[;]—uAu+(grad(u)) ; 8n[ 5 ]—u ,

U, CJle[oBaTebHO, BMeCTo (opmyst (1.2) 6yaem uMersb

I[uAu +(grad(u))? ]dr = Iu%d@ (1.3)
D 5

®opmyna (1.3) BepHa, ecinu € C* (D).
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PaccmoTpum Tenepb miockocts Oxy M IUIOCKYIO 061acTs D, orpaHuyeHHyI0 KOHTY-
pom . B atom cayuae Bmecto dopmya (1.2) u (1.3) 6ynem nmeTs popMybl

_u
;[)Audc—jandl,

r

21do = [u 2%
;[[uAu +(grad(u))* )do I[u P dl.

3xech

%u  0'u
+‘a—'2—,

a—uziu-cos(ﬁ,x)+%cos(ﬁ, );
on  ox oy v

do — aneMeHT nockoit obnactu D; dl — anemeHT ayry rpaHuipl [

TIpiBeseM elle OAHY ITOJIE3HYIO GOPMYJly, H3BECTHYIO B JMTepaType Kak QopmyJa
Tpuna. lycTs S — 3aMKHYyTas MOBEPXHOCTD, OrpanuuuBaiomas obaacrs D. Mycts u
1 v — aBe cxanspHsle pynxiuyu Toukn M e D. [Toxaxem, yto nmeeT Mecto (opmy.ia

I[uAv—vAu]d't:I[u?—va—u]dc. (1.4)
> n

3 on

Bocnonsayemcs erko nposepsieMoit (popMysioll (YMTaTeN0 peKOMeH 1yeM NIPOBEPUTH
a1y dopmy.y!), onpenensiomeil AMBEPreHIHIO TPOU3BEAEHHSA CKAJIAPHOrO TOMIA f Ha
BEKTOPHoe roJie A:

div(fA) = A-grad(f)+ f div(A).
Byxem umets
div (u grad (¢v)) = grad(v) - grad (u) + u div (grad(v)) = grad (v) - grad (u) + uAv.
Toxcrasum B dopmysy (1.1) BMecTo BekTOpa A BexTop u grad(v). UMeeM
ov
I[uAv + grad(u)- grad (v)]dr = Iu—dc.
D s on
Mensas poau dhyHKIHHA 4 U v, HAXOLUM
I[vAu + grad(v) - grad(u))dr = Iva—u do.
D ‘ s on
BoiunTas nocietee BoIpaXKeHHe W3 MPEABIAYLIEro, oaydnm dopmyy (1.4).

N3 dopmyast Ocrporpaackoro (1.1), xpome nepeurCIeHHbIX MHTETPATbHBIX TOX-
JIECTB, BBITEKAeT BaXKHOE CJIeJICTBUE, KOTOPOE MBI CPOPMYIHPYeM B BHIE JIEMMObI [25].
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NEMMA. [Iycmo F — nenpepwisnan gpynkyus, 3adannas 8 Hexkomopou obnacmu mpex-
MepHo20 esxaudosa npocmpancmaa. Ins moeo umobvL Oas mo6ot 3amxnymoii nogepx-
nocmu S, nposedentoti snympu obracmu 3adanus eexmophoii gynxyuu T u oepanuuu-
saroueli obnacms ), UMENO MECMO PABEHCME0

Ith=IT" do, (1.5)

1e0bx00umo u docmamouno, umobul

divT = F. (1.6)
HeitcreurensHo, npumensst dopmyny (1.1), paserctso (1.5) MOXHO TPUBECTH K BHAY

[[divT - F]dx =0.
Q

ITocne atoro mocTaTOYHOCTbL YCJIOBHMS JIEMMBI CTAHOBHTCS OYEBHAHOH. YCTAHOBUM
ero HeobxoanmocTh. Byzem paccyxaarh oT npoTHBHOro. JIONyCTUM, YTO B HEKOTOPOi
TOUKE, 2 TeM CaMbIM B CHJIY HENIPEPHIBHOCTH U B €€ OKpeCcTHOCTH, byHKuus div T - F
OTJIMYHA OT HYJIsl, HaIpUMep, NOJoXHTe bHA. Toraa uHTerpasl, pacnpocTpaHeHHbIH Mo
MaToi 061aCTH  BOKPYT YIOMSIHYTON TOYKH, GYAET OTJWYEH OT HyJsk:

[ldivT - Fdz # 0,

1 paBeHcTBO (1.5) HeBo3MoxkHO. Cile0BaTeNbHO, Hallle PEATIOI0KEHHE IPOTUBOPE-
4uT ycnoBuio. Takum o6pasom, HeobxoxumocThb paBeHcTBa (1.6) nokasaHa.

TouHo Tak ke MoXeT GbITh I0KA3aHA AHATOTMYHASA JIeMMa AJs IByMepHO# 06/acTH,
Jexaliei Ha MJIOCKOCTH.

ITa IeMMa YacTO HCIOIb3YeTCss B MaTeEMaTHYeCKo# (pu3uKe NpH moaydeHUH audde-
PEHUMAJIBHBIX YPaBHEHUI (peACTaBASONMX coboli ToKanbHyo (POPMY 32KOHOB CO-
XpaHeHMs1) U3 3aKOHOB COXpaHeHHsl B HHTErpaibHON (opme.

KpuBonuHeiHble KOOPAWHATDI

o cux nop, xkenast 3aaarb aHATUTHYECKH CKATSPHOE UM BEKTOPHOE OJT€, MbI [I0JTb-
30BAJHCH IEKAPTOBON CHUCTEMOH KoopAWHAT. Tak, Hanpumep, CKaIsipHOe [OJle Mbl 3a-
AABAJH C NTOMOLIBIO JYHKIUH TPEX TePEMEHHbIX; STHMH TTepeMeHHbIMH OblH abeuuc-
ca, OpAMHaTa M anIUMKaTta TepeMeHHOH Touku mpoctpaHcrBa. IIpsimoyrosbhas,
[lEKapTOBa, CUCTeMa KOOPAMHAT SIBJIieTCA LIMPOKO paccMarpuBaeMoi. OfHAKO ACHO,
4TO 3afaHne abCUMCChl, OPAMHATBL M AMIUIMKATHl TOYKH — He eQMHCTBEHHBIH Cr1ocob
oTipefie/IeHUsT TTOJI0KEHUsT TOUKKM B IIpocTpaHcTBe. IIpy pelleHHu psaa GU3HYecKHX
3afiay yrobHee NPUMEHATD KPUBOIUHEUNYIO CUCTIEMY KOOPOuHam.

ITycTb panbl TpexMepHOe TPOCTPAHCTBO U cHCTeMa AeKapToBbIX KoopanHat Oxyz. Bre-
JlEM HOBbI€ He3aBCUMbIe TTepeMeHHble g, g2, ¢°:
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X :x(qqu2rq3)v
y=y(q".9*.¢°),
z=2(q',4",4°).

bynem npeanonarats, 4To AanHble GyHKUNM OFHO3HAUHDI, HENIPEPbIBHBL U AU depen-
uvpyeMsi, npuueM o, < g <B; (i =12, 3). bynem npeanonaratb takxe, 4To GyHK-
IMoHabHbIH onpegenntens M. B. Ocrporpaackoro' oT/mrden ot Hyssl (3a MCKJHoue-
H1iEM, OBITH MOXET, OTAEIBHBIX TOYEK TPOCTPAHCTBA), TO €CTh

ox Oy oz
" dq' dq'
ox Yy %z
oq> oq° oq°

IIpu copMyTMpPOBaHHBIX YCIOBUSAX MOXKHO YTBEPKIATH O B3AUMHO OAHO3HAYHOM CO-
OTBETCTBUM MEXAYy TepeMeHHbIMU ¢!, g%, ¢° ¥ x, y, z. Takum obpasoM, momoxeHe
TOUKH B I1POCTPAHCTBE MOXHO XapaKTepH30BaTh epeMEHHBIMH ¢, g2, g°. ITH BeIH-
YIHBI HA3BIBAIOTCS KPUGOAUHEUHBIMU KOOPOUHAMAMY TOUKH.

BakHoli XxapaKTepPUCTHKON M1060i KpHBOIHHERHON CHCTEMbI KOOPAWHAT SBJISIETCS ee
MeTpPHKa, TO eCThb BBIPa’KEHHE KBajpaTa JMHEHHOro 3jeMeHTa, ONpeAe/soLEero pac-
CTOANHME MEXAY ABYMs OECKOHEYHO GIM3KUMH TOUKAMHU

(d)* =(dx)* +(dy)* +(d2)" =

2 2

2 a i 3 a i 3 a i 3 3

S dg | 4|y dg | )Y Zdg' | =YY g dd'dgt,
in 0q -t 0q i=1 0g i=t k=t

rae

g, = ox ox 6y oy ﬁﬁ k=123

6q 6q 6q oq* g

Cuctema KpHBOJIMHEHHBIX KOOPAHHAT Ha3bIBA€TCS OPTOTOHATBHOM, ecn g, =0 npu
i# k. Jlna oproroHanbHON CUCTEMBL MMEEM

! 3xeck ymecTHO cenaTh HEBOIBIIOE HCTOPUYECKOE OTCTyIIeHHe. B yuebHuKax, aBTopbI KOTO-
PHIX He HHTEpPecyloTcs ucTopueil MaTeMartuky, onperenutens (1.7) ownbouHo HasbiBaeT-
ca axobuanoM. Hemenkuit matemarux K. T, Axobu (1804-1851), koTophiit xua HeKoTOpOE
spemsa B [letepGypre u 6611 3nakoM ¢ M. B. Ocrporpaackim (1801-1862), B nucbMe k cBOeMy
6paty B. C. fIkobu ((bu3uK u 3N€KTPOTEXHUK) TTOATBEP KA, UTO PYHKUMOHAIbHbIH OMnpe-
aesnrens (1.7) sBasercs 4acTHeIM cayyaeM (YHKIMOHA/AbHOIO ONpenenuTels, Brepsble
sBeaeHnoro M. B. Octporpanckum. Mmenno Octporpaackuit mepBbIM yKasal Ha posib QyHK-
HMOHaNbHbIX onpenenuteneil Tuna (1.7) npu 3aMeHe NepeMEHHBIX B KPaTHBIX MHTerpajiax
M tipu pelueHun AxddepeHlMaNbHbIX ypaBHeHHH ¢ 4aCTHBIMH MpoM3BoAHbIMH. M TosIbKO
coBeTckuil MaTematuk A. SI. Xunuun (1894-1959), ony6aukosasmuii cbime 150 pabor no
mMaTeMaTHKE M ee UCTOpuM, B CBoeM yyebHuke «KpaTkull Kypc MaTeMaTHYeCKOTO aHaIH3a»
dynkiHonaibtibie onpeaenuteny tuna (1.7) HaszeiBaetr onpeneautensimu OcTporpaackoro.

-
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(dl)2 =gn(dq1 )2 +g22(dq2 )2 +g33(dq3)2 =
= Hl(dq')* + Hi(dgq")* + H} (dg")’,

rae senwuuHbl H,; = /g, 1 =1, 2, 3, HazpiBaloTcs Koadduuuentamu Jlsama

2 2 2
R R E
oq oq oq

3aMeTHM, YTO KaXaas U3 BeMMYuH H,; MMeeT cMbICT KoadpulMeHTa MPONOPLHOHATD-
HOCTH B PAaBEHCTBE, BHIPAXKAIONIEM CBs3b MEXIY 3JeMEHTApHBIM NpupameH’eM dl
JUIMHBL OTpe3Ka BAOJIb 1-i KOOPAMHATHON JIHHUM ¥ NMPHUPALICEHUEM COOTBETCTBYIOLIEH
KPHBOJMHERHOM KoopauHatel dg': dl;, = H dq'.
IlpuBenem ayg cipaBKU aHATMTHYECKHE BbIPAXKEHHSI OCHOBHBIX OMEPATOPOB MaTeMa-
TUYeCKOH (PU3UKU B OPTOrOHANBLHBIX KPHBOJIHMHEHHBIX KOOpAXHATAX:
U oneparop-rpagueHT

1 ou

(grad(u)) —Fg (1=1223);

Q oneparop Jlansiaca
1 6 H,H;( ou 0 HH,(ou) o HH,( ou)|
Au = PR it Gk N (Wi DOt ekt N iy
H H,H, H, \oq') o4 H, \og>) o4° H, \og°
0 oneparop-aMBepreHUUs

1 0
T oo B HaHa) + == (A HUH ) + == (4, H Hy)
H1H2H3l:6q'( ) ( ) ( ‘2)}

divA =

Q oneparop-porop

rot A’: 1 I:a(AanS)_a(AanZ )}

L] H.H P 2 P 3 '
2413 q q

0(A, H 0(A, H

rth2A_ Hl}[ I: ( 413 l)_ ( qal 3)]’

1113 oq oq
~ 1 |0(A,Hy) 0(A, Hy)

rotq,JA=H q . - 5 .

2414 oq oq

B 3akiyoueHue pacCMOTPUM JIB€ BOXCHEHIUUX CHCTEMBl OPTOTOHANBHBIX KPHBOJIMHEH-
HBIX KOOPAMHAT B IIPOCTPAHCTBE. JTU CHCTEMBI OYAYT MCHOMB30BaHbI NIPH U3YYEHHH
ypaBHeHH# pacnpocTpaHeHus BojH u Jlannaca.

Hunauuapuyeckue koopauHaThl. KoopanHaTHBIE TOBEPXHOCTH: KPYTOBblE IUTHHAPSI
¢ ocblo BpameHuss Oz, NJIOCKOCTH, epPIeHAUKYIspHble ocy Oz, M HNOJTYMIOCKOCTH,
npoxoasiuye yepes Oz (puc. 1.2).
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X
0]

Puc. 1.2. Unnungpuyeckue koopavHatbl

HI/IJII/IH]IPH‘{CCKMC KOOpAWHATHI 7, @, Z CBSA3aHLI C NpsMOYTOJbHBIMHA KOOpAHHATAMH
X, Y, Z COOTHOUICHHUSIMH

x =rcos(Q), y =rsin(9), z=2.

Koadpduunenrs JIama: H, =1, H, =r, H, =1.

Oneparop Jlannaca

16( 6u) 1 0’u 0%u
Au=——|r— [+

ror or) r?op® o8z°

Cdeprueckne koopammatel. KoopamHarHble moBepXHocTH: cepsl ¢ ieHtpoM O u
paInycoM p, Kpyrosble KOHYcbI ¢ BeplunHoi O, obpasyronie KOTOPLIX COCTaBASAIOT
¢ ocbio BpameHust Oz yroi 0, ¥ IoAyIIOCKOCTH, Tpoxoasime yepe3 Oz OR YIIOM @
k nockoct Oxz (puc. 1.3).

x

Puc. 1.3. Cohepuueckue KkOOpAUHATbI
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Cdepryeckite KoOOpAUHATHI P, 6, @ CBSI3AHBI ¢ NPSIMOYTOIbHBIMH KOOPAMHATAMHU X, ¥, Z
COOTHOLIEHUSMH

x =p sin(0) cos (@), y =psin(0) sin(p), z =p cos(0).

Koadduuuenrsr Jlsama: H, =1 H, =psin(8), H, =p.
Omneparop Jlamiaca B cdepuuecKux KOOpAHHATaX UMeeT BUA

1 0 ,ou 1 (. .. 0u 1 0%u
p° op op) p*sin(0) 00 00,) p*sin® (0) do



2 YpaBHeHuUs mateMaTn4ecKon
bunsunkun

MaremaTHyecKoe OnvcaHue QPU3NYECKUX NMPOLECCOB NMPUBOAUT K AnddepeHIHaNb-
HBIM ¥ MHTErpajbHbIM YPaBHEHUSIM MM JaXe K HHTerpo-An(ddepeHuranbHbIM ypas-
HenuaMm. [1lupokuii knacc GUBHYECKHUX TPOLECCOB ONUCHIBAETCS TMHEHHbIMU AU De-
pPEHLHATbHBIMY YPaBHEHHSIMY BTOPOro HOpsAKa

n

>3 () +3b, (x)—+c(x)u - F(x). 2.1)

i=1 j=1 6xj i=1

B art0ii rnaBe Mbl pacCMOTPUM XapaKTepHbie (M3WYECKUE MPOUECCHI, CBOASIIMECS K
pasAMYHBIM KpaeBbiM 3anayaM s anddepeHUnanbHbIX ypaBHeHuit tvna (2.1), kiac-
cu(pHKaLMIO TAKUX ypaBHEHWH ¥ MIOCTAHOBKH 33ay MaTeMaTHyecKod PU3HKH.

YpaBHeHue KonebaHni

MHorue 3a1auy MeXaHWKH (KoieGaHHsi CTPYH, CTEpXKHEH, MeMOpaH M TpeXMepHbIX
06beMOB) U GU3NKY (3TEKTPOMarHUTHbIE KOTe6aHNMS) ONUCEHIBAIOTCS ypaBHEHHEM KO-
JebaHuii CIeAYIOmEro BUAA:

2
p(x)i—tﬁi =V - (p(x)Vu) - g(x)u + F(x,0), (2.2)

rae Heu3BecTHast (PYHKUMS u(X, t) 3aBHCUT OT 7 IPOCTPAHCTBEHHBIX KOOPANHAT (06bIY-
Ho 7 = 1, 2, 3) u Bpemenu t; koadbuuneHTH p(x), p(x) 1 g(x) ONpeneNsOTCA CBOACT-
BAMM Cpejibl, IZie IPOMCXOAUT KosebaTebHbIA Mpoltecc; cBOGORHBIN uneH F(x,t) BbI-
paXkaeT MHTEHCHBHOCTb BHELIHEro Bo3myllieHust. B ypasHenuu (2.2), B COOTBETCTBUH
¢ onpejieJieHNeM OlepaTopoB AUBEPreHUUM U IPAAHEHTA,

V- (p(x)Vu) =§5%[p(x>%].
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YpaBHeHue Mmasbix nonepeyHbix KonedaHuit CTPyHbI
[TponemMoHCTpUpyeM BbIBOX YpaBHeHHs (2.2) Ha rpUMepe MajbiX NTONEPEYHbIX KoJe-
GaHuii cTpyHbl. CmpyHoti HA3LIBAETCS HATSHYTAS HUTD, HE CONPOTHUBIISIONACS H3rHOY.

ITycTb B TIOCKOCTH (X,4) CTPYHA COBEPLIAET MAJble NOTEPeYHble KonebaHus 0KoNo
CBOETO TOJIOXKEHHsI PaBHOBECHS, COBHAJAIONIETO C OChIO X . BesanunHy oTkIoHeHMs
CTPYHBI OT TOJIOXK€EHHsI PABHOBECHsI B TOUKE X B MOMEHT BPeMeHH ¢ 00603HAYMM uepes
u(x,t), Tak 4TO U = u(x,t) eCTb ypaBHEHHE CTPYHBI B MOMEHT BpeMeHH {. OrpaHUYMBa-
SICh PAaCCMOTPEHHEM JIHILb MaJIbIX KoJebaHUil CTpyHbI, Mbl GyZieM rpeHebperath BeJu-
YMHAMH BBICLIETO NOPSAKA MAJOCTH O CPABHEHHMIO C tg o = Ou/0x.

Tak KaK CTpyHa He CONPOTHBIsieTcs H3ruby, To ee HaTsDKeHHe T(x,t) B TOUKe X B MO-

MEHT BpeMEHH ¢ HATPABJIEHO N0 KacaTelbHOU K cTpyHe B Touke x (puc. 2.1). Jlioboit
Y4YacTOK CTPYHHI (4, b) Hocjie OTKIOHEHH S OT NOJIOKEHUS] PABHOBECHS B PaMKaXx Halle-
ro NpUGIHKEHHs HE U3MEHNUT CBOEW AJTMHBI:

lj ()dxba

H, Ce0oBaTeNbHO, B COOTBETCTBUU C 3aKoHOM ['yKa, BeqMuuHa Hatskenus |T(x,t)|
6ymeT ocTaBaThCsl MOCTOSHHOM, He 3aBucsmeit ot x v & | T(x,t)| =T,

uas

T(x,t) .
T(x + Ax,t)
i
L Eu(x,t) E u(x +Ax,t)
L —T 1 1
0 (x t) 1} 1 -~ x
. x x+Ax

Puc. 2.1. HataHyTas cTpyHa

O6o3naynm yepe3 F(x,t) IOTHOCTh BHEIIHUX CHJL, AE€ACTBYIOIWNX HA CTPYHY B TOYKe
X B MOMEHT BpeMEeHH ¢ ¥ HalpaBJIeHHBIX MEPIEHANKYJISPHO OCH X B TTOCKOCTH (X, 1 ).
Haxkowneu, nycTs p(x) 0603Hauaer TMHEHHYIO NNTOTHOCTD CTPYHbBI B TOUKE X, TAK YTO
NpUOIMIKEHHO p(X)AX — Macca 3JIEeMEHTa CTPYHBI (X, X + Ax).

CocrasuM ypaBHeHHe IBHXeHUs cTpyHbL. Ha ee anemeHT (x,x + Ax) JOeHCTBYIOT CHITBI
Hatsokenus T(x + Ax,t) u —T(x, t) (puc. 2.1) ¥ BHEWHsAS CUJIA, CyMMa KOTOPBIX, CO-
riacHo 3akoHam HewoToHa, no/mkHa 6bITh paBHA MPOU3BEACHHIO MACChl 3TOTO 3JIEMEH-
Ta Ha ero yckopeHue. [Ipoeunpys ato BeKTOpHOe paBEeHCTBO HAa OCh ¥, HA OCHOBAHUHM
BCET0 CKA3aHHOTO TOJIYYUM PaBEHCTBO

2
Tj sin(a))| Ou

~Tysin(a)|, + F(x,t)Ax = p(x)Axa—. (2.3)

T+Ar
Ho B pamkax Haulero npubinxeHus
tg(a)

o
J1+tgi(o) ox

sin(a) =
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a notomy u3 (2.3) nmeeM

d*u 1 [Bu(x + Ax,t) oOu(x t)iI
x)— =T, — L~ 2+ F(x, 1),
p ar ° Axli ox ox @
oTKyna npu Ax — 0O ciefyeT paBeHCTBO
*u du
x)— =Ty — + F.
p( )atz 0 axz

3T0 1 eCTh YpasHerue Manvix nonepeunvix korebanuii cmpyner. lpu F # 0 xonebanus
CTPYHbI Ha3bIBAIOTCS 8biHyHcOeHHbiMu, a TpU F =0 — ceo6o0nsimu. Ecu niaotHocts p
MOCTOsIHHA, p(X) = p, TO ypaBHEHHE KoebaHUH CTPYHBI IPUHUMAET BHJ

6u 2au
+ 2.4
pre /, (2.4)

rae f = F/p, av® =T, /p — nocTosiHHasi. Y paBHeHue (2.4) Ha3bIBAETCS 0OHOMEPNbIM
601HO8bIM ypasnenuem. Briepsbie aTo ypasHeHHe 6110 noydeHo XK. JI. lanambepom
B 1743 r. VM %e 6b110 npeasoxenHo 1 obiee penreHye ypaBHeHUs (2.4).

YpaBHeHMe ManbiX NPoAOJbHbIX KonebaHuin
yRpyroro CTepXHs

YpasHenue Buaa (2.2) OMHCBIBAET TaKXKe Malbie npodonvhbie Konebanus ynpyeozo
cmepxcna (Cmepychem HA3BIBAETCS TENO WMJIMHAPHYECKOH (GopMbl, A7 PacTsKeHHS
U U3rMOaHKU KOTOPOTO HaJo NPHJIOKUTH N3BECTHOE YCHUIIME; 9TO OTIHYAET JaXe Ca-
MBIl TOHKMIT CTEepXeHb OT CTPYHBI, KOTOpPasi THETCst CBOGOAHO)

O'u _ 0 ( pgu j+F(x,t), (2.5)

S— = ——(ES
ot ox ox

rae S(x) — MI0maAb NONepeyHoro cedeHus crepxus u E(x) — moaysb IOHra B Touke
x. Ecin S(x), E(x) u p(x) nocTosiHHBL, To ypaBHeHue (2.5) npusoautcs K Buny (2.4),
rae f = F/(pS), av® = E/p.

Jlanum BbiBOA ypaBHeHus (2.5). Ilpencrasum cebe NPsIMOMMHEHHDINA CTepXKeHb, ANa-
MeTp TNONepeyHOro ce4eHusi KOTOPOTo MHOTO MeHblle ero AnuHbL [onyctum aaiee,
YTO ORMH KOHeEL[ 3TOT0 CTEpXHS 3aKperuieH, a BTOpoil — cBobomeH (puc. 2.2). Itu
YCIOBUS HECYIECTBEHHBI M MPUHUMAIOTCS [/151 KOHKPETHOCTH.

7

%

e
e
A
——
%deu

Puc. 2.2. CtepxeHb
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ByneM cuMTarth, 4TO BCe MONEpeYHblE CEYEHUs CTEPKHA oAMHaKoBbl. Buibepem och
CTEPXKHS KaK JIMHUIO, MPOXOJSAIIYIO Yepe3 UEeHTPbl TSHKECTH [TONePeYHbIX CeYyeHMHd.
KoopanHary BAONb OCH CTepXHs 0603HaunM x. Kaxaomy nomepedyHOMY CEYeHHIo
CTEPIKHS] OTBEYAET CBOSI KOOPAMHATA X. PeanbHbIil cTep)XKeHb SIBISETCS TPEXMEPHBIM
TEJIOM, TO €CTh 3aHMMAaeT HEKOTOPbIA 06beM B npocTpaHcTBe. OAHAKO €CU AUAMETD
HONEPEYHOro CeueHus CTepPIKHsI 3HAYUTEIbHO MeHbllle ero ITHHBL, TO IpU B3TJIsAe Ha
CTepXXeHb M3AaTeKa OH BOCIIPUHUMAeTcs kak JuHus. [loatoMy ecrecTBeHHO paccmart-
PUBATH TOHKHUH CTEPXKeHb KaK MATEPHAJIBHYIO JIMHHUIO, TO €CTh OGDBEKT, JTHILEeHHbIH
obbema, HO HafeleHHbIH Maccoli. Maccy crepskHs yIo6HO 3a1aBaTh NOCPENCTBOM JIH-
HefHO MacCOBOH MJIOTHOCTH, KOTOPYIO MOXKHO BBIUMCIAUTH Tak. Ecau S(x) — mio-
1[aab ONEPEYHOr0 CEYEHHS CTEPHKHSI, TO 06hEM MaTepHana CTEPIKHS, 3aKJIIOYEHHOTO
MEXAY MonepeyHbIMU ceueHUsMU AB u CD, BbluMcigercs 10 oueBUAHON (opmyrne
dV = Sdx. Macca atoro GeckoHeyHo manoro obbema dm=pSdx, rae p — Maccosast
IJIOTHOCTh MaTepHasa, U3 KOTOPOr0 M3TOTOBJIEH CTepXKeHb. PeanbHbI CTepKeHb MO-
aenupyercsl TMuuell. Mbl JOMAKHBI CUMTATD, YTO MACCHI PEATHHOTO CTEPXKHS U MOAETH
oxvHakoBbl. Ecin yepes p, 0603HauUTh TMHEHHYIO ITIOTHOCTh MAaCChl CTEPXKHS-MO/e-
JIM, TO Macca ero aziemeHra dx pasHa dm = p, dx. [lonyyaem cooTHolleHHE 1715 Onpese-
JIEHUs p. Yepe3 TPeXMePHYIO MJIOTHOCTD P

dm=p_ dx =pSdx = p, =pS.

[Tpencrasim cebe, 4TO Mbl yXBATUIIN 3a TIPaBLINA KOHEL CTEPKHSI, OTTAHYJU €r0 BAOJDb
OCH X U OTIIYCTHH. SICHO, UTO NP 3TOM TOYKU CTEPKHS NPUAYT B ABHXKEHHUE H CTEP-
KeHb HauHeT KoJ1e6aThesl BAOMb 0cH X. Taxkue KosebGaHHsl CTEPXKHS HA3bIBAIOTCS 1PO-
donvrbimu xonebanusmy. YTobbl OnUcaTh COCTOSHHE KONEOMIOMErOCss CTEPIKHSI, BBE-
IeM B paccMOTpeHHe (YHKIHWIO ABYX TePeMEHHBIX u(X,t) — IepeMelleHHe TOYKH
CTEPXHS C KOOPAWHATOM! X B MOMEHT BpeMeHH ¢ BAOJb OCH CTepxHA. B 1ipouecce aBu-
JKEHUS! CTEP)KHSI B MOMEHT BpeMEHH ¢ IoliepeuHoe cedyeHHe AB cTepXHS CMeCcTUT-
Cs1 BAOJIb OCH Ha pacCTosiHMe u(x,t), TaK 4TO €ro KoopAxuHarta 6yAeT paBHa x + u(Xx,t).
[Tonepeutoe cedenne CD CTEpPKHS TaKKE CMECTHTCS, M €r0 KOOpAWHaTa 6yner

x+dx+u(x+dx,t)=x+dx+u(x,t)+g—udx.
x

Paccrosinue mexay cevenusimMu AB u CD B MmomeHT BpemeHu ¢ Gyner
ou ou

x+u(x,)+dr+ —dx | -[x +u(x, )] =1+ — |dx.
ox ox

IIpodonvholi dedhopmayueti cTepXKHST HA3LIBAETCS OTHOCHTENIbHOE W3MEHEHHE ITMHHbL
GeCKOHEYHO MATBIX OTPE3KOB CTEPXKHS. B HauleM ciyyae OTHOCHTENbHOE YAJTMHEHHE
orpe3ka dx Mexay cedenusiMu AB v CD, cornacHo nocnenteit hopMyJie, pagHO

H“%)dx_dxla_u

1) = )
e(x ) dx ox

CocraBuM ypaBHeHHe ABWKEHHS cTepxkHs. Ha snement crepxs (x,x + dx) neiicTsy-
10T cutbl HatsbxeHust T(x + dx,t), -T(x,t) v BHEIIHSST MACCOBasi CUJIA, PACTIpENeTeH-
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Hasi IO AJIMHE CTepXKHS ¥ M3MEHSIomAscs ¢ TedeHueM BpeMeHH (puc. 2.3). Ycunue
T =T(x,t)1 MOJIEJIUpYeT BO3AEUCTBUE YACTH CTEPXKHS, HAXOASIIEHCS TpaBee TOYKU
C KOOPAHMHATOH X, HA YacTb CTEPXKHS, HAXOASAI(YIOCS JieBee TOUKH ¢ KOOPAUMHATOH X.
[1710THOCTH MAacCOBOH CHJIBI B MOMEHT BpeMeHH ¢ B cedeHuH x 0603HaduM F = F(x,1t)i.
Ecau T(x,t) >0, To ycumue T(x,t) HasbiBaeTcsl pacmszusarouum, ecnu T(x,t) <0, 1o
ycunuve T(x, t) HasbIBACTCS CHUMAIOWUM, WU yeuiueM cxatus. CyMMa BCeX aTuX CHJL,

COrJjlacHO 3aKOHaM HblOTOHa, JAOJI’)KHa OBITH paBHA NPOU3BECACHHUIO MACCHI paCcCMaTpH-
BAa€MOI'0 3JIeM€HTa Ha YCKOpEHHUe.

A C
Fx,t)
“— > > > —>
T(x,t) T(x + dx,t)
) dx
B D

Puc. 2.3. Ycunus B CTepxHe
Ha ocHoBaHuu CKasaHHOrO 6yzleM UMEThH

T(x + dx,t) - T(x,t) + F(x,t)dx = p(x)S(x)dxg—z?- =

oT d*u
22 dx + F(x,t)dx = p(x) S(x) dx 22
o, G+ Fande =p(0) Sy dv 7 =
oT 8’
o FFED =P (2.6)

LS
Ilocnennee ypasHeHue comepxut ABe HeusBecTHble dyHkuuu: yeunue T =T(x,t)i

¥ iepeMeuteHue u(x, t). Takum o6pasoM, st pellieHust 3afayy HeOOX0AMMO JOIOMHMU-
TesbHOE ycioBHe. Mbl 6yeM paccMaTpUBaTh MaJible IPOAOJbHBIE KOJebaHusl, H03TO-
My TaKHM JAOMNOJHUTENbHBIM YCJIOBHEM sBJseTcsl 3aKoH ['yka, yCcTaHaBJAUBAOMIMMA
MPOHOPUHMOHAIBHOCTD CUJIBL U IIepeMeNIeHHUs; B HallleM ciydae

T(x.t) = ESe = ES 2%, 2.7)
ox

rae KoaphHuMeHT NPONOPUMOHATBHOCTH ES HA3BIBAETCS HCECMKOCMBIO CIMEPHCHA HA
pacmscerue. CoorHolleHne (2.7) Ha3bIBAETCS ONPEOERAIOUUM YPAGHEHUEM, WU CO-
OMHOWENUEM YNPY2OCMmu, CIPABEAIMBBIM TOJIBKO 78 Manblx AedopMmaunil € U yupy-
rux crepxHeil. [loacrasass (2.7) B (2.6), nonyuaem (2.5).

U3 dusnyeckux coobpakeHui caeayer, 4To A1 OMHO3HAYHOrO OMMCAHUS Mpolecca
KonebGaHUH CTPYHBI WJIM CTEpPXKHS HeoOXOAMMO JAOTNOJHUTENBHO 3afaTh BEJIHYUHDI
CMELIEeHHs 4 1 CKOPOCTH ¥, = Ou/dt B HauanbHBIA MOMEHT BpeMeHH (nauaibHbie Ycio-
8us) M PEKUM Ha KOHL@AX (epanuumvie ycrosus).
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PaccMoTpiM HeKOTOPBIE IPUMEPLI TPAHWYHBIX YCIOBUIA:
a) ecJid KOHeL( X, CTPYHbI MJIM CTEPXKHS ABWXKETCA I10 3aKOHY p(f), TO

ul,_,, =n:;
6) ecJii Ha NpaBblil KOHEL X, CTPYHBI A€HCTBYeT 3aaHHasA cuaa V(L) To

w(t)

TO' yoeon sy

ou
ox

.‘l'=.l’0
JeiicTBUTEIBHO, B 3TOM CJy4ae

7o

= Tysin(a)|, . =v(t);
ox ¥=o

X=xq
B) €CJIM NPaBblil KOHEL X, 3aKperieH YIPYro ¥ o — K03(pdUIHEeHT XeCTKOCTH 3aKpe-

IJIEHWA, TO B COOTBETCTBHH C 3aKOHOM Fyxa

E-—+au
ox

X=xg

TakuM 06pa3oM, XKeJiasi MOJIHOCTBIO OXapaKTepU3oBaTh (PU3MYECKYIO 3afady, Mbi
HE MOXEM OFpPaHHUMThCH TOJBKO AH(DDEPEeHUMATBHbIM ypaBHEHHEM; HeoOX0IUMO
100aBUTh HEKOTOPbIE AONOJHHUTEJIBHBIE COOTHOIIEHMS — HayaldbHbie W I'PaHUYHDIE
YCJIOBUA.

TMosicHuM HEOOXOAMMOCTh A06aBJIeHHS [ONOJHUTEbHBIX COOTHOIIEHHH Ha CJIeNyIo-
wem npuMepe. KosiebaHus cTpyHbl, Kak HaM yXe U3BECTHO, OMUCHIBAOTCA AU hepen-
LMaIbHBIM ypaBHeHHEM (2.4). JlonmycTHM, 4TO CTPyHa MMEET JVIMHY [ W B COCTOSTHHU
paBHOBecus 3aHuMaet otpe3ok [0,/] ocu x. [anee QONMyCTHM, YTO CTPYHa B MOMEHT
BpeMent ¢ =0 6plsa BhIBENIEHA U3 TTOJIOXKEHUS PABHOBECHS U Hayasa KoJjebaTbcs. 3a-
Jaya COCTOUT B TOM, YTOOBI MCCJIE0BaTh OTKJIOHeHHe u(X,t) TOYKH CTPYHbI C IIPOH3-
BOJIbHOM abcuuccoit x € [0,/] B TPOM3BOJIBHEIN MOMEHT BpEMEHHU, CJIEJYIONIMIT 33 Ha-:
YanbHbIM, TO €cTh B MOMeHT BpeMeHu ¢ >(0. VHaue romops, ¢ynkuus u(x,t),
YIOBJETBOPAOIasA ypaBHeHHio (2.4), nokHa ObiTh ONpelesieHa Ha TUIOCKOCTH Iie-
peMeHHbIX x 1 ¢ B obstactu D: ¢t > 0,0 <x < /. I'pannua stoit obacT COCTOUT U3 OT-
pesxa [0,/]ocu x 1 u3 AByx yyeit x =0,¢ >0, ux =/, ¢ > 0. ExunCTBEHHBIMY NaHHBIMU
B ypaBHeHHH (2.4) SABJAIOTCA BeIMYMHA v, KOTOpas ONMpe/eeHHbIM 06PasoM 3aBH-
CHT OT (pusrueckux ocobeHHOCTel CTPYHBI (OT ee IMUIOTHOCTH ¥ HaTsKeHMs ), ¥ PyHK-
s f(x,t), XapaKTepu3yoilas BHEIHIOW CUJIY, KOTOpasi B MOMEHT BpeMeHH t AeicT-
BYeT Ha TOYKY X CTPyHbL YpaBHenue (2.4) He co;epxuUT HHUKaKOH HH(DOpPMaLUM
0 TOM, KakuM 06pa3oM cTpyHa 6blila BbIBeJeHA M3 I10JI0KEeHHUS paBHOBECHd, a TaKXke
0 TOM, KaKOBO COCTOSTHME KOHIIOB CTPYHbI (OHH MOTYT ObITH 3aKpeljieHbl WIH, Haobo-
POT, CBOBOAHDI UM MX NEPEMEIeHHs CTECHEHB! TeMH WM HHBIMU OTPaHHYEHHAMHU ).
Ykasannas uH$opMauus 10JKHa 6elth coobinena oco6o. BeisecTn cTpyHy U3 coctosi-
HUsI PaBHOBECHSI MOXKHO, COOBLIMB ee ToukaM JIbo HayampHOE OTKJIOHEHHE, 16O Ha-
YATBHYIO CKOPOCTD, JIu60 1 TO U Apyroe BMecre. I1ycTh Toyke X cTpyHBt, 0 < x < {, co-
obuieHbl HayabHOE OTKJOHeHUe ¢(Xx) ¥ HayaidbHast ckopocTh Y (x). Toraa uckomas
yHxuMg u(x,t) A0JDKHA YAOBJIETBOPATh COOTHONIEHUSM
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ou
U, = 0(x), o o= W), 0 x <[ (A)

Iycth ele U3BECTHbI 3aKOHBI KOJ1eHaHUsT KOHIIOB CTPYHBL MYCTh B MOMEHT BPEMEHU
t 20 cMeiieHre JIEBOTO KOHLA CTPYHBI PaBHO i, (¢), a CMELEHHe NPaBOro KOHUA —
p,(¢). Torpa nomKHbI BBIOJIHATBCSA eLie COOTHOIIEHUS

u|x=0=u0(t)l u|x=/=u/(t)' (B)
YcaoBus (B) HET HeO6X0}II’IMOCTH CTaBMTb, €CJIM CTPYHa 6eCKOHe‘{Haﬂ, TO €CTb €eCJIu
OHa B COCTOAHHWU PaBHOBECHA 3all0OJIHAET BCIO OCbhb X.

Hononuurenshble ycaoBus (A) u (B) mosKHbI BBITOTHATECS Ha JHHUSX L =0, x =0,
x =1, To ectb Ha rpanyue obsmactu D, B KoTopoil onpenenena yHKLUs u(X,t).
ITo aroit npuyuHe Takue YCIOBMUSA M HA3BIBAIOTCS TPAHUYHBIMHU MJIM KPaeBbIMK YCJO-
BHSIMU.

3ameruM, yto ycaosus (A) u (B) e srnosne HesasucuMbl. Eciu TpeboBath, 4T06B!
dbyukuus u(x, t) 6o11a HENPEPLIBHON He TOJIbKO BHYTpU obsactu D, Ho 1 Ha ee rpaHu-
e, T0 HeobxoauMo, yTo6s! BHITIOJHAIKCH COOTHOIIEHUS

0(0) =, (0), o(/) =p,(0). (B)

Coortnomenus (B) HasblBaloTCa ycaoguamu coziacoganus. OHU BbITEKAOT U3 Tpebo-
BaHUs, YTOOBI CMEIIEHNE KOHIOB CTPYHBI ObLIO HEMPEPbIBHBIM B HaYAJIbHBIH MOMEHT
BpeMenu. Ecii tpebosath, yrobel Ha rpanuue obsiacty D ObLIM HEPePBIBHB! TAKXKE
1 HEKOTOPBIE U3 TIPOM3BOAHBIX PYHKIMHU #(X, 1), TO MOI'YT BOSHUKHYTb HOBbIE YCJI0BHS
corjracoBanus. Hanpumep, ecnn TpeGOBaTh HENPEPbIBHOCTH NEPBBIX IIPOHM3BOJHBIX,
TO HEO6X0HHUMO, YTOGHL

w(0) =15 (0), w(l)=p(0).

Ecau Tpeboparh HerpepoiBHOCTH BTOPBIX [TPOH3BOMHBIX, TO MOABIAOTCSA YCIOBUSA

15 (0) -0 9"(0) = £(0,0), wj(0)-v*¢"(0) = f(1,0).

Manee Mbl MOKaXEM, YTO IPU JOCTATOYHO CIabhIX orpaHuyeHusix ypaBHeHue (2.4)
HUMeeT OHO M TOJIbKO OAHO pelueHue, yrosieTBopsiioulee ycaoBusm (A) u (B). Irto
03HayaeT, yto ypasHenus (2.4), (A) u (B) comepxar BCiO WHGOPMALHMIO, HEOOX0LH-
MYI0 JUIS KCClIeIoBaHus KoJlebaHuil cTPYHEBI (pellleHie eAMHCTBEHHO) U HE COAepXkKar
u36bITOYHOI, TPOTHBOPEYHBOIl MH(OPMaLMK (peliieHle CYIECTBYET).

YpaBHeHUe ManbiX nonepeuHbix konebaHuini membpanbl

AHaJIOTMYHO BHIBOJUTCS YpPABHeNnue MAlblx NONepeunsix xoaebanui membpanvt (Mem-
6panoti Ha3bIBAETCS TOHKAS HATSAHYTAs [JIOCKAs IJIEHKA, HE COIIPOTUBJISIONIAACS H3-
ruby ¥ CABUTY, HO OKA3bIBAIOLIAS COTTPOTHBIIEHHE PACTXKEHHUIO)

0? o*u  ou
"(")Egz o 57 o [FFED, =), (2.8)
1 2

Ecai nJ10THOCTH p MOCTOSIHHA, TO ypaBHeHHe KosebaHNnil MeMOpaHbl

2 2 2
T,
Ou _p2| 08 TUN, fat), o =2, f =L
ot ox; Ox, p p

)
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HA3BIBACTCST 0BYMEPHBIM BOTHOBHIM YPABHEHUEM.

Hanum BoiBOz ypaBHenust (2.8). ByneM paccmartpuBate Mamble monepeyxsle Koseba-
HHS MeMOpaHbl, B KOTOPBIX CMEIIEHHE MEePHEeHANKYIAPHO MI0CKOCTH MeM6paHsl, 3a
KOTOPY10 Mbl npuMeM I1ockocTh Oxy. ITycrb u = u(x, y,t) — BeJMyKHa CMELEeHUs TOY-
KU C KOOpAMHATaMH (X, ) B MOMeHT BpeMeHH £. Kputepuem ManocTu Konebanuii ciy-

’KaT YCJIOBUS
2 2
(auj «< 1, % <« 1.

ox y

[Iycrtb ds — aneMeHT AyrM HEKOTOPOTO KOHTYPA, JIEXKAIIETo Ha MOBEPXHOCTH MeMbpa-
Hbl, M — TOYKa 3T0T0 2/1eMenTa. Ha 3TOT aneMenT AeiiCTBYIOT CUIbl HaTsKeHust Tds.
OrcyTcTBre conpoTHBaeHust MeMOpaHbl U3THOY U CABMIY MaTEMaTHYECKH BbIPaXKaeT-
CS1 B TOM, YTO BEKTOP HATSKEHHMS T JIEXUT B MJIOCKOCTH, KACATEIbHON K TOBEPXHOCTH
MeMOpaHbl B TOYKe M, U NepreHANKYJIAPEH aeMeHTy ds, a HatsixeHue T B 3Toil Touke
HE 3aBUCHT OT HallpaBJIEHHs djleMeHTa ds, copepskaniero Touyky M. M3 npexnonoxe-
HYSI 0 MAJIOCTH KoebaHuil cenyer:

O IIpoexuus T, Bektopa HaTskeHus T Ha niockocTs (x,y) paHa T.
Q Harsmxenue T He 3aBUCUT OT BpEMEHH I,

HeiicteutensHo, T, =T cos (o), TAe o — yros Mex/ly BeKTopoM I 1 IJIOCKOCTHIO (X, ¥ ).

up
Ho o ne 6o/blire yriia y MeXAy KacateibHOM [JI0CKOCTBIO K TOBEPXHOCTH MeMBpaHHI,
B KOTOpOii nexxut BekTop T, 1 nmiockoctsio (x,y): o <v. [loaromy

cos(a) = cos(y) = ! =1.

(6u)2 ou’
1+ — | +| =—
ox oy

CaenosareinbHo, cos(a) ~ 1, n snayur, T,, = T.

[anee paccMOTpUM y4acTok S HeBO3MyILeHHOW MeM6panbl. Ero niomans pasHa

dedy.

s

IInomanp 3T0r0 y4acTKa B MOMEHT BPEMEHH ¢ paBHa

dx dy
——L = |ldxdy.
Weosyy = e

Takum obpasom, nromanb PUKCHPOBAHHOTO yYacTKa MEMOPaHbI HEe MEHSIETCS CO Bpe-
MEHEM, TO eCTh Y4acTOK He pactarusaercs. [loatomy B cuny 3akoHa I'yka u T He MeHs-
eTcst co BpeMeHeM. V3 Toro, uto Bextop T HanpaBJieH 1i0 [epreHANKY ISPy K 3JeMEeHTY
xyru ds, cnepyet, yTo T He 3aBUCHT TAKXKE OT X U y.

PaccMotpuM asnemeHT Mem6paHsl, 1S KOTOporo touka N(x,y,u) — CpelHsas TouKa.
Ha artoT anement, kpome cun Harsxenus T, neficTByeT BHEIIHsSA paclpeae/ieHHast [0
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MOBEPXHOCTH Harpyska g(x,¥,t), pacCUuTaHHas Ha eJMHULY NIJIOIAAN i ITepreHanKy-
JISIpHAs K MOBEPXHOCTH MeMbOpansl (puc. 2.4). PapHopelicTBytomas BHemnux cui 6y-
Aer paBua q(x,y,t)dx dy. PapHojeiicTByioMwas CUl HATSXKEHUS

Tdy(%) -Tdy(%J " de(a_”j —de(@.)
ox : oot oY ), , oy
2

x Oox
y+7
2 2 2 2
“Tdy Sl dr+Tar Sl gy =7| T2 4 2%
ox 0

dy
¥ 3

x+—2—
Ou 9"\ dedy.
y ox? 6y2] Y

q(x,y,t) dedy

0 >y
/ Tdy
Tdx Tdx

Tdy

Puc. 2.4. Hatanytan membpaHa

O603HaunM yepes p(x,y ) NOBEPXIHOCTHYIO NJIOTHOCTh MeMOPaHbl (IJIOTHOCTD, PACCYUH-
TAHHYIO Ha eAUHULY Mtomaan). Torna Macca pacCMaTpHBaeMOTO dJieMeHTa MeMOpaHbl
6yaet p(x,y )dx dy. Takum obpasom, B cuny 3akoHOB HploTOHa Mbl MOKEM HallHCaTh
ypaBHeHUE

0%u o*u  0’u
p(x,y)dxdy-ap—=q(x,y,t)dxdy+r(52_+gy_2jz>
2 2 2
10w _[ou 0w} axyd) ,_ |T, 29)
v? at? ox? oy’ T P

BenpynHa v MMeer pa3MepHOCTh CKopocTH. OHa XapakTepusyeT CKOPOCTb pachpo-
cTpanenus Konebanuit. B yactHoM ciiyuae moxet 6biTb g(x, ¥y, ¢) =0, Toraa Mbl HMeeM
ypaBHeHMe CBOGOAHBIX KoJiebaHui MeMOpaHsbl
1 8% o*u  0’u

v° ot ox° Oy
s 3aBepliieHUs] NOCTAHOBKHU 3a/1ayH 0 KosebaHusx MeMOpaHbl 3aauM Haya/lbHbIE
U TPaHHWYHbBIE YCJIOBUA.
Hauanpnbie ycnosus:
ou

Py =y(x,y) (2.11)

t=0

ul_, =0(xy),

I'paniunsie ycosus Ha kourype I
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ul_ =0, (2.12)

Wrak, 3anaya o Kosebanusx MeMOpaHBl CBOAMTCS K WHTErPUPOBAHUIO ypaBHeHU
(2.9) 1 (2.10) npu HayaTbHBIX ¥ TPaHUYHBIX ycaoBusx (2.11) u (2.12).

3agaya 0 paBHOBECUN MeMbpaHbl

Ecan cuuratse, yt0 ¢ = g(x,y ), TO €CTh BHEUIHAS NollepeyHas HArpy3Ka He 3aBHCHT OT
BPEMEHH, TO MOKHO CTaBUTh 3a/1ady O PaBHOBECHYM MeMOpaHbl. YpaBHeHHE PaBHO-
BECHS MOKHO BBIBECTH HENOCPEJCTBEHHO JUHO ero MOXHO NOJYYHTb M3 yPaBHEHHS
xoebaHui. YpapHeHHe PaBHOBECHST MeMODaHbI MIMEEeT BHJL

(g@ aQujz_cxx,y)‘

4
ox? oy’ T

ITO ypaBHeHHUe HaJJIeXKUT HHTErpUpPOBaTh C FPAaHUYHBIM YCJIOBHEM, HAllPUMEP, C yC-
JioBueM Buaa (2.12). Hayanbhble yciioBHs He CTaBATCH.

3apava 06 yCTaHOBUBLLUWXCS CUHYCcOMAanbHbIX kKonebaHnsx membpanbi
ITycte g = g(x,y,t) 3aBUCHT OT BpEMEHU CIelHATbHBIM 06Pa3oM

q(x,y,t) = Q(x,y)cos(wt)
ambo

q(x,y,t) = Q(x, y )sin(wt),

rjie  — 4acToTa BHEIlHe! BO3MyUAKuleil CHIIbL

B atoMm CJly4Yae U pelieHye 3ajaqyu IleJICCOO6p33HO HCKaTb B BHU]JIE

u(x,y,t) =U(x,y)cos(wt)
aubo

u(x,y,t) =U(x,y)sin(wt)
COOTBETCTBEHHO.

ITocne moacTauoBKkH 3THX QYHKUHH u(X, y,t) B ypaBHeHHe KosieGaHnil MeMOpaHbl mo-
JIyYUM ypaBHeHHe

o' U o Q(x,y)

0x Oy v* T
KOTOpO€ HaANeXKUT MHTErpHpoBaTh IPU TPaHUUYHBIX YCJAOBHUAX, HAPUMep, B BHIE
(2.12).

TenerpacdpHoe ypaBHeHvie

B kauecTse eiule ogHOro npumepa BOJHOBOrO YpaBHEHUS PACCMOTPUM menezpaguoe
ypasuenue, KOTOpoe NpHMeHsieTCs B TEOPUU PAaclpOCTPaHeHHs! KBa3HCTAilMOHAPHbBIX
9JIeKTPHYECKUX KOeGaHui 110 KabesiM.

Ecau npoTsisKeHHOCTD 3JIeKTPHYECKOH 11enH gesuka (HarnpuMep, reaerpadible JHHUIM
M JIMHUM [1€peflayd 9HEPruu), TO TaKylo Lellb HeJb3s XapaKTepH30BaTh COCPeNo-
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TOYEHHBIMHU MapaMeTpaMH (COMPOTUBIEHHEM, EMKOCTBIO, KATYIIKON CaMOMHAYKUNMH).
B npocreiimeM ciyyae, KOTa 3J€KTPUYECKast Lellb ¥MeeT 6OJIbIITYI0 MPOTAKEHHOCTb,
MOYKHO TOBOPUTh O AUHUAX C PACTPEOeNEHHbIMU NAPAMEMPAMU !, IIpu usyyeHuu Takux
JVHKI YYUTHIBAIOT CONPOTHBJIEHHE NMPOBO/IOB, MHAYKTHBHOCT JMHUM, YTEYKY TOKA
B atMoc(epy BCJEACTBHE OTCYTCTBUS M30JALMHK IPOBOJA WJIH €€ HECOBEPIIEHCTBa,
a TaKXKe B3aMMHYI0 eMKOCTh MeX/y IPOBOJaMK (MM MEXIy NMPOBOAOM M 3eMJIei).
MB&1 6yeM paccMaTpHBaTh OAHOPOLHYIO JIMHIIO, TO €CTh JINHUIO, VIS KOTOPO#t conpo-
THBJIEHYE, WHIyKTHBHOCTh, yT€YKa ¥ €MKOCTh PaclpelieieHbl BAOJIb TPOBOJA HeMpe-
PBIBHO ¥ PABHOMEPHO; JUIS HATJSIHOCTH OyAeM CYMTAaTh JIMHHIO 06YXmpoeoonoil
(puc. 2.5). Byaem cyntaTh, 4TO JIMHNS dJIeKTponepeauy 06J1anaeT OMUYECKUM COTPO-
TUBJeHueM R, camouHayKiueit L, eMxocTio C ¥ yTeyko# U30JISALNH £, PACCYUTaHHBI-
MU Ha eMHULY AJAKHbL [IyCTh HanpsiKeHye MeX/y MPOBOJaMHU U TOK Ha PaCCTOSHUH
X OT Hayaia JIMHWHA x = 0 B MOMEHT BPeMEHH ¢ PaBHBI, COOTBETCTBEHHO, u(X,t)u I(x,t).
OTi GYHKUMK U ABJSIOTCS WCKOMBIMM; OHM CBA3aHBI ABYMS AUQQepeHLiaTbHbIMHU
ypaBHEHUSIMH, KOTOPHIE MbI CeifYac BbIBEEM.

ol
I I+6x6x
| 1, 40U
:u :u+a—xax
x x +dx

Puc. 2.5. NluHus anexvponepeaay

HamomuuM, 4to caMouHAyKuust L — x0ah@PULMEHT 11PONOPLHOHATIBHOCTH, CBA3bI-
BAIOLHI 3JEKTPOABMKYLIYIO CHITy CAMOMHAYKLIMH CO CKOPOCTbIO H3MEHEHUSA TOKR, TO
ectb u, = LoI/ot. Emxocth C — x02¢h@ULHEHT NPONOPIMOHATLHOCTH MEXIly TOKOM
CMeI[eHUs i CKOPOCThIO M3MEHEHHUs HanpsKerus, To ectb I, = C du/ot. Tlocnennee
paBeHCTBO Mojtydaercst A bepeHuUpoBatyieM COOTHOeHH s g = Cu, THIe g — KoJine-
CTBO 3JIEKTPHYECTBA, OCTAIONIErocs Ha yyacTKe MPOBOJA, PACCMAaTPUBAEMOTO Kak 06-
KJIa/IKa KOHeHCaTopa, a u — Hanpsikenue. Hakowel, yreyka g ectb KoaduumeHt
NIPOMOPUMOHATLHOCTH MEXAY TOKOM yTEUKH U Hanpsbkenuem: [, = gu.

Jlna coctaBienus auddepeHLiaIbHbIX yPaBHEHHI, KOTOPbIM JOJDKHbI YIOBJIETBO-
paTh GynKimn u(x, t) u I(x, t), BbLIETUM Y4aCTOK NPOBOJA OT TOYKH € abCLMCCOH X A0
Touxu ¢ abcuyccoit x + dr. Ecii HampsbKeHVe ¥ TOK B TOYKE X B MOMEHT BpeMeHHU ¢
PaBHbI, COOTBETCTBeHHO, u(x,t) ¥ I(x,t), TO B TOYKE X + dx B TOT ’ke MOMEHT BPEMEHU
3HAYEHHS STUX BEJHWYMH (C TOYHOCTHIO 0 HECKOHEYHO MaJbIX BBICIIMX MOPS/IKOB MO
cpaBHeHHIO C dx) 6ynyT paBHbl u + (Ou/ot)dx u I + (01/t)dx. Tlanenne HanpAKEHUs
Ha PacCMaTPHBAaEMOM Y4YacTKe 6y/eT BbI3bIBATbCS NMOTEPE HANPSAKEHHS B IIPOBOLIE, TO
ectp BeqyuHOW Rdx I, ¥ BO3HMKHOBEHHEM IPOTHBOAEHCTBYIOWIEN 3€KTPOABIXKY-
med cuabl camouHaykuuu ¥, = L dx (81/0t). Tloatomy

! Eciy AJIMHa 3MeKTPOMArHHTHOI BOJIHBI HACTONIBKO MaJjla, YTO OHAa CPaBHHMa € NONEpPEYHbIMU
pasMepaMH IPOBOJIHHKA, TO NOJyYeHHBIE 3/€Ch YPABHEHHA CTAHOBATCA HENpumeHuMbl. B o1oM
cAyyae Heo6X0AUMO IPHOETHYTD K pellieHHIo YPaBHEHWH 3NEKTPOMAriUTHOO N0JA, H3narae-
MOMY B CIIe{IHAIBHBIX KypcaX.
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u—(u+%dx)=Rde+de~g—i,

ox

TO €CTh
%+L—61+RI=O. (2.13)
ox or

Janee uaMeHeHHe TOKAa Ha 3TOM K€ y4yacTKe 0OYCJIOB/IEHO TOKOM YTEYKH M TOKOM
cmeiuenus. CrenoBaTenbpHoO,
ol ou
I-|1+—dx|=gdvu+Cdr—,
ox ot
OTKyZa
ol ou
—+C—+gu=0 (2.14)
ox ot
BoJbiioe 3HaYeHUe HMEIOT HAYaIbHbIe M TPAHUYHBIE YCIOBHS, KOTOPBIE JI0JIKHBI BbI-
HOJIHATBCA Ha KOHLAX JMHKMK. HavampHbie yc10BUS B 0biieM cayuae GopMyaupynoTes
Tak:

ulr:o =(P(x)’ II[.—_O :\V(x)-

[Tonbaysicoy ypasuenusmu (2.13) u (2.14), nerxo Haiity ou/ ot u 01/0¢ npu ¢ =0.

Ecsiu B nayane jnuuu x = 0 BKJIIOYEH UCTOYHMK MUTAHUS C 31€KTPOABHXKYIIEH CH-
n0ii E, a Ha KoHUe X = ] HMeeTCsl IpUeMHHK TOKA C CONPOTHBIEHHEM R,, TO rpaHny-
Hble yCJIOBYsA OynyT

ulx:O = E(t)’ ul_r:l = R’I|.\ =1

B wactHOCTH, ecyiy, HaNpuMep, OAMH KoHell X = 0 lHoAAep:KUBAETCA M0 HallPSKEHHU-
eM F, a Ipyroit x = [ 3aMKHYT HaKOPOTKO, Mbl HMeeM
ul _, =E@), 4|, =0
Ecau, Hanpumep, koHen ¥ = 0 TUHHUYM OTKPHIT, TO B 3TOM KOHLE Mbl JO/DKHbBI HMETh
L _, =0
Boobuue, ecau B KoHue (¥ = [) IMHUK BKAIOYEHb] BHEIHAS 31€KTPOABIXYIas cuaa £,
CONpoTHBJeHHe R U CaMOUHAYKUM L, TO B 5TOM KOHIIE MBI JOJIKHBI HMETh

u|x=] =(E+ RI + L—aalt]

x=l
PaszymeeTcs, MOXXHO paccMaTpuBaTh 106yi0 KoMOUHaUMo yeaoBHit npu x =0u x = 1.

Hckmounm Tox H3 ypaBueHu# (2.13) u (2.14), noayunm
’u 1 d'u ou 1
—=——~+(Lg +CR)— + Rgu, v=—=.
ox?  o? ot? (L ) a8 JLC

Ypasrenue (2.15) HasvlBaeTcss menezpaduovim ypasienuem; v — CKOPOCTb Iepeaadul

CUrHaJIA 110 Kabeso.

(2.15)

B cuny cumMerpuu ypasHenuit (2.13) u (2.14) asanoruuHoe ypaBleHHe 110JiyyaeTcs
u aJst Toka I (3amenoii B (2.15) nanpsokenus ¥ Ha Tok T).
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Ecmu cuntare R=0, g =0, To BMecTo ypaBHeHust (2.15) Mbl 6yneM uMeTh ypasHeHHe
L1 JIMHHHE 6€e3 HoTeph

o’u 1 d%u
ot v? o
To — OHOMEPHOE BOJHOBOE YPaBHEHHUE.

B 3aBepurenne paccMoTpeHMst ypaBHEHWH KosneGaHUH OTMETHM eIle, YTO B TpeX-
MEPHOM KOOPAMHATIIOM IIPOCTPAHCTBE PACCMAaTPUBAETCS MPeXMEPIOe B0IHOBOE YPas-
nenue

o'u (8w d'u 8

— =V =g+ = |+ f(x), ¥ =(x,,7,,0,). (2.16)

ot ox; Ox; Oxg
ITo ypaBHeHHe ONMCBIBAET POLIECCHI PACIIPOCTPaHEHUs 3BYKa B OJIOPOAHOMH Cpejie 1
ANEeKTPOMArHUTHBIX BOJIH B OJHOPOAHO Henposoasuei cpene. EMy ynoBneTBopsiior
[VIOTHOCTD U JaBJeHUe ra3a, NOTeHUHal CKOPOCTEH, & TaKkKe COCTAB/AIONME HANps-
KEHHOCTH 3/IeKTPHYECKOTO M MarHHTHOTO NOJIEH ¥ COOTBETCTBYIOLIME MOTEHLMATBL.

YpaBHeHune andpopysun

[Iporeccel pacnpocrpaHenus remsia Wik AMQ@PY3UH YACTHIL B Cpelie OMHCHIBAIOTCS
CNeAYIOUIHM OBILIM ypasnenuem oupdysuu:

p(x)% =V (p(x)Vu) - g(x)u + F(x. 1), (2.17)

VpaBHeHMe TennonpoBoaHOCTU

Brisesem ypasuenne pacnpocrpanenus tensa. O6o3uauuM yepes u(x, t) TeMIepaTypy
Cpenbl B TOUKE X = (X' |,X,,X,) B MOMeHT BpeMenu ¢. Cunras cpexy H30TPONHOH, 0bo-
3HayuM vepes p(x), c(x) 1 k(x), COOTBETCTBEHHO, €€ IJIOTHOCTb, YAEABHYIO TeII0eM-
KOCTh H KO3 (MUIMENT TEIIONPOBOAHOCTH B Touke x. O6o3naunM uepes F(x,t) uH-
TeHCHBHOCTb UCTOYHIIKOB TEIJIa B TOYKE X B MOMEHT BpeMeHH {. Ecnu pasnuynbie
TOYKH Cpelibl HMEIOT Pa3/iIMYHYyI0 TEMIEepaTypy, TO B 3T0i cpele Gy/AeT IIPOMCXOMHTD
€CTECTBEHHBII 11pollece nepeady Tenjaa or yyacTkos HoJiee HarpeThlx K yyacTKaM Me-
liee HarpeThiM. JTOT MPOLECC NePeflady Telia MOXKHO XapaKTepH3oBaTh BEKTOPOM
ILTOTHOCTH IIOTOKA TefJia ¢ — BEKTOPOM, HalpaBJleHHe KOTOPOTO COBMA/AeT C HANpas-
JIEHVEM [I0TOKA TenJia B IaHHbI# MOMEHT BpeMeHU. BennynHa atoro BexTopa — KoOJH-
YECTBO Tella, NMPOTEKAIUIEr0 3a eAMHULY BPEMEHM 4Yepe3 e[MHHYHYIO IUIOIIAAKY,
IepNeHAUKY/IAPHYIO K HANPaBJIEHUIO T0TOKA Terla. JKCIEePHMEHTAIBHO YCTaHOBJE-
HO, 4YTO

G=-kVu. (2.18)

CootHowenne (2.18) naspiBaercs 3akonoM Dypoe. BoinennM B cpene beckoHeyHo mMa-
Jbti 06DbeM, cpesiiisist TouKa KOToporo (x,,x,,%,): dr = dx,dx,dx,. CoctaBum 6amanc
Teiia A1s 9Toro obbema. Kosiyectso tenia, BblaesisieMoro B obbeMe dt 3a Bpems A,
bynet dQ, = F(x,t)dt At. KomryecTBo Tensia, uapacxonoBatHoro B dt 3a At Ha Harpes
aToro obbemMa,
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dQ, =cpdrfu(x,t+ At)~u(x,t)] = cpdr% At.

Konuyectro tema, BuITeKaoLero u3 obbema dr 3a At, 6yner

+ {qt‘ 2

dQs ={:qx1 |xl+_d_’-f_|_ =4, lxl-“"_'}d“ dxs At +
2 2

x2+ﬂ —qx2|x2_ﬂi|dx‘1 dx3 At+|:qx3‘“+ﬂ —qrs‘xs_ﬂ:ldxi de At =
2 2 ) 2 2

z(aqxl , 9., 0,

dy, dx, dx., At =(V - §)d1 At
ox, | ox, 6x3j1 2 ey AL =(V - q)dr

W3 3akona coxpaHenus snepruu dQ, =dQ, + dQ,, oTKyAa nosyyaem ypaBHeHHe
v -G)+ Cp% = F(x,1). (2.19)

Vpasuenus (2.18) u (2.19) coaepsxar aBe HeusBecTHble GYHKUMM § 4 u(x, t). Vickmo-
YyuB g, byneM UMeThb

Cp% -V -(kVu) = F(x,1). (2.20)

Ecnu cpepa ognoponna, T0 €CThb ¢, p U k£ — NOCTOSTHHEIE, TO ypaBHeHue (2.20) npunu-
MaeT BUA

Oou

= =v’Au+ f(x,t), v’ =i, f £

ot cp cp
VpasHenue (2.21) Ha3blBaeTCA ypasHeHuem mMenioNPOBOOHOCMU, WIM YpaGHeHueM
Dypoe.

(2.21)

Kax u B ciiyyae ypaBHeHHs K0JleGaHMMH, 1JIs1 TIOJHOTO OMMCAHKS IIPOLECCA Pacrpo-
CTpaHeRUs Tellsia HeoOXOAMMO 33]]aTh HaYyaJIbHOE pacnpe/ieieHle TeMIepaTypsl B cpe-
Ae (HayasbHOE YCJIOBKE) M PeXHM Ha TpaHule 31ofi cpeasl (TPaHWUHOE yCJ10BHE).

PaccMoTprM HEKOTOPBIE NPUMEPbl TPAHUYHBIX YCIOBUH:
a) ecJIv Ha rpaHuile S MOA/IePKUBAeTCS 3alaHHOe pacrpe/ie/ieHHe TeMIepaTyphl ¢y, TO

U =uy; (2.22)
6) ecsi Ha rpaHuLEe S MoAAepXKUBaeTCs 3aJaHHbIM NOTOK TenJa ¢, To
Ou
~k—| =gq; (2.23)
on|
B) €CJIM Ha rpaHuue S NPOUCXOAUT TerloobMeH coriacHo 3akoHy HeloToHa, To

k—a—lf-+h(u—uo) =0, (2.24)
on

s

re h — xo3¢puLreHT TensoobMeHa, 4, — TeMIepaTypa OKpy KaloweH cpesbl,

I) ecnu rpaHuua S ABJSAETCA TpaHULEN paszesia AByX cped (Teryioo6MeH COmpH-
KacaloIXCd TBEPHAbIX TeJl WX KOHBEKTHUBHbIHA TEMI00OMeH Tesa C >KUAKOCTBIO),
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KOTZla TEMepaTypa CONMpHKacaloLUXCs I0BEPXHOCTeH OlMHAKOBa, TO B 3TOM ClIy-
yae rpaHMYHbBIE YCJIOBUS 33/1AI0TCS KAaK YCJIOBUS PaBEHCTBA TEMIIEPATyPhl U ILJIOT-
HOCTEHl TEIJIOBOTO MOTOKA Ha MOBEPXHOCTH CONPUKOCHOBEHHS JABYX cpex (MU Te)

o)y, B
on

u1|s =u2lsr k, =Ry
Bo3MoxHBI ¥ MHOTHE IPyIrHe IPaHWUYHbIE YCI0BHUA.

(2.25)

s on

s

YpaBHeHue aAnodPpysuu
AHAJIOTHYHO BhIBOJUTCH U Yypasnenue Ougppysuu vactuu. IIpu 3TOM BMECTO 3aKOHA
Dypbe HYXKHO 1M0J1b30BaThesl 3aKoHOM HepHera

g=-Dvuy, (2.26)

rne D(x) — xoadduiuent auddysun u u(x,t) — MJIOTHOCTh YaCTHL, B TOYKE X B
MOMEHT BpeMeHH t. YpapHeHUe Iis naIoTHOCTH (X, t) 6yneT umeTb Bua (2.17), rae
p oboznayaer koacdduuuent nopucroct, p =D M g XapakTepnayeT NOIJIOHEHHE
Cpenbl.

[Ipeacrasum cebe, 4yTo MMeeTcst HeKMH 06BEM, 3aMOHEHHBIH KUIAKOCTHIO WU Ta30M.
[Iycte C — xonuenTpauus AbyHAUPYIOMETo BEIECTBa B 3TOM 06beMe; § — BEKTOP
IJIOTHOCTH TMOTOKa An(dyHaupylomero BeitecTBa. CorsacHo 3akony Hepucra (2.26)

§=-DVC. (2.27)

BoinenseM masbiil snemeHntT obbeMa dt u cocraBiasieM GanaHc Beliecrsa. IlycTs
Q(x,y,2,t) — TUIOTHOCTb BbIeJIeHNS BellecTBa, Toraa Q(x,y,z t)dtdl — KomecTBo
BellleCTBa, BhieauBlIerocs B obbeme dt 3a BpeMs dt. Vimeem

Q(x,y,z,t)dvdt =[C,, , - Cl,] dt + div(g)dr dt.

3nech MepBoe caaraeMoe B IPaBOM YaCTH TTOCAEAHET0 YPaBHEHNs XapaKTePU3yeT yBe-
JMYeHue BelecTsa B 00beme dt 3a BpeMs df, a BTOPOe cJlaraeMoe — KOJIHYEeCTBO Belile-
CTBa, BBITEKAONIET0 U3 06beMa dt 3a Bpems df.

Taknm 06pa3oM, Nosyyaem cienyioliiee ypaBHeHHe:
% +div(g) = Q(x,y,2,t). (2.28)

Hckmouum Teneps U3 ypaBHeHHH (2.27) u (2.28) BeKTOp IVIOTHOCTH NOTOKa JUD-
¢dyuaupywuero Beiectsa §. OkonyaresnbHo 6y/eM WMeTb OCHOBHOE yPaBIiEHHE Teo-
puu auddysun B BHIAE
c_loC__Qxyz2l)
D ot D
IT0 ypaBHEHHE HAJIEXHUT WHTETPUPOBATh C HAYATBHBIMH YCIOBUSMH

Cbt=0 = (p(x,y,z)

I KAKUMH-HHOY b TPAHMYHBIMHU YCJIOBUSIMH Ha nosepxHocty S. Hanpumep, B ciyyae
HETPOHULAEMBIX CTEHOK TAaKUMHU YCJIOBHSIMH OYIyT
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oC
on|

=0.

MoryT 6b1Tb U ApYrHe YCIOBUAL.

CraumoHapHoe ypaBHEeHue

Insa craivonapueix npoueccos F(x,t) = F(x), u(x,t) =u(x) ypaBHeHus KosjeGaHWHA
(2.2) u anddysuu (2.17) npuHUMaIOT BUI

=V (p(x)Vu)+ q(x)u = F(x,t). (2.29)
[Tpu p = const i q =0 ypaBnenue (2.29) naseiBaetcs ypasnenuem Ilyaccona
su=—f, [=%; (2.30)
p

npu f =0 ypasHenue (2.30) nepexoaur B ypasnenue Jlanraca

Au =0.
JLN1s1 TOJTHOTO OTMCAaHUsA CTAIMOHAPHOTO TIponecca HeoOX0AMMO 3a/1aTh PeXKHUM Ha Ipa-
HMIIE — OIHO M3 FPAHUYHBIX yCjaoBHil (2.22)—(2.25).

ITycts B BoIHOBOM ypaBHeHHu (2.16) BHeluHee Bosmyllenue f(x,t) nepHoauyecKoe
¢ yacToToi ¥ aMIIMTYA0H @’ f(x), TO ecTb

fxty=a’f(x)e™.
Ecnu uckath nieproaudeckue Bo3MyleHUs ¥(x,t) ¢ TOR Xe 4aCTOTON W HeU3BEeCTHOH
aMIIMTY 104 u(x),

u(x,t) = a’u(x)e™,
10 47151 GYHKIWH (X ) IOJyYHUM CTallMOHApHOe ypaBHEHHe

0)2
5
a2

Au+k*u=-f(x), k* =

KOTOpOe Ha3bIBaeTcs ypasenuem [envmeonvya. K TakoMy ypaBHEHMIO, KaK MbI BUZe-
JIM, CBOAMTCA 3aiaya 06 yCTaHOBMBLIMXCS CHHYCOMAAIBHBIX KOeOaHUAX MeMOpaHbl.

BbiBOA YPaBHEHUS 3NEeKTPOCTaTUKU

[TpeanosoxuM, 4YTO B MPOCTPAHCTBE pacIipefiesieH 3JeKTPHYeCKHH 3apad ¢ MAOTHO-
cThio p =p(X,Y,2) — 3apsAA B efnHuLEe 06beMa. ITOT 3apsl CO3AAET ITEKTPUYECKOe
10716, KOTOPOE XapaKTepu3yeTcsi BEKTOPOM HarpsuxenHoctd E. M3BecTHo, YTo rnose
SIBJASI€TCS MOTEHLMAJIBHBIM, TO €CThb

E = —grad (u),
rze u — TOTeHUAL.

Brigesnm Masnbii asieMeHT obbeMa co cpeaneil Toukoit M(x,y,2) co cropoHamu dx, dy,
dz: dv = dx dy dz. TToacuntaem notok Bekropa E yepe3 1oBepxHOCTh 06beMa dt

E | adydz—E| adydz+E, , ,1,,dxdz—Ey|y & dx dz +
) T3 Ay ¥y
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+E,|, wdvdy-E,| &dcdy=div(E)dr
2 2

Cornactio Teopeme OcTporpaackoro—Iaycca', NoTok yepes 3aMKHyTY10 IOBEPXHOCTD
IIPOTNIOPIHMOHAJIEH 3aPAAY, 3aKII0YEHHOMY B 3TOT 06BEM

div(E)dr = 4dnp(x,y,2)dr,
0TKyZa
div(E) = dnp(x, y,2)
Win
Au = —4np(x,y,2). (2.31)

Ypasuenue (2.31) — ypasuenue Ilyaccona. Ecau p =0, To ypasnenue (2.31) npuuu-
MaeT BHUJ

Au =0 (2.32)
VYpapnetine (2.32) — ypaBHenue Jlannaca.

BuiBOA, YPpaBHEHNA rMApoAUHaAMUNKH

Ilycts B mpocTpaHCTBEe MMeeTCA CTAlLMOHAPHBIH HOTOK XXUAKOCTH. Byanem cuurarthb
KUAKOCTDb HeC)kMMaeMol (IJIOTHOCTb p = const). Takoi NoTok XapakTepusyercs CKo-
POCTbIO U, IPUYEM, €CIH TeYeHHEe JKHAKOCTH He BIUXPEBOE, TO CKOPOCTD SIBJISIETCA HO-
TEHLHAJIBHBIM BEKTOPOM, TO €CTh

7 = ~grad (u), (2.33)
rA€ u — NOTEHIHAJ CKOPOCTH.

PaccMorpum anementaphbiit 06beM B hopMe napauienenunena v nNoACYUTaeM MOTOK
yepe3 [10BepXHOCThb 3TOr0 06bema 3a eAUHUIY BPpEMEHH

U

x |x

+¢_va’ya’z~vx|r~_(ga'ya’zJrz),,ly ,zydxdz—vyly w dxdz+
2 T2 ) +7 Y-
+v,| adrdy -v,)_udrdy = div@)dv.
2 2

YcJs0B1le CTAIlMOHAPHOCTH NOTOKA (CKOJIBKO XUIKOCTH BTEKAeT B 00bEM, CTOJIBKO XKe
1 BbITEKaeT u3 Hero) Aaet

div(d) =0. (2.34)
YuurbiBast cooTHomeHue (2.33), noayuyum u3 (2.34)
Au =0, (2.35)

TO €CTb HOT€HIMaA/I CKOPOCTH YAOBJAETBOPSET YPAaBHEHHIO Jlanjaca.

Paccmorpnm 3amavy o6 o6TeKaHHM TBEPAOTO TEja NOTOKOM XUAKOCTH. [TyCTh HEKoe
TEJN0, OrpaHUYeHHOe MOBEPXHOCTBIO 5, MOMEIIEHO B NOTOK XXKUAKOCTH, ABMXYyIIelics

' Karawnuxos C. I Inexrpuyecrso. — M.: Hayka, 1970. 667 c.
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C 3aaHHO# CKOpOCTHIO J,y. IT0TOK XUAKOCTH NpeATosaraeTcs oaHopoanbiM. Haura 3a-
Jaya — ONpeAesUTh [0JIe CKOPOCTeH B 3TOM IMOTOKE.

[IpeacTaBUM TOTEHIMaI CKOpOCTeH B J1060if TOUKE MOTOKA KaK CyMMY 4 =, +u,,
Ii€ 4, — MOTEHIHAI OAHOPOAHOrO HEBO3MYIEHHOTO TIOTOKa (KOTAa TEJI0 OFCYTCTBYET)

Uy, =-v,[x cos(a) + y cos(B) + z cos(y)},

a Y, — BO3MYIIEHHE M3-3a NPUCYTCTBHUA TeJia B ITOTOKE. 3]_1er, O4Y€eBM/IHO, Q,B,Y —
yIJibl, KOTOPBIE€ COCTABJIAET BEKTOP CKOPOCTH 50 C KOOPAVHATHBIMH OCAMI.

[ToreHuyan ¥, yaoBaeTBOpsieT ypaBHeHHio (2.35) Bo BceM NpOCTPaHCTBE, TO €CTh

Au, =0.
Ycnosue Ha rpaHuile S MMeeT BUA
v, =0 = wul g Ol | py (2.36)
n|g on |, on |

rae f(P) — 3anannast byHkius Touku P € S.

Fpaﬂnqﬂoe YCJIOBYH€ BBITEKAET M3 Tpe6OBaHHH, 4TO HOpMaJIbHaH cocTaBJifgoiasds CKo-
POCTH Ha rpaHMlile TeJsia paBHa HYJIO. KpOMe TOI'0, AOJ)KHO BBIITOJAHATLCA YCJI0BHE 3a-
TyXaHHA BOBMyLL[eHHf;I Ha 6BCKOHB'~IHOCTI/I, TO eCTb

Uy =0. (2.37)
\j.r2+y2+22—vm
Takim 06pa3oM, 3aa4a 06 06TEKAHUH TBEPAOIO TeJa 1IOTOKOM XMAKOCTH CBOAHTCS
K MHTerpHpoBanuio ypasHenns Jlaraca npu yenosusx (2.36) u (2.37).

OCHOBHble YpaBHEHUSI MaTemMaTudeckon Gpusnkun

B nipemplayux naparpadax Mbl 0CTaTOMHO MOAPOGHO 3HAKOMM/IMCH ¢ pa3Hoobpas-
HBIMH 3aayaMi QU3HUKKU U MEXaHUKH, KOTOPbIE NIPHBOAAT K YPABHEHHUAM C YACTHBIMH
MPOM3BOAHBIMU. MOXHO NMPUBECTH elile MHOTO PUMepPOB riogobxoro poaa. Ho ocHos-
Hasl Hailla I[eJIb COCTOMT He B BbIBOJE ypaBHeH Uil B 4aCTHbIX IPOM3BOAHBIX, & B HcCJle-
JNOBAaHWH U pelleHHH HX.

B atom nmaparpade MbI IPOCTO elle pa3 nepevrcnM OCHOBHbIE HanboJiee YacTo Mphi-
MeHseMble yPaBHEHHs MaTeMaTHyecKod (PH3HKL

1. MBI HauHeM ¢ CaMoro IPOCTOro , ObIT MOXKET, OAHOTO M3 BaXKHeilIHX ypaBHeHuUH
MaTeMaTHYeCcKoil busuku — ypasuenus Jlanraca
2 2 2

ou ou Ou_g (2.38)

ot oy* o0z’
Jlesas yacTh ypaBHeHus (2.38) o6o3HadaeTcs, KaK Mbl BUAETH PaHee, CUMBOJIOM Au i
HasbIBaercsa onepamopom Jlannaca Hax byukuueit . [lomumo ypaBHenus Jlaniaca,
onepatop Jlanjaca BXOAUT B BOJIHOBOE ypaBHEHME, B ypaBHEHHS TEILJIONPOBOAHOCTH
u auddysun U B PsAA APYTMX ypaBHeHMil. YpaBHenue Jlansaca BCTpE4aeTcs B aJek-
TPOCTaTHKE, MarHWTOCTATHKE, MHAPO- H a3pojAMHaMHKe, TEOPHU TEIUIONPOBOLHOCTH,
TEOPUH YIPYrocTH W B APYTHX HaykaX. Ypasnenuio (2.38) n0JuKeH yNOBJIETBOPATSH
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NOTEHIMAI CHJI TATOTEHHUS WK CHJ B3aUMOACHCTBHA 3JIEKTPHYECKUX 3aPAZI0B BO BCEX
TOYKaX MPOCTPAHCTBA, HAXOAAIMXCA BHE NPUTATHBAIOUIMX MAacC WM BHE 3apAAOB,
CO3AAIONIHX M0Jie. ITOMY YPaBHEHHIO JOJKEH YAOBJETBOPAThH NOTEHLIHMAN CKOPOCTH
6e3BMXPEBOTO TEYEHUSA HECKUMAaeMOil XXUAKOCTH. Y paBHeHHMIO (2.38) moykHa ynosie-
TBOPATb TEMIiepaTypa B OJHOPOJAHOM TEJIE, eC/IH TENNO0OMeH ABIAETCA CTallOHap-
HBIM, TO €CTh TEMIIEPATYPA U 3aBUCHUT TOJILKO OT MECTa, HO HE OT BPEMEHH.

2. YpasHenue Ilyaccona

*u  9’u  d'u

7 + 7 + 7 = —f(x,y,Z).

ox* Oy 0z
O671aCTh TIPUMEHMMOCTH — Ta K€, YTO U A ypasHeHus Jlanaca. Y pasnenve Jlama-
a ONUCBIBAET TI0JIA, He HMEIOIMe BHYTPEHHUX HCTOYHHUKOB, a ypaBHenHe Ilyaccona —
TI0JIS1 ¢ paclpeieeHHBIMI BHYTPEHHUMH HCTOYHHKAMH. JTH yPaBHEHHS BCTPEYaloTCs
IIOYTH BO BCEX 06aCTAX NPHKIAAHOIM DH3HKH.

3. BonHoBoe ypaBHenue

Au—-—

1
)

0°u

— =-f(x,y,21).

ot

310 ypaBHEHMe BCTPeYaeTcs MPH OMHCAHWH BOJHOBBIX Npoueccos. BoJHbl Moryt
MMETb Pa3HyIO NPHPOLY.

4. Ypapuenue temwionpoogHoct Dypoe

1 ou
Au—-——=—=f(x,¥4,2,0).
v? ot
ITO ypaBHEHME BCTPEYaeTcsl B TEOPHH TerIONpPOBOAHOCTH, TeOpHU AHbdy3un, Teo-
PHY SIAEPHBIX PEAKTOPOB.

5. Ypasuenue TenbMroisia

Au+k*u =—f(x,y,2), k= const.
910 — ypaBHeHHME I AMIUTMTYA YCTAHOBMBLIMXCS TNEPUOAMYECKMX KoJebaHmit
3a/1aHHOl YaCTOTBI; k = (/v — BOJHOBOE YHCIIO.

6. Ypapnenue lllpenuHrepa

2m

3To OANHO U3 ypaBHEHMI KBAHTOBOW MeXaHHMKH. 3hech W(x) — BosHoBasg QyHKUMS,
m — Macca yacTuipl £ — sHeprus dactulisl; V(x) — noreHuMan BHEIIHETO CHA0BOIO
nosst; A — nocrosuHas [Tnanka (h =1,054-107% apr-c).

7. PacnpOCTpaHeHne BOJIH B CpefaXx C MOIJOIIeHNEM SHepruy OINChIBAeTCA ypaBHe-
HHEM

2
Au __176_21_[)8_14 —cu =-f(x,y,2¢).
v° ot ot
Bce mepeuncrieHHble ypaBHEHHsI NPEACTABISIOT COO0M JMHelHble yPaBHEHUSA B 4acT-
HBIX NPOM3BOJHBIX BTOPOrO MOPSAKA. JTH YPAaBHEHHS CTAIH YKe KIAaCCHYEeCKMMH
ypaBHEHUsAMH MaTeMmaTudeckoil Gusuku. OgHako ypaBHeHHH BTODOTO TOpSfKa He-
JOCTaTOYHO AJIS TOTO, YTOOBI M3y4aTh aKe BLXHeIe cTallMOHaPHble BJEHHA.
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B xauecTBe npMMEPOB NPHUBEIEM YPaBHEHM, KOTOPbi€ HCTNIOAB3YIOTCA B TEOPUH YTIpYy-
roctu. Tak, Teopus uzrunba yripyroit npuaMaTHYecKoit 6aaku MPUBOAUT K 0ObIKHOBEH-
HoMmy auddepeHManbHOMY YPaBHEHHIO PaBHOBECHS 4€meepmoz0 110PAAKA OTHOCH-
TeapHo GYHKIIMHM HOPMAZIBHOTO NPoruba u

d? d?u

7| E 2
dx dx

Ecnu Harpyaka q 3aBHCHT He TOJIBKO OT KOOPAMHATHI X, HO M OT BpeMeHH, To 6aika by-

JleT coBepuaTh KojebaTeNbHOe ABUKEHHE, KOTOPOE ONHMCHIBAETCA ypasiienuem none-

peunvix Konebanuii NPU3MaTHIECKOH GasKM B YaCTHBIX TIPOM3BOIHbIX

2 2

0 ou

ox? Ox?

=q(x).

o*u
EJ ™

=qg(x,t)-pS—-.
t

3necs E — Moaysib ynpyrocti 6ajiky; J — MOMEHT MHEPUMHM IIOIMAAM NOTEPEYHo-
ro ceueHUs S OTHOCHUTENBHO LEHTPAJNBHON OCH, NEPNeHAUKYJAPHOH K IUJIOCKOCTH
xonebannuit; p — 1otocts. Ecin E J = const, To, nosxaras E J/(pS)=a’ u f(x,t) =
= q(x,£)/(pS), NOJyYHM OKOHYATETBHO ypaBHeHHe Kosebanuii B Buae

8%u d'u

—+a — =f(x0)

ot ox
3azaua 0 NONepeyHbIX KoebaHusax yrpyroi Ipu3MaTHYecKoit 6aJKu CBOAUTCA K WH-
TerpMpOBaHHIO AAHHOTO YPaBHEHHS C HAYAIbHBIMHM W TPAHUYHBIMM yCIOBHUAMM, 3aBH-
CALLHMHM OT BH/A 3aKPellieHUs KOHIIOB 6asKi.

Hayasblibie ycioBus
ou

2l =y(x).

u|z=0 = (‘P(x)’
[TpuseaeM Tpu BUAa HauboJjiee PACTPOCTPAHEHHBIX IPaHUYHBIX ycloBuil. B ciyuyae
XKECTKOH 3afe/IKH KOHUA 62Ky rpaHHYHbIE YCJIOBHA Ha 3TOM KOHIle MMetoT Bua (11po-
ri6 M yroJ I0BOpoTa — HYJIEBHE)

B ciyuyae cBoboanoit onopst koHua Gayku (nporu6 u narubarouni MOMEHT Ha OHo-
pe — HYyJieBble) IpaHiYHbie YCAOBHS CBOAATCA K yPaBHEHUAM
d*u

u=0, — =0
xl

B cayuae cso6oaHoro Konua Gankn (u3rubaonmil MOMEHT M Iepepe3blBalomas
CHJIa — HyJIEBbIE) rPaHMYIibie YCIOBUA CBOAATCA K YPaBHEHMAM

ox®

=0.

(]

ox’
Bropoii npumep. Teopus uaru6a TOHKMX [UIACTHH NIPUBOAUT K yPaBHEHHIO PaBHOBe-
CHSA YEeTBEPTOTrO MOPSIAKA B YACTHBIX 1POM3BOAHBIX OTHOCHTEIbHO (DYHKIMK HOPMAJIb-
Horo nporiba u

DV*u = g(x,y). (2.39)



46 2. YpasHeHnst matematuyeckon Gpusrku

3necs D — tak HasbpiBaeMas IWIMHIAPHYECKAs KECTKOCTb TJIACTHHBI, V = A? — 6u-
TapMOHHYECKUI ONepaTtop, KOTOPbIM B IEKAPTOBLIX KOOPAMHATAX MMEEeT BUA

0'u d'u 0'u

ox ox* oy dy
YpasHenue (2.39) Ha3viBaercs ypaBuenueM Codu Kepmen—Jlarpanxa
Ecau Harpyska ¢ 3aBHCHT HE TOJIBKO OT KOOPAMHAT X, Y, HO ¥ OT BPEMEHH, TO [iJia-
CTHHKa OyZAeT coBepluaTh KojiebGaTelbHOe ABHXKEHHE, KOTOPOEe OMHCHIBAETCA ypaBHe-
HHMEM B YaCTHBIX MPOU3BOAHBIX

2
1o g, om0 D
a* o’ D ph

31ech p — IJIOTHOCTB, A — TOJIIMHA MaCTHHKU.

(2.40)

Hurerpuposatune ypasuenus (2.40) Heo6X0auMMO BECTH C yY€TOM HayaIbHBIX M Ipa-
HUYHBIX yCHoBUi. PaccMoTpuM Hanbosiee pacnpocrpaHeHHble TpaHMUYHbIE YCIOBHA.
Eciu oauMn M3 KpaeB NMPAMOYTOJbHON MJACTHHKH IAPHUPHO ONEPT, TOrAa Iporub
U M3rn6alouMii MOMEHT BAOJB 9TOr0 Kpas PaBHBI HYJIO. DTO NPUBOAMT K yCIOBHUAIM

d*u

u=0, — =0

ox
Ecan kpait xeCcTKo 3ajesat, TO ipork6 1 yros NoBOpoTa ceYeHHs B TOYKaX Kpasi pas-
HbI HYJIIO

ou
u=0 —=
ox
Ecau Kpait ceoboaeH, To Ha 9TOM KPalo OOBIYHO CTAaBATCA CAEAYIOUIME yCIOBUA:
o*u  d'u d%u d*u
ox oy ox oxdy

3nech v — koadduument [lyaccona marepuasa, M3 KOTOPOro M3rOTOB/IEHA MIACTHHKA.

Knaccudpukauma ypaBHeHui BTOPOro nopaagka

B sroM maparpade Mbl aanMM KjaaccM(PUKALMIO KBasMIMHEHHBIX (AMHEHHBIX OTHO-
CHUTENbHO BCEX CTAPLIMX MPOU3BOAHBIX ) AuddepeHIanbHBIX ypaBHeHHH BTOPOro no-
pAlKa B YACTHBIX MPOU3BOAHBIX.

Knaccupumkaumsa ypaBHeHUA B TOUKE

Bynem paccmarpvBarh QyHKUMH 7 HE3aBHCHMBIX MEDEMEHHBIX U =u(X,Xy,...,X,).
PaccMoTpuM kBasiinHelHoe quddepeHManbHOe yPaBHEHHE BTOPOro NOPsAKA
z o’u )

Y a;(x)—— + O(x,u,Vu) =0 (2.41)

ij=t 6x,-6xj
C HenpepsiBHBIMH KoadduimenTamu a; (x) B obnactn D. MoxHo C‘{HTaTb 6e3 NoTepu
06MUIHOCTH, UTO @; =dj;. 3a¢)m<cupyeM onpeneseHHyIo TouKy (X7 ,X5,...,x7 ) B obrac-
1 D 1 cocTaBuM KBaipaTHYHyIO GopMy
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gX,. Xy X,) = D a;(x) XX, (2.42)

ij=1
Ksaaparuynas dbopma (2.42) HassiBaeTca KBaApaTHIHOH GopMOiA, cBA3aHHOIT C ypas-
HenueM (2.41). Cocrasum onpenenuresns dopmar (2.42)

a4y a;,
A= ay, ‘{22 a,,
anl an2 ann

bynem rosoputsh, 4To KBaapatuuHas dopma (2.42) onpeaenenHasi, eCiM OHa COXPaHaA-
€T 3HaK IpH JAI06BIX M3MEHEHHsX MepeMeHHBIX X, W HeonpeJeseHHas, eclu ee 3HaK
MEHSIeTCA.

Mpl ckaxeMm, uTo ypaBHeHue (2.41) NpUHAANEXUT IMIUNMUYECKOMY MUNY B TOUKe
(xlo,xg,...,xg ), eciu A # 0 u g — onpeaeneHHas dbopma; ypasHenne (2.41) npuHaa-
JIeXUT eunepboruueckomy muny, ecid A= 0 u g — Heonpenenexuas ¢opma; ypas-
Henne (2.41) npuHaanexur napaboruueckomy muny, ecii A =0. YpasHenue (2.41)
NPHHAAJIEXUT FJTUTIITHYECKOMY THITy (COOTBETCTBEHHO, HIIepOOIMIECKOMY MJIM T1a-
pabonundeckomy) B obsacti D, eciiv BO BCEX TOYKaX 9T0i 061aCTH OHO NPUHAANEKUT
3JUIUNITHYECKOMY {COOTBETCTBEHHO, THNEPOOTHYECKOMY HWIH NIapaboMyecKkoMy) THITY.
Eciu koabduumMeHTsl @; TOCTOSAHHbIE, TO NPHHALJIEXHOCTD YPABHEHUS K TOMY HJIHN
MHOMY THITy He 3aBHCHUT OT 3HaYeHUIl He3aBMCHMBIX NlepPeMEHHbIX.

OTMeTHM, YTO NpUBeAeHHAs KaacCu(uKal(is He 3aBUCUT OT Bbi6Opa HepeMeHHBIX H
OCTaeTcs HeM3MeHHOIl NMpu 3aMeHe riepeMeHHBbIX. BBeaeM BMecTo miepeMeilHOM x Ho-
Bble HE3aBUCHUMbIE NepeMeHHbIe

E =& (x;,xy,...,x,) 1=1,2, ..., nm,

NPH 3TOM
ox, ox, ox,
J=iox, ox, Ox, | #0.
ox, ox, ox,

Tax kak J # 0, To B HEKOTOPOI1 OKPECTHOCTH MOXXHO BbIPa3sHUTh NepeMeHHbIe X Yepe3
nepeMenHsle £; x = x(E). O6o3HaunM u(x(£)) =i (&); Toraa & (&(x)) = u(x). meem

ou iau 6&,

ox; Y 08, dx,
RN E AR W K20 ¥. M 8
ox,0x; ox;\Ox, k,lag,agk ox; ox; io 08 ox; 6x
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3zech Mbl, KOHEYHO, IIpeanoJaraeM, 4to GyHkimu & = &(x) 06141a10T HenpepblBHBIMH
BTOPBIMU TIpou3BOAHBIMH. [Toce NOACTAHOBKH MOC/EAHMX BBIpaXKeHHI B ypaBHeHMe
(2.41), nonyuum

Y, LS TR, ok, OF, on 0%
a, ———= ’ +®(E,7,Vi)=0. (243)
k,lz=1 g, 08, iJZ=1 ' ox; ox; Zl: g, uzl " ox 0% - (

O6o3naunB terepb HoBble KO3GbOUIMEHTHI IPH BTOPLIX NIPOHU3BOJHBIX Yepes

a5 =" 98, 85
ak,(i)—ijé a; (x) p (2.44)

neperivieM ypaBHeHue (2.43) B Bue

kz_l w (&) 62‘;, 62‘;,,

B dukcuposansoii Touke (x, x7, ..., ) obosnaunm £° = &(x°), o = 98, (x)/ox, ;
toraa Gopmyna (2.44) 3anuinerca B BUIE

+ ®(E,71,Vi) =0.

ay(8')= D a;(x" Yoy 0 (2.45)
i,j=1
@opmyna (2.45) npeo6pa303aHuﬂ k03bDHIIMEHTOB @ (x ) coBnagaet ¢ dopMyJioi
npeobpaszoBatns kBaxparuuHoii dbopmbt (2.42) npu HEOCOBEHHOM JIHHENHOM npeob-
pa3oBaHUH

i o;Y;, det(o;)=0, (2.46)

nepesoasieM dopmy (2.42) B dopmy

32, (E)YY,

i,j=1

B kypce nuneiiHoi anreGpbl A0Ka3bIBAETCS, YTO BCET/A CYLIECTBYET HeocobeHHOE Tipe-
obpazosanne (2.46), npu koTopoM kBazpaTHyHas opma (2.42) npuHHMaET clenyio-
IMUH KaHoHuveckuli eud

Sv:-¥v¥im<n (2.47)
i=1

i=r+1
Kpome toro, B cuily 3aKOHa MHEPI[HH KBaAPaTHYHbIX POpM, 11e/Tble YHCIa 7 U 7 HE 3a-
BHCAT 0T NpeoGpa3oBaHus (2.46).1

le’lBelleHHaH KJIaCCH(bI/IKaLII/IH 3aBHCUT OT TOYKH xo, TaK Kak yucja r U nm 3aBUCAT
0
oT X .

'Cwm, nanpumep, Marvyes A. H. Ocnosbl nuHeiinoil anrebps. — M. Hayka. 1970. 400 c;
Bexnemuwes /. B. Kypc ananuruveckod reoMeTpuu u anueidHoit anredpe. — M.: Hayvia, 1980.
336 c.
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ITycrs koadduumentsl a; B ypasHeHuH (2.41) MOCTOAHHBI, M MYCTh npeo6pa3oBaHHe
(2.46) npuBoaUT KBaleaTI/I‘{HyIO dopmy (2.42) x kaHOHUYecKoMy Buay (2.47). Torna
JIMHEMHAS 3aMEHA HE3aBMCHMBIX NePeMeHHbIX

=2 Ayx;
=
npeobpasyeT ypaBHeHHE (2.41) K CAEAYIOIEMY KAHOHHYECKOMY BHAY:
i

> (e, a,vii)=0.
,Z:‘ 2 ,;1 + @&, d,Vid)

YpaBHeHUs pa3HbIX THIOB ONIUCHIBAIOT Pa3HbI€ N0 XapakTepy sIBJAEHUS U MPOLECCHI H,
Ha060pOT, ypaBHEHHs OXHOTO THINA OMHCBHIBAIOT CXOXUe Apenus. Hanpimep, runep-
6oJIHUECKHEe YPaBHEHHs ONUCHIBAIOT TPOLIECCH PACIPOCTPAHEHNs BOJIH U KoJiebanus;
napabonHyecKie ypaBHEHUS OMMCBHIBAIOT ABJEHMs TEPEHOCA; IJUIMNTHYECKHE ypaB-
HeHMs — CTaTHYeCKHe NPOLECCHI, 3aa4 06 YCTAaHOBUBIIMXCS CTalMOHAPHbIX ABMXKE-
HUAX.

PaccMoTpuM psAnd NPpHUMEPOB.

1. ¥Ypasuenue Jlannaca
2 2 2
Au = 6—2 + a—l: 6_2 =0.
ox* oy° oz
CocTaBum Ui Hero Keazpathunyio dopmy g = X? +Y? + Z?%; onpeneimrens 310ii
dopMsl
100
A={0 1 0|=1=0.
0 01

sIcHo, 4TO g — ompeneseHHas GopMa (NOIOXHUTENbHO onpenenerHas). CrepoBarelnb-
Ho, ypaBHenwue Jlanaca NpUHAMIEXHUT K aJunTHYeckoMy TuIly. K atomy xke tuny ot-
HocsTcs ypaBHeHus [lyaccona u T'esbMrosbia.

2. BosiHoBOE ypaBHEHHE

o’u  du du 1 du

St itrar T b vewr Sl

ox oy 0z° a" ot
CocTaBuM UIst Hero KBaapaTuuHyio gopmy g = X +Y?* + 7% - T?/a*; onpenenutens
3T0i1 hOpMBI

[>d
Il
[ R e R
[ R
—

OueBHINO, UTO g — HeoTpelesieHHast hopMa; TUIl YPaBHEHHs — IulepbomyecKuii.
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3. Ypasuenue @ypbe
O'u 2w u_ 1 du_

Ksaaparuutas dopma g = X2 +Y? + Z2; onpeaesurens 3Toit hopmbl
0
0.

[
[ R e ]
S —mo o

0—
0
0

YpaBHeHHE OTHOCUTCA K 1apaboiHYECKOMY THILY.

4. YpasHenue Tpuxomu

Ksaapatuunas dopma g = yX? +Y?; onpenesurenn atoit Ghopmsl

y 0

A=
o

’ B y'
I1o ypasHenue cmemannozo muna. Eciu y <0 — TUI ypaBHeHHUs ruriepOoIYecKuil;
eciv y > 0 — a/IMnTHYECKUH THIL, a ecsin y = 0, To ypaBHeHUe NapaboJIHIecKoro THMA.

Knaccudpukauna ypaBHeHMiA ¢ ABYMS
HEe3aBMCUMbIMU NEepPeMEeHHbIMH

B npeasiaymeM paszpesiie Mbl PacCMOTpeNH BONPOC O NPHUBEAEHUU KBa3HJIMHEHHOro
A depeHINATBHOrO YPaBHEHUS BTOPOro NMNOPAAKa K KaHOHHYECKOMY BHIY B KaXKA0ii
oT/e/bHOI TouKe, Iie 3aaHo 3T0 ypaBHenue. [lna xaxaoi Touku x° Mmeerca cBoe
npeobpazoBaHie HE3aBUCHMBIX TEPEMEHHBIX, IPUBOASIIee ypaBHeHHEe K KaHOHHMYe-
cxoMy Buay. JuddepenimanbHoe ypaBHEHHEe € YHCJIOM He3aBHCHMBIX T€peMEHHBIX
GosblIe ABYX (€C/IU MCKIIIOYHTD CIyYal OCTOSHHBIX K0a(hdULIMEHTOB), BOOGIIE TOBO-
PsA, HEBO3MOXXHO TIPUBECTH C MIOMOMIBIO TIPe0OpasOBaHusl HE3aBHCHMBIX epeMeHHBIX
K KaHOHMYECKOMY BHAY [aXKe B CKOJIb YrogHo Mo o6nactu. B ciydae e aByx Hesa-
BHCHUMBIX [tepeMeHHBIX TaKoe Npeobpa3oBaHie He3aBUCHMBIX IlePEMEHHBIX CYIIeCTBY-
€T TIPU AOCTATOYHO OOIINX TPEANIONOKEHUAX 0 KoaduuveHTax ypaBHEHHUA.

JLisi ciy4aeB ABYX, TPeX MM YEThIpeX HE3aBMCUMBIX MepeMEHHBIX KJaccubHKaluIio
ypaBHEHHUH MOYKHO YNPOCTHTD.

PaccMoTpuM KBasuJMHellHoe ypaBHeHHe BTOPOro MopsaKa ¢ JByMs He3aBUCHMBIMH
riepeMeHHbBIMH

ou ou 8%u du ou
A(x,y)— + 2B(x, + C(x,y)— + ®| x,y,u,—,— | =0, 2.48
( y)ax2 ( y)axay ( y)ay2 e (2.48)
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rae koadduunents A, Bu C cyTs GYUKIMIL OT X H i, UMEIOILHE HENIPEPbIBHbBIE MPOH3-
BOJHbBIE 0 BTOPOrO IOPsiAKa BKJIIOYKUTENbHO. Bynem npeanonarars, uto A, B i C He
06pallaoTCsA OJJTHOBPEMEHHO B HYJIb, Y paBHeH1110 (2.48) cooTBeTCTBYET KBaApaTHUHAS
¢opmMa

g =AX* +2BXY + CY?,
oIpefenuTeNb KOTOPOH €CcTh
A B

B C

Mycts A= AC - B? >0 = A # 0. Toraa MoxHO 3anucars

A= = AC - B*.

g:%KAX+BYf4{AC—BHY2} (2.49)

®opma (2.49), oueBuaHo, onpeleneHnas. CnepoBaTesibHO, YPABHEHE IIPHIALIEKUT
AJTUIITHUYECKOMY THILY.

ycts A = AC — B* < 0. Bo3MoXHbI ABa CJIy4ast:
1. A # 0, Toraa uMeeT MeCTO paBeHcTBo (2.49), HO B 3aBHCUMOCTH OT Y 3HAK g MeHs-

etcst; hopma Heompeniesietinas. CienosarelbHo, ypasuetiie (2.48) — runepbosnnye-
CKOTO TUTIA.

2. A =0, oraa sanuiueM g B e g = (2BX + CY)Y. dcno, uto g — Heonpenesenifas
dopma, THI ypaBHEHHS — IHIIePOOAUYECKITH.
Iycts A = AC - B* =0. Tun ypasuennst — napaGoiieckHii.

Takum 06pa3oM, OKOHUYATENBHO TToJyHaeM: ecyint A >0, To ypaslieHiie a/UIHIITIeCKOTo
tHna; ecid A <0, To ypasueniie runepbosiyeckoro Tina; ecan A =0, 10 ypaslenie
HapaboIMYeCKOro THIA.

NMpeob6pa3oBaHue ypaBHEeHUNU BTOPOro nopsiaka
C NMOMOLLbIO 3aMEHbI NepeMeHHbIX

Besikoe nuneiinoe auddepeHaibHoe ypapHelie BTOPOro HOPsIKa ¢ ABVMS HE3aBU-
CHMBIMH MEPEMEHHBIMH MOXKET OBITh 3allHCaHo B BH/E
o’u ou o*u ou ou
A— +2B +C———2+D——+E——+Fu+G=0, (2.50)
ox oxoy dy ox oy

tne A, B, C, D, E, F, G — 3agannpie @yHKIIH OT X ¥ i (MIH, B 4aCTIIOM cJiyyae, oCTo-
SIHHBIE).

HOHbITaeMCH prOCTHTb aToO ypaBHeHI/IC C TTOMOIIbIO 3aMeHbl l'[epeMGHHbIX
{é=¢(ﬁyx
n=w(xy)
31ech £ U1 — HOBble He3aBMCHMBIe riepemeriibie. DyHKIMN @ 1y, CBA3LIBAIOLIHE HO-
BLIE [IEPEMEHHBIE CO CTAPBIMH [IePEeMEHIIBIMH, 6YayT noxo6pansl Ho3anee. [loka xe

MBI 6yIEM CUMTATD, YTO oTOOpaxenue (2.51) sABaseTcs B3AUMHO OJHO3HAYHDBIM. Cne-
JlaeM TpeOyeMylo 3aMeHy NiepeMeHHbIX:

(2.51)
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ou _oudk ouon ou_oudt oudn 252

ox 8§6x mox' dy. Sy omoy

ﬂ; uoE oudm +{6—2“(3§-)2+2 u % on a—’.‘(a")z} (2.53)
ox?  Eox’ omox’ |oE \ox otom ox ox  om? \ox

9 2 2 2
Ou_oudl oot 6_(%] o 0u % om Qm (254
oy: odEoy' omoy® o oEon oy oy o’

o'u _ou 3% Lo 'n .\

0x0y Ot O0xdy Om oxdy

+F2ﬁﬁaa%(%@+%@}ah%%} (2:55)

OE: Ox y Otom\ox by Oy dx) om® ox oy |

[Tpasbie yactu dopmya (2.52)—(2.55) MPEACTABIAIOT cobolt TuHeltHble (byHKIlHI/I oT-
HOCHUTE/IbHO YACTHBIX TPOU3BOAHDIX Uy, u,, u’é’i, Ug,, Uy, - lloacTabnas u, U, ...H3
aTHX (opmy. B ypasHenue (2.50), Mbl MOJyUNM CHOBA AuHelinoe ypaeuenue emopozo
nopsdxa ¢ HeM3BECTHOH PYHKIIHEN ¥ U HE3aBUCHMbBIMH TIePEMEHHBIMK & U 1|

2 2
ALy (g o 2 ‘3“) 0, (2.56)
& aeon o %o

rune

A =A(§5] +2p 555, C( é]
ox ox Oy Oy

E:A%@”g ﬁa_n+ﬁﬂﬁ +C§6_n;
Ox Ox Ox 6y Ox Oy 0y Oy

2 2
6=A[93 s8N M)
ox ox oy oy

a pynkuusa @ JTHHeHHA OTHOCHTEJIBHO U, Uy, Uy .

Vpasuetivie (2.56) craHoBuTCA 0COBEHHO TIPOCTBIM, €CAH B HeM KO3(MUIHEHTbI AucC
OKa)KyTCsl PaBHBIMM HyJi0. [[J1s TOrO 4TOGBI MEpBOHAYANIBHO 3alaHHOe ypaBHeHue (2.50)
MO’KHO OBIJIO TPUBECTH K TAKOMY NPOCTOMY BHAY, HAZO B HEM C/eJIaTb 3aMeHy IMepe-
mentbix (2.51), moa0bpaB PyHKIUMH ¢ W W TaK, 4TOOBI OHU ABJSJINCH PELIEHHUSIMU

ypaBHeHHs

2 2

A[Q) +2B2 % [ %) g (2.57)
ox ox 6y oy

310 ypaBHEHUE ABJIAETCA HeJIUHEeHAHbIM ypaBHeHHWEM B HACTHBIX NTPOU3BOAHDBIX IT€PBO-
ro nopsnaka. C]ICI[y}OHIaH TeopeMa TIOKa3bIBAET, KAK CBA3daHbl €r0 pELIeHHA C 06IHI)IM
penieHueM HEKOTOPOI'o OBBIKHOBEHHOTO YpaBHEHHA.
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TEOPEMA. /[ns mozo umobor gynxuus z = f(x,y) 6o écex mouxax obracmu Q) ydos-
nemeopana ypaswenuro (2.57), wneobxodumo u docmamouno, umobvi cemeiicmao
f(x,y) = const 66010 06UUM UHMEPALOM YPABHEHUS

A(dy)? —2Bdxdy + C(dx)* =0 (2.58)

8 motil xce obracmu Q.

Jloka3aTenbCTBO 3TON TEOpeMbl MOKHO HaitTu, Hanmpumep, B KHitre IO. C. Ouana [19].
Teopema OTKpbIBAET MyTb AJS YIPOLIEHUSA UCX0AHOrO ypapuenus (2.50). Axs atoro
CHAyYajla COCTaBJsieM BCIOMOTraTesbHOe ypaBHeHue (2.58); oHO Ha3blBaeTcsl xapax-
mepucmuueckum ypasuenuem 17si xaHHoro ypasteuus (2.50). XapaktepucTHueckoe
YPABHEHUE €CTb 00bikHO8eHHOe AV(PepeHIIMATbHOE YPAaBHEHUE TEPBOrO TOPSAKA,
HO BTOpOM cTemeHH. Pasperias ero OTHOCHTENbHO TIPOW3BOAHON ¥, TOJYYHM HBa

ypaBHeHHNs
in?
y =238 —AC i —AC, (2.59)
pa— 2 —
y=B-¥B -4C VZAC ; (2.60)

Ecmu obuwuii uHTerpan ypasHenus (2.59) umeer Bux ¢(x,y) = const, To, moJjarast
£=@(x,y), Mbl obpaiaeM B Hylb KO3(pQUUHEHT NpU NPOM3BOAHOH uy. Ecin
w(x,y) = const aBiagercs obmuM HHTerpasoM ypasHeuus (2.60), He3aBHCHMBIM OT
uHTerpana @(x,y) = const, To, noxaras 1 = y (x,y), MBIl 0OPaTHM B HYJIb TAKXKE M KO-
ahduIEHT NIPH IPOMBBOAHOA U, .

W HTerpasibHble KpHBblE XapaKTEPHCTHYECKOTO YpaBHEHHs, TO €CTb BCe KpUBble, BXO-
nsure B ceMeicTBa @ (x,y) = const U y(x,y) = const, HA3BIBAIOTCS XAPAKMEPUCTIUKA-
MU 33laHHOTO AU pepeHIHaTbHOTO ypaBHeHus (2.50). B cBsi3u ¢ atum paccMmatpn-
BaeMbiil MeTon yrnpowenus ypasienus (2.50) Ha3bBaeTCA MEMOOOM XaApAKMEPUCTIUK.

YpaBHeHue runep6onuyeckoro Tuna

CemeiictBa @(x,y)=const u wy(x,y)=const MOXHO pacCMaTpHUBaTb, KaK obuiue
MHTerpaibl ypasHeHus (2.58) — aT0 ypaBHEHHe pacriaaeTcs Ha aBa ypasilenis (2.59)
u (2.60). IIpapble yacTu ypaBHenuil (2.59) u (2.60) aefcTBUTENBHBI 11 PA3JIHYHBL
CuenoBatesibHO, COTIACHO yKa3aHHOH TeopeMe, PyHKuUU z = @(x,y) U 2 = Yy (¥, y ) AB-
JIAIOTCS PeIleHUsIMH YPaBHEHHS B YACTHBIX MPOH3BoAUbIX (2.57). @yHkmun ¢(x,y)u
y(x,y) NMHEHHO He3aBHCHMMBI (MOYKHO AOKA3aTh, YTO UX OTpefeuTenb BpoHckoro
otMuen oT Hyus, ecin AC — B <0). IToatoMy, Bo3Bpamasich K ypasHeHHwo (2.50),
Mbl MOJKEM B HEM CAENaTb 3aMeHy repeMeHHbIx Mo gopmynam (2.51). Tak kax pynk-
vn @ (x, )11 y (X3 ) yIOBAETBOPAIOT ypaBHeHuio (2.58), To B pe3ysbTarte 2T0i 3aMe-
Hbi nepemMeHHbix okaxercs A =0u C = 0. CirenoparensHo, ypasnenue (2.50) npeo6pa-

3yeTcs K BUIY
2
28 % of e 2,20 g
0Eon o8 On

WJIH, TI0CJIE AEeJIEHHA Ha 2§ H TepeHoca B APYrylo YdCTb PABEHCTBA, K BUAY




54

2. YpaBHeHus MaTeMaT4eckon ousnku

’u  — ou du
33';6T1 - (D(éin!ur'égy—]. (261)

[TonyyenHoe ypaBHeHHe uMeeT GoJiee TIPOCTON BUA, YeM HCXOxHOe ypaBHenue (2.50);
€CJIM Mbl €50 CMOKEM PENIMTb, TO [JIA TOTO, YTOOH HAWTH pelleHHe HCXOAHOTO ypaB-
Her s, IOCTATOYHO BEPHYTHCS K CTAPbIM MEPEMEHHBIM,

Vpasuenne (2.61) npeacrasnsier coboil kaHoHHYECKYIO (GOpMY ypaBHeHUs rurepbo-
JHyecKkoro Tmna. IHOTAA Monb3y0Tes APYroi KaHOHUYeckol HOpMOH ypaBHEHUSsI TH-
nepbomiyeckoro tuna. Caenaem B ypaBHeHHH (2.61) 3aMeHy NepeMEHHBIX 110 3aKOHY
E=(+1,mM=1[~1, [/i€ { 1 T — HOBble IlepeMeHHble. B pesynbTaTe aT0r0 npeobpasosa-
HUs ypaBHenue (2.61) mpuMeT BUA

u 'u -
7 52 ®
o ot

rae ® = 4@. (IIpoBepbTe CaMOCTOATEBHO!)

YpaBHeHue napabonuueckoro Tuna

B s1oM cayyae ypasteHus (2.59) u (2.60) coBmnagaror, 1 Mbl TIOJIy4aeM OAUH obuuit
uHTerpaa @(x,y) = const, ONPEENAIHH OXHO ceMelicTBO xapakTepucTUK. Torzaa
MOXKHO 1IpHEATE & = @(%, 1), M = Y (x,y), Tne y (x,y) — mobast GyHKIUs, He3aBUCHMAs
ot dynkimu @(x,y ), b 6b1 oHa Gbl1a AnddepeHunpyeMa Hy>KHOe TUCI0 pas. Oue-
BHUIO, 1TpIT BLIOPAHHOIT 3aMeHe TepeMeHITbIX Koa(puineHT A B ypaBHEHNH (2.56) 06-
paiaercst B HyJb, TO €CTh

Z=A(?—é—] +2B%6—§+C(-@5) -0,
o xoy oy

C vuerom Toro, uto AC — B* =0 unu B = VAV C, nocieaHee paBeHCTBO MOXKHO Ti€pe-
micaTb B BUJE

. 2 2
A(a_é)izgﬁéﬁéw(ééj (ﬂ%ﬁ%j -0
ox ox 0y oy ox oy

D10 IOMOKET noKa3arb, 4To Koadduument B = 0. [efcTBUTEBHO,

B 6§6n+3(%6_n+gn_2§]+c_6_§6_n=

ox Ox 0x 0y Ox oy dy oy
on o 0t o
_%k, el meind, ko
Ox Ox Ox Oy ox Oy dy oy

i i O rc T it ng):
_ﬂax(ﬂ6x+ﬁ6yj+ﬁ6y(ﬂ6x+ray

Nrak, ypasHenue (2.56) mpuHHUMaeT BUI
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Y ofinu )0

6‘ on

ITocne JAeJeHHA Ha C OKOHYaTENbHO MOJIY4YHUM

2
a—fz(b e 2L 0 (2.62)
on o on

Ypasrenwue (2.62) 1a3biBaeTCa KANOHUUECKOT (OPMOL ypasuenus napadoiuieckoco
muna. \uTepecHO OTMETHTD, UTO eC/IM 11paBas yacth ypaBHeHns (2.62) He coaepxiT
TpOH3BOAHOH Ou/OE, TO OHO CTAHOBHUTCS OOBIKHOBEHHDBIM AH((hepeHIlHalblIbiM ypaB-
HEeHMEeM, TAe poJib NlapameTpa Urpaet &.

YpaBHeHMe 3AMUNTUYEeCKOro Tuna

[Mpasbie yactk ypaBHenuii (2.59) u (2.60) komiuiekcno conpstkensl. HyceTo @(x,y) —
KOMILIeKCH bl uHTerpas ypaBhenus (2.59). Torma ¢ (v, y) = const — uirrerpan ypan-
HeHus (2.60), rae ¢ (x,y) — ByHKuHA, KOMIIEKCHO colipstkeHHas ¢ dyukuei
@(x,y). Ecau reneps nepeiiTi K KOMINEKCHbIM TIePeMEHHbIM & = ¢ (X, Y )1 = @ (X)),
TO, corsiacHo obueil Teopuy, ypasuerdue (2.50) nipiuBenercs K BUIY

Ou = @,n‘u,%,@ ,
oL on 8t on

TO €CTh TOYHO K TAKOMY e BIAY, KaK i runepbonnueckoe ypasteniie. 1rodbt ocTarh-
¢Sl B AeHCTBUTENbHON 061aCTH, CAe/laeM elille Oy 3aMeHy liepeMelniibix:

A D Sk A JV A
2 2i

rze o v B — HoBble repeMentble. Toraa § = a + B, = o —if. HerpyaHo riokazars, 1to
npu Takoit 3amene nepemennbix A =C, B = 0. Taxim o6paszom, ypasreiine (2.50) npu-

BOAUTCA K BUAY
2
0 Lj +— o =0 a,ﬁ,u,%,% ,
da’ P do B

KOTOprfI HAa3bIBAETCA KANOHUUECKUM gudom YPABHEHUA SNAUNMUYecK0zo mund.

Knaccudukaumusa 3apady matemarnyeckom opusnkm

B atoMm naparpade Mbl copMyJIMpyeM MaTeMaTHYeCKUe MOJIETI IS Psiia XapaKTep-
HBIX (PH3UUECKUX TIPOIECCOB, KOTOPbie CBOASTCA K pa3/iIiuHbIM KPAEBbIM 3a7auaM AN
JUHEHHBIX AHbbepeHIHalbHbIX YpaBHeHUil BTOPOro MopsiiKa.

Knaccubukaiug 3aaad MaTeMaTHYeCKOH (BIBHKH OCYILECTBIAETCS O XapaKTepy A0-
NOJHUTEIbHBIX YCJAOBUIl, KOTOPbIE CTaBATCA NP1 PeIeHIIH 3afa .

Panee 6bU10 oTMeUeHO, UTO JHHeiiHoe auddepelilinanbioe ypaslieHile BTOPOro Ho-
psaKa
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p(x)g—lj =V - (p(x)Vu)—g(x)u + F(x,1) (2.63)
OTMCHIBAET MPOLIECCHI KoNebaHuil, ypaBHeHHe

p(x)% =V - (p(x)Vu) - g(x)u + F(x,1) (2.64)
onuChiBaeT npoueccsdl auddysuy, u, HakoHel, ypaBHEHUE

-V (p(x)Vu)+ g(x)u = F(x) (2.65)
OITHCHIBAET COOTBETCTBYIOIIME CTALIMOHAPHBIE MTPOLIECCHI.

[Tycts G € R" — 0671aCTh, TA€ TPOMCXOANT NPOLECC, U § — €€ TpaHMLA, KOTOPYIO CYH-
TaeM KyCOYHO-TJIafKoH 1moBepxHocTbio. TakuM 06pa3oM, G ecTh 06/1aCTb U3MEHEHUS
APTYMEHTOB X B ypaBHeHuu (2.65) — o6nactb 3aflanus ypaBHeHus (2.65). Obnactbio
safanus ypasHenuit (2.63) u (2.64) 6ynem cuurats ummunap Il = Gx (0,T) BeicoTst
T ¢ ocHoanueM G (puc. 2.6).

Puc. 2.6. O6nacTb 3a0aHNS ypaBHEHWA

Ero rpanmua cocrout u3 60xoBoit nosepxxoctu S x [0, 71 ABYX OCHOBaHMIT: HUKHETO
G x {0} u Bepxuero G x {T}. Byaem npeamnonaratsb, 4t0 Koa(uilHeHTb! ypaBHeHuUil
(2.63)—(2.65) He 3aBUCAT OT BpeMeHU. B cOOTBETCTBUM C UX (PU3HUYECKUM CMBICIIOM,
6yaeM cuntath, uTo p(x) >0, p(x) >0, g(x) 20, x € G. Hakotew, B COOTBETCTBHH
¢ MaTeMaTHYeCKUM CMbicJioM ypaBHenuil (2.63)—(2.63), HeoO6XONMMO CYMTaTh, YTO
p e C(G), p e CV(G), q € C(G). Ilpu aTHX NpPEATONOKEHHSIX ypaBHEHHE KoNebaHuit
(2.63) — runepbouueckoro Tula, ypasHetne audoysun (2.64) — napabo/nyeckoro
THITA, CTaiMOHapHOe ypaBHenue (2.65) — ammunrudeckoro tuma. Takum obpasoM,
pa3HyMe B MaTeMaTMYeCKUX TUIaX ypaBHEHMIl TECHO CBA3AHO C pasanyuem (usn-
YeCKMX MPOIECCOB, OMMCHIBAEMbBIX 3THMH yPaBHEHHAMU. UTOObI TIOAHOCTHIO ONKCATH
TOT WM WHOM Mpolecc, HeOGXOAUMO, KpOMe CaMOrO ypaBHEHHs, 3alaTb Hauaslb-
HOe COCTOSIHHE 3TOTO Mpolecca (Kauaivhvie YCA08Us) ¥ PeXUM Ha rpanuie obacTy,
B KOTOPOH MPOUCXOIMT TIpouecc (gpanuunsie ycaosus). MaTeMaTHIeCKH 9TO CBSI3aHO
¢ HeeAMHCTBEHHOCTHIO peureHus And@pepeHIUaIbHbIX ypaBHeHui. [ToaTomy, uTobb
BHIIEUTD PElIeHYe, ONMCHIBAIOIIEe PEATBHBIN IPOIIece, HEOOXOAUMO 3a1aThb AOMON-
HUTEeNbHbIE YCNOBHSA. TaKUMU AOTOIHUTENBHBIMHU YCJIOBUAMH M ABJAIOTCS Kpaesbie
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Ycrosus — nauanvuvie u 2paruunsie ycrosus. CoOTBETCTBYIOMAS 3a/1a4a HA3bIBAETCA
Kpaeeoi 3adaueii. Pa3nnyaoT TpU OCHOBHBIX THIIa KpPaeBbIX 3afay s auddepeHiiu-
AJIbHBIX YpaBHEHUI:

Q 3adaua Kowu pnsi ypaBHeHUH TMepOOaMYECKOro U MapabonMyecKoro THIIOB: 3a-
JAIOTCSL HadaJbHble YCA0BUS; 067acTh G COBIajaeT co BCeM MPOCTpaHCTBOM R
TPaHUYHbIE YCIOBUS OTCYTCTBYIOT.

O Kpaesas 3adaua jns ypaBHEHMH BJUIMITHYECKOTO THUMA: 3aAl0TCS TpaHUYHbIE
YCJIOBMS Ha IPaHUile S; HayaJbHbIe YCIOBHS, €CTECTBEHHO, OTCYTCTBYIOT.

O Cmewannas 3adaua 1ns ypaBHeHUH rUnepbOIHUECKOro ¥ MapaboauyecKoro TH-
noB. B atom ciyyae 3ana10Tcs KaK Ha4asIbHBIE, TAK U TpaHUYHbLe Yciao0Bus, G # R

OnuiueM moapobHee MOCTAHOBKY MEPEYHCHEHHBIX 3aday A ypaBHeHui#t (2.63)—
(2.65).

3apnava Kowwu
s ypaBHenus konebauuii (2.63) runepGonuueckoro Tuna 3agaya Kouu crasurcs
crenyomuM o6pasoM: HalTH (YHKLHIO

u(x,t) e CP@>0)NCP(t20),

YIOBJIETBOPSIONIYIO YpaBHeHN10 (2.63) B noynpocTpaHcTse £ > 0 M HayaJIbHbIM YCIO0-
BUSAM TIpH ¢ = +0

0
ul , =ug(x) | =u(x). (2.66)
Ot 1o
IIpu arom Heobxomumo, utobsl F e C(t >0), u, € CP(R"), u, € C(R").
Inas ypasHenus auddysun (2.64) mapabonmueckoro tuma 3amada Komm crasurcs
crenyomuM obpasoM: HaliTi (GyHKLHIO

u(x,t) e C®(t >0)NC(t 20),

YAOBJIETBOPSAIONIYIO ypaBHEHUIO (2.64) B NOMYNPOCTPaHCTBE ¢ > 0 ¥ HAUAILHBIM YCJIO-
BUSIM IIpU ¢ = +0

U, =ue(x). (2.67)

IIpu aToM HeobxoanMo, uTobsl F € C(t >0),u, € C(R").

Kpaesasa 3apa4ya Ana ypasHeHUi 3AMNTUYECKOro TMna

Kpaesas 3anaya 1,151 ypaBHeHus (2.65) a/I/IMNTHYECKOTO TUMA CTABUTCS CIIEAYIOUIMM
o6pasom: Haitt pynkumio u(x) € C®(G) N CY(G), ynosnersopsiontyio ypaBHEHHIO
(2.65) B obnacti G ¥ rpaHMYHOMY YCJIOBHIO Ha S BUJA

a+p | =o, (2.68)
onlg
rae o, B, v — 3afaHHble HelpepbiBHbie GyHKIMK HA S, mpuyeM & 20,820, o +f > 0.

BoiessSioT ceayomye TpY THIIA TPAHMYHBIX ycaoBuit (2.68):
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I'panuynoe yciosue nepsoro poaa(a =1,p =0)
uls =u,. (2.69)
Ipanuunoe yeaosue sroporo poga (o =0,p=1)

ou

=u,. 2.70
on U, ( )

N

I'panuuioe ycaosue tperbero poxa (a 20,8 =1)

ou + —
on

CooTBeTCTByOU(ME KpaeBble 3aflaud Ha3biBAIOTCS Kpaesvimu sadauamu nepsozo,
8MOP020 U Mpemvezo pooa.

=u,. (2.71)

N

Jlns ypapuenuii Jlannaca n [lyaccona kpaesas 3alada NepBoro poAa Ha3blBaeTcs 3a-
dauetl [upuxae: HalTH DYHKIMIO U € C*(G)n C(G), ynosnerpopsiomniyio B 06J1acTH
G ypaBHEHHIO

Au=~—f

1 rpaHnutoMy ycnosuio (2.69) na nosepxuoctn S. QyHKIHMA U, HENpepbIBHA HA S.
TouHblii CMbICT FpaHHYHOrO yciioBust (2.69) Takos:

Allimpu(M) =u,(P), MeG, Pels.
Kpaesast 3aj:aua BTOPOro poaa

ou
Au=-f, —
/ on

nasbiBaetcs 3adavell Hetimana: naiitn QyHKUHIO U € C(2)(G)mC(”(G), yZIOBJIETBO-
psionyio B obsiactn G ypasuenuio ITyaccona (nu Jlannaca) v rpaHu4HOMY yC/I0BHIO
(2.70) na nosepxiocth S. DyHKLYS 4, lielpepbiBHA 11a S. TouHbIi CMBICT I'PAHHYHOTO

ycaosiist (2.70) Takos:
. [ ou ]
lim | —
M-P\ on

@yt u, (P) 101KHA TakKe yAOBIETBOPSITH IOTIOJHHTEIBHOMY yCI0BHIO paspe-
niiMocth 3axaun Heiimana. [elicTBUTE/IBHO, BOCTIOIB3YyEMCS PABEHCTBOM

=u17
N

=u (P,MeGPeS.

M

!Aud‘t=!§lid0‘:> —!fdr:juldc.
¢ 5 on ¢ s

B cayuae ypapHenns Jlannaca yc/ioBiie pa3peinuMocT IPHANMAET BUNL
jul do =0;
5

nociesniee oObIYIO MHUIYT B BHAE

_ 1
i =-§ju1dc=0,
s
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TO ecTb cpexHee 3HauyeHHe (QyHKMU 4, (P) Ha NOBEPXHOCTU ROJKHO ObITb PaBHO
HYJTIO.

Kpaesbie 3agauu mepBOro, BTOPOro ¥ TPeThero pofa Ans ypasHenus Jlansaca nocst
Ha3BaHMS ZAPMOHULECKUX KPALEbLX 3a0ay.

AHAJIOTHYHO CTaBATCA KpaeBble 3alauy A7st ypaBHeHHs (2.63) U BO BHEUTHOCTH Orpa-
HUYeHHOM obnacTu G (enewnue kpaegoie 3adauy). OTINYNE COCTOHT B TOM, YTO, MO~
MHMO IPaHHYHOTO ycioBus (2.68) Ha S, 3ajaioTcs eue ycJI0BHs Ha 6ECKOHEYHOCTH.
TakuMit  YCJIOBMAMH, HAmpUMep, MOryT ObITh YycioBus Buma u(x)=O(1) wumn
u(x) =o(1) mpu | x| — o0 s ypaBrennst Ilyaccona.

CMmewaHHana 3agava

Jnsa ypasnenus KoneGanuit (2.63) runepboaMyecKOro THMa CMeIlaHHas 3ajada cTa-
BUTCA ClIeAy oM o6pasom: Haitti dyHkimio u(x,t) € C® (I Yy CY (I, ), yrosie-
TBOPAIOUIYIO ypaBHeHuwo (2.63) B uumuHape I[;, HaYaTbHbIM yCJIOBUAM (2.66) npu
t=0,x € G (Ma HUXHEM OCHOBaHMM UMANHIpPA [[;) ¥ IpaHUYHOMY ycjoBuIO (2.68)
(Ha 6okoBoit moBepxHOCTH umaAnHApa I[;). TIpu 3TOM AOMKHBI OBITH BBIMOJIHEHBI
YCIOBUSI TJAaIKOCTH

FeC), uy eCV(G), u, e C(G), ve(Sx[0,T])
u yCJIOBUA COTJIACOBAaHHOCTH

ou
au, +p—2
8

Lo

AHaIOrHYHO A7 ypaBHeHus auddysun (2.64) napabojnyeckoro Tuna cMellaHHas
sazaua CTaBUTCS TAK: HairTh pyHKLmIo u(x,t) € CP (I, ) N C(Il, ), grad, (u) € C(Il; ),
YAOBJIETBOPSIONIY0 ypaBHernio (2.64) B winmsape [, HauambHOMY yeaoBuio (2.67) 1
rpaHu4YHOMY yciioBuio (2.68).

MoHATME O KOPPEKTHO NOCTaBJIEHHOWN 3apaye
MaTemMaTu4eckon Gpusunku

[TockosbKy 3a7auyl MaTeMaTH4ecKoi (PU3WKH TIPEACTABIISIOT coboll MareMaTHuecKiie
MOJENH PEATbHbIX (PH3UUECKHX MPOLECCOB, TO WX MOCTAHOBKH NOJIXKHbI YAOBJIETBO-
PATb CAEAYIOIUM €CTECTBEHHBIM TPEOOBAHUAM:

1. PelleHue JOKHO Cyuecmeosamy B KakoM-To Kiacce GyHkimii M.
2. PelueHue I0JKHO GbITb €AMHCTBEHHbBIM B HEKOTOPOM KJacce ¢yKimni M,.

3. Peurene DOMKHO Henpepsigno 3aBUCETh OT AAHHBIX 3a1a4H (HaYaIbHbIX U rpatid-
HBIX JIaHHBIX, CBOBOIHOTC YjieHa, KO HIHEHTOB ypaBHEHUSA U T. 11.).

HenpepbiBHasi 3aBUCMMOCTb PELIEHUS 1 OT JAHHOTO 3afauH i O3Hayaer clenyiollee:
MyCTb TOCJEA0BATENLHOCTD JaHHbIX &, k =1,2,..., B KAKOM-TO CMBIC/Ie CTPEMHTCS
k@ nu, (k=1,2,.. ),u — COOTBETCTBYIOIINE PeUIEHUA 3afauu. Torna A0/KHO 6biTh
U, — U IIPU k —> 00 B CMBICIIE CXOAUMOCTH, BHIGpaHHON HansexkalHM 06Pa3OM. Tpe6o-
BaHHe HeIPepbIBHOM 3aBUCHMOCTH peleHust 06yCIIOBTNBACTCS TeM 0OCTOSTETbCTBOM,
yTo (u3MUecKue AaHHbIE, KK TPABHIO, ONPENESIOTCA U3 SKCIepHMeHTa npHoi-
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KEHHO, U TI03TOMY HYXKHO ObITh YBEPEHHDBIM B TOM, YTO DeLI€HHe 3aJa4H B paMKax Bbl-
GpaHHO MaTeMaTHYeCKOH Moesu He GyeT CylLeCTBEHHO 3aBHCETb OT MOTpelllHoCTel
HN3MEPEHHUI.

3amayua, yAOBJIETBOPAIOLAS TEPEUUCIEHHBM TpeOOBAHUSAM, HA3bIBAETCS KOPPEKMHO
nocmasnennoi (110 AxaMapy), a MHOXecTBO QyHKuuMi M, N M, — xaaccom xoppexm-
nocmu. 3ajava, He YAOBAETBOPAIOW@As X0Ts 6bl OAHOMY u3 ycioBuii 1-3, HasbiBaeTcA
HEKOPPEKMHO NOCMABLEHHOU.

K HekoppeKTHO ITOCTaBJIEHHBIM 3aauyaM YacTO TPHBOAAT O6paTHbIe 3aJauy MaTeMa-
THYECKOU (DHU3UKU: TI0 HEKOTOPOH MH(pOPMAaLNHU O PelleHUH NPSAMOM 3azayM BOCCTa-
HOBHMTb HEKOTOpPbIE HeH3BecTHble (PU3HUECKHe BEJUYMHDI, ONPEAC/IAIONIHE 3Ty 3a1auy
(MCTOUYHMKY, KpaeBble yC/10BUS, KOAMMUIMEHT! YPABHEHUSA U T. 4.).

3ameuvaHue o0 knacce PyHKUMA, Cpean KOTOPbIX
MLLEeTCA pelueHune 3apayun

Wccenenosanvie KOppeKTHOCTH TIOCTAHOBKH 3az1a4 MangaTH‘IeCKOf;I ($pusuku npeacras-
JsieT BaXKHEHUIYIO M IPUTOM BeCbMa TPYJAHYIO 33Ja4y T€OPHM yPAaBHEHMH B YaCTHBIX
npousBoMibIX. KaXapiil THI 3a1a4 MMeeT CBOHM YCJIOBHsI, 06eCeyHBamue KOppeKT-
HOCTDb TIOCTAHOBKM TOH MJIM MHOH KpaeBoil safauu. Hanpumep, ana ypasnenns Jlam-
JIACA MOKHO BBIAEJUTD TPYIIITy YCJIOBUM, TAPAHTUDPYOIIHX KOPPEKTHOCTb NOCTAHOBKU
COOTBETCTBYIOHIEH KpaeBoil 3agaun. Mckomas QyHKIMS, faonas penleHue Kpaesoii
3ajayd A/ YPABHEHUS B YACTHBIX TIPOHM3BOIHBIX BTOPOTO IIOPAAKA, A0JIKHA yNOBJIE-
TBOPSTD CACAYIOUHUM yCAOBUAM!

1. BbiTh HenpepblBHOU B 06J1aCTH, B KOTOPOH CTABUTCS 3a/lada, BIJIOTb [0 TPaHHI(bI
obmacTy.

2. BuyTpu 06J1acTH UMETb HellpepbIBHbIE BTOPbIE MPOM3BOAHbIE M yAOBJIETBODSTD 3a-
JAHHOMY YpaBHEHUIO.

3. YaoBieTBOpATH 3aAaHHOMY KpaeBOMY YCJIOBHIO.

4. Ecan o6aacTh TpexmepHa M GeCKOHEYHA, TO TIPH TepeMeleHud K 6ecKoHevyHo
YAaIeHHOII TOYKe BIOJb JII0GOro syda, TPHHALIeXalero ob/acT#, CTPEMUTHCS
K HyJIIO.

TaxuM 06pasoM, HauboJee eCTeCTBEHHOE TPeGOBAHME — NIPOU3BOHBIE CYLUECTBYIOT 1
HENpepbIBHBL BO BCeil 061aCcTH; NMOPSIAOK NPOH3BOAHBIX OMPEAENAETCS MOPAAKOM
YPaBHEHH L.

M30%eHHbIe B MPEABIAYLINX MYHKTAX NTOCTAHOBKH KPaeBbIX 3a1a4 XapaKTepH3yIOTCs
TEM, YTO PEeLIeHHs WX MPEATIONAralOTCs AOCTATOYHO TJIaAKUMU H OHY A0JIKHBL yAOBJIE-
TBOPATb ypaBHEHUIO B KaXAOH TOUKe 06J1ACTH 3aAaHMs 3TOTO ypaBHeHus1. Takue pe-
HIEHHS Ha3bIBAIOTCH KAACCUUECKUMU, 2 TIOCTAHOBKH COOTBETCTBYIOIMMX KpPAeBbIX 3a-
a4y — Kadccuveckumu nocmanogkamy. Takum o6pa3oM, KJIacCHYECKHe ITOCTAHOBKH
3a/a4 ysKe TIPeATIONAraT A0CTATOYHYIO [1aAKOCTh BXOAALMX B 3a1a4y AaHHBIX.

Ecnu B YPaBHEHHUAX IJJIMIITHYECKOIO H FI’IHCP6OJII’I‘{6CKOFO THIIOB pelreHus BCerjia
rajiKhe, TO B ypaBHEHMAX napa60J1w{ecxor0 TUIIA TIPOHU3BOAHbIE He BCErAa HEMPE-
PBIBHBI, @ MOTYT AaX€ W He CyHECTBOBATbL B HEKOTOPbIX TOYKaX 06acTH.

B nau6onee MHTEpECHBIX 3aJadyaX AaHHbIE MOTYT MMETb JOBOJIbHO CUJIbHbIE OCO-
OGEHHOCTH. HOBTOMy AN TaKUX 3ajad KJacCuyeCKHe TMOCTAHOBKH YiKe OKa3blBAlOTCA
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HeJocTaTouHbIMHI. UTOOBI IOCTABUTD TaKHe 3a]auM, MIPUXOIUTCS OTKa3bIBaTbhcs (Hac-
THYHO WJIH TOJIHOCTBIO) OT TpeGOoBaHMI IIA)KOCTH pelileHys B 06JIacTyU MJIM BIIOTh
110 TpaHWIIbl BBOANTb TaK Ha3blBaeMble o0obujennbie pewenus. Ho Toraa Bcraer Bo-
IIpOC O TOM, Kakie GpyHKIMH MOXHO Ha3blBaTh PelleHHsIMH ypaBHenus. Utobwr cie-
7aTh 3TO, HEOHXOMMO CYHIECTBEHHO 0606INTH MOHATHE POM3BOJIHON 1 Boob1e 110~
HsITHe (PYHKIIMH, TO eCTh BBECTH TaK Ha3biBaeMble 0000ujenHbie PyYHKUUU. Konuenuuﬂ
0606U1€HHOF0 pelleHUst HIMPOKO Hcronb3yeTcs B kuure B. C. Baaxnmuposa [4]".

O eAMHCTBEHHOCTMU pelieHns 3agaq
MaremMaTu4eckon pmM3nkum

JlokaxxeM eHHCTBEHHOCTDb pelleHHsl OCHOBHBIX KpaeBbIX 3a1ay AJis ypasHenus Ilyac-
COHa, a TAKXe AJISl yPaBHeHHH TerIoNpOBOJHOCTH H KoJebaHHH.

EnnHcTBEHHOCTL peweHus 3agayn Qupuxne

Pemenue sasauu Jupuxie uiiercs B Kiacce yHKuui u € C*(G)nC(G). YTBep-
JlaeTcsl, YTo pelleHye 3agayun Jupnxiie B 3ToM Kiacce dyHKiHiT equncTBeHHo. [Joka-
keM 3Ty Teopemy B cayuae, koraau € C2(G)nCP (G).

JIONyCTHM, 4TO CyUleCTByeT /iBa pellennsi 3axadnu; nu,. lyers ¥ =u, —u,. Ouesni-
HO, YTO

AY =0, ¥ € CP(G),
W], =0, ¥ e CV(S). (2.72)

JlokazaTenbCcTBO TEOPEMBI CBOJWTCS K JIOKa3aTelbCTBY TOTO, YTO B AalHHOM Kjacce
dYHKIMIT HeT Apyroro pemeHus 3ajaui (2.72), xpome xak pemenns ¥ =0. 1o 1o-
cllejlHee pellleHe OUEBH/IHO B CUJIY OJHOPOJHOCTH 3afaun (2.72).

BocrionbayemMcs TOXAECTBOM
[[¥AY + (V) 1di = I‘P%—\:dq ¥ e COG)NCV(G). (2.73)
G 5
B cuny (2.72), u3 toxaectsa (2.73) Haxonnum
[(V¥)'dr=0= V¥ =0="¥ =const, x €C.

G

Tak xax ¢hyukius W npeanosaraercs veripepsiBHoit 'Y =0na S, To ¥ =08 G, cneno-
BaTeNbHO, U, =u, B G. YTBepKaeHHe J0Ka3aHo.

EAMHCTBEHHOCTL pellexHus 3aaaun Henmana

Pemenne 3anauy Heiimana nutercs B kiacce gpyuxmiiu € C2(G)nCV(G). Yrep-
JKIAETCSs1, YTO B 3TOM Kiacce GyHKuuil 3anaya HeliMana MMeeT eIMHCTBEHHOe pelle-
HHe, OfpejieIsieMoe ¢ TOUHOCTHIO /10 aIMTHBHOMN MOCTOSHHOM.

' Cwm. Takxe Bradumupos B. C. Obobiienble dylKimn B MaTemaTHyeckoi ¢uauke. — M.: Hay-
ka, 1979. 320 c.
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HorycTum, 4TO CymiecTByeT ABa pelleHus 3apaun u, M u,. Ilycts ¥ =u, ~u,. OueBus-
HO, 4TO ‘
AY =0, ¥ € CP(G),

M Lo, wech(s)

on |

Ilpumensiem Toxaectso (2.73). Bynem umets

I(V‘P)Zdt=0:> V¥ =0=Y¥ =const=>u, =u, +const, x € G
G

Taxum obpasom, pentenne 3agaun HeliMaHa onpenensieTcss ¢ TOYHOCTBIO 10 aJXUTHB-
HOH NOCTOAHHOM. :

EAMHCTBEHHOCTL pelleHns TpeTbel KpaeBoii 3aaaqun

Tperbs kpaesas 3ajaua copmymupyercd clenyiomuM oOpasoM: HaiiTh QyHKILMIO
u e C®(GYnC"(G), yrosnersopsiiowyo B obactit G ypasnennio Ilyaccona (mnn
Jlannaca) u rpaHnyHomy ycioBuio (2.71) Ha nosepxHocTH S

Au=-f,x G,
ou +% =u,, xed. (274)
on|s

YrTBepxaaercs, 4To 3axaua (2.74) B paccMarpuBaeMoM Kiacce GYHKIMI UMeeT eanH-
CTBEHHOE pelIeHMe.

HomnycTum, uTo CyluecTByeT [Ba PelleHNd 3aauu i, uu,. [lycrv ¥ =u, —u,. OueBua-
HO, 4TO

AY =0, ¥ e CP(G),

or —0, W e CO(S), (2.75)

—+a

on
3anaya (2.75) Bceraa uMmeet TpusHasibHoe penredue W = 0. IlokaxeM, yro apyroro pe-
1IeHUs He cyuiectByer. Bocrionbpayemes toxxaectBom (2.73). C yuetom (2.75), 6yaem
HMeTb

N

[(v¥)dv=—fo¥’do= [(V¥)’dr+ [a¥?do =0 (o 20),
G 8§ G 8§

riocjieflHee PaBeHCTBO BO3MOKHO JIMUIb, €CJIM KaKAbY M3 MHTerpaioB OyZeT paBeH
Hyimo. CiefoBarenbHo,

VY =0, G — —
*E =>¥Y=0, xeCG=u =u,, xei.
Y=0 xeS

Taxym 06pa3oM, eIMHCTBEHHOCTD pellleHUs TPeThell KpaeBoii 3a1aun JoKa3aHa.
O egMHCTBEHHOCTU KpaeBbiX 333y,
CBf13aHHbIX C ypaBHeHneM ensmMronbua

B cayuae ypaBHenns I'enbMrosibnia eIMHCTBEHHOCTD PelleHHS 3aflayil MOXeT He UMeThb
MeCTa ISl HEKOTOpbIX Oflpe/leJleHHBIX 3HauYeHHH BOJHOBOrO umcia k. PaccMoTpuM,
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HalpuMep, NepBYIO KpaeBylo 3ajady VIS ypaBHenus [eJbMrosbla: HaliTH QYHKINIO
u € C?(G)N C(G), yIoBNETBOPSAIOULYIO CJIEAYIOWIM YCIOBHAM

Au+k*u=f, x eG,

(2.76)
u|s =g, xeSs.
Myctsb u, nu, — pelnenus 3agaun (2.76). [Iycts¥ =u,; ~u,. OueBnano, 4ro
AN 7
AY + k°Y =0, (2.77)

¥, =0, ¥ e C®(G)NC(OG).

3anauya (2.77), oueBuato, umeet peierne ¥ =0. YTBepXaaercs, 4To, KpoMe TpHBU-
aNbHOTO PEIeHHs] CYUIECTBYIOT APYTHE PellieHHs INPH HEKOTOPBIX 3HAYEHHUSIX BOJHO-
Boro uncia k. IlocTpouM Takue HeHyJieBble pemenusi. PaccMoTpim obacTb B Bize
napaJlIeJIenuIIesia co CTopoHaMH a, b, ¢. ByneM nckatp pemenye 3anauu (2.77) B Bulle

¥ = Asin[ﬁt—x-) sin(ﬁzz) sin(ﬂg], A=const, ,mn=123,... (2.78)

a 4

[ocne noacranosku (2.78) B ypasHeHMe (2.77) noayuum

22 2.2 2 2
o B )0 o
a c a ¢

Ypasuenue (2.79) yIoBneTBOpUTCS, eC/d

S OROESE

KpoMe TOro, yIOBJIETBOPAIOTCA BC€ IPaHUYHbIE yCJIOBHSA

¥

TaxuM o6pa3oM, BUAMM, UTO HMEETCs1 HEHYJIeBoe pelieHMe 3afaun (2.77).

=0, ¥ _, =0 ¥ . =0

x=0,a y=0,b 2=0.c

EOVHCTBEHHOCTb peLLeHna 3a4a4u Ans ypaBHEeHUs TensionpoBoaHOCTM
PaccMOTpHM ypaBHEHHE TETJIONPOBOIHOCTH
Au-——=-f, xeG, (>0
2
a
IlycTh HayaIbHbIE YCIOBUA UMEIOT BUJ
4, = 0.

[pannunble ycaoBusl OymeM paccMaTpuBarh TNepBOro, BTOPOro WM TPETbEro pola,
TO ecTh

uls =@, ()
6o

ou
= =¢,(1),
onl¢ (0)
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mubo
— 4+ hu =q@,(t), h>0
A
JlokaxeM, 4TO pellieHUe 3aa4i efMHCTBEHHO B knacce A. MBI ckaxxkeM, 4To QYHKIHS
U €A ecnu:
1) dyHKIMSA u HellpepbIBHA BMECTE C MEPBON M BTOPOH NPOU3BOAHOMN 110 X = (X,,Xx,,X3)
BO BCex To4kax obmacTyt G ripu ¢ > 0;
2) npoussoaHast Ou/Ot HenpepbiBHa B G ripu ¢ > 0;

3) ¢dyHKIMA ¥ HerpepbiBHA BMECTE C MePBOii IPOM3BOAHON IO X = (X,,X,, X ) B 3aMK-
HyTo# obmactu G+ S, ¢ 0.

[pennonoxuM, 9TO CYIECTBYIOT 1Ba peuleHus u,,u, € A; Hyctb ¥ =u, —u,. HcHo,

uto ¥ € A, ¥ g ¥ 6yleM HMeThb Cllefyoiiee OJlHOPOAHOE yPaBHEHHE!

av- L o req 150 (2.80)
a’ ot
C OIIHOPOL[HI)IMH HayaJIbHbBIMU
¥, =0 (2.81)
H TpAHHYHBIMH YCJIOBUAMH
¥, =0 (2.82)
nubo
¥y, (2.83)
onl
6o
N =0, (2.84)
on s

3anaua (2.80)—(2.84), oueBniiHO, MMeeT TPHBUAIbHOe pelleHue, Ilokaxem, 4To Apyro-
ro peuleHHsl He CcyliecTBYeT. PaccMOTDHM ClleflyIOMHI HHTerpasi, KoTopbii B Ciiy
(2.81) pageH HyJIO:

J= Jdt”j‘{{A‘{’——l—a—\fjldt =0.

[IpeoBpa3yem 3TOT HHTETpan ¢ HOMOIIBIO ToxaecTBa (2.73). bynem 1nmeth

J=jdt{—jjj(wfdr+jjw%d0—ma_1gw%‘_l’t_dr}:
- arffjorer s fafrStao jat[m_dr}a_
—jdtm(V\y) dr+jdt”\y —do m 2dr+”
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Jns ycnosuit epBoro u BToporo poza 6yzem nmerhb

0= _j afff 7y de - mi”fz—dt = fdt f[foedss mz{; de =0,

3pech 06a MHTETPaa TOJNOXKHMTEbHbI, CIEAOBATENBHO, KX bIH U3 HUX PaBEH HYJNO,
asHauut,¥ =0,x € G,t 20=>u, = u2 B ciyuae ycnosnn TpeTbero poaa 6yseM UMETh

Iodtj'g(v\l-’)zdr+_([dtjsjh‘l-’ do+_[£ 27d:=0=>

¥=0 xeG, t20 = u, =u,.
TaxuM 06pa3oM, eITHCTBEHHOCTb PEIieHNs 3ajia4y [/ ypaBHEHHs TelJoNpOBOAHO-
cTH B KJacce PYHKIUH A JoKa3aHa.
EOMHCTBEHHOCTb pPeleHns 3aaaqm o KonebaHmsax CTpyHbI
PaccMOTpHM CJIeAyIOHIyI10 3anady

’u 1 d*u
-——5=-f, 0<x <l t>0, 2.85
ox?  a® o’ /. (2.85)
U, =0 4, =0 (2.86)
8
d,_, =) = =g@) (287)
3t | 1m0

JlokakeM eIMHCTBEHHOCTb pemenus 3agaun (2.85)—(2.87) B kiacce QYHKuMH A.
Oyukus u € A, ecnn:

1) ¢yHKIHMA u HETpePbIBHA BMECTE C NIePBOit U BTOPOY MPOHM3BOIHBIMK 10 X U { B OT-
KphiToil 0bmactn G =0 <x </, t >0;

2) GYHKIHMA U HelpepbiBHAa M MMeeT HerlpepblBHbIE POU3BOJIHbIE 10 X U ! IIEPBOrO
NOpsIAKa B 3aMKHyTol obmactn G+ S =0<x </, ¢ 20.

IIpeanonoXuM, YTO CYHIECTBYIOT ABA DelLieHUs 3ajadiM u; M U,. MOycts ¥ =u, —u,.

Torna¥ € A, u ana ¥ OygeM MMeThb CJIELYIOHYIO OAHOPOAHYIO 3a/a'y:

m—z_?EtT—O O<x <l t>0, (2.88)
\P|x=0 =0’ \Pi,\':I =0’
oY
![=0 =0, —&_ =0
t=0

PaccMoTpiM MHTErpa (KOTOpblil paBeH HYJIIO B cuiy (2. 88))

o’y 1a~p t Loy a?w 1 oY 0¥
o-farf2 [ = }dx:{dto—a?g;z—dx—jdtj dx =

o 2 ot VA o o’
t x=
=J'dt ﬁ?_‘}i
ot ox

0 x=0

LoY o Lot 6‘1’6‘1’
{a— tax ]{ £a2 ot o’
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‘ xul J 2 2
_[o¥a¥ ,;_J'dt (ﬁ] +_1_(5_‘1’] -
L Ot Ox |, 6t0 Ox a’\ ot
¢ \paw“" ov 140w 1 awjz
2 dr + = L
2 a5 el H 5T

YuuThiBast yCIOBHS, HakJIa/biBaeMbie Ha ¢yHkimio ¥, 6ynem nmerb

t x=l
\1:] = _63 =0= 935_‘1’ dt =0,

)

=0 at ix=l 0 at ax

x=0 = x=/ ot

’ [a\yjz 1 [a\yjz

I o

5|\ Ox ot
Taxum obpasom, 6yneM UMETh

&) (5 e

Ilocnennee PaBCHCTBO BO3MOXXHO B TOM CJlydae, KOrja

x=0

dx =0.

t=0

8‘{’ oY
=0, — =0; O0<x</; t>0.
6x ot
310 o3HayaeT, uTo V¥ = const. @yHkius ¥ nerpephiBHa, 11 Ha rpanune ¥ =0, ciejoBa-
tenpHo, ¥ =0 B obmacTi, a Torga u, = U, a0 <x </, t>0.

Takim 06pa3oM, eIMHCTBEHHOCTD PellleH st 3a1aYt 0 Kolebanusax CTPYHbI I0Ka3aHa B
Kiacce GyHKIMIT A.

NMouatue 06 obuiem uHTerpane ypaBHeHUs
B YaCTHbIX NPOU3BOAHbBIX

Kak MblI 3HaeM, 7151 06bIKHOBeHHOTO Juddepeti[MalbHOro ypaBHEHNUs 1-TO I0PsKa
BCS COBOKYIHOCTb pellenHii (3a HCKIIOYEeHHEM <«OCOObIX» peureHnil) 11peicTasJis-
eTcsl PyHKIEH OT He3aBUCUMOI rlepeMeHHOI X, a TAKXe OT 7 POU3BOJIbHBIX TIOCTO-
AHHBIX uHTerpuposanus C, C,, ..., C,. Haobopor, 115 moboro cemeiicTsa GynKunit
=¢(x,C,,C,,...,C,), 3aBUCSALIETO OT 7 NapaMeTPOB, CyleCTBYeT M depeHnanb-
HOe ypaBHEHME 7-TO TMOPSJIKA, PellleHHe KOTOPOro i = ¢ I0JIyyaeTcst HCKIIIOYeHHeM
napametpoB C,,C,,...,C, 13 ypaaennsiu = ¢(x,C,,C,,...,C, ) 1 n ypaBHeHNH

u'=¢'xC,,C,,...C,)

u(") = (p(")(XYCIVCZY""C” )

Jlns anddepeHIManbHbIX ypaBHEHHHA € YacTHBIMH MPOM3BOIHBIMH /€10 O6CTOUT
cJI0XKHee. 31eCh TOXe MOXHO UCKaTh BCK) COBOKYIHOCTb PeureHui, Hin «obuiee pe-
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HIEH}E», TO eCTh TAKOE pellieHne, KoTopoe aeT J1060oe YacTHOe pellieHie MOCJIe TOTO,
KaK (GUKCUPOBAHBI HEKOTOPbIE «IIPOU3BOJIbHBIE> JIEMEHTHI (OMATh 32 UCKIIOYeHHEM
HEKOTOPBIX «0cobbix» pemeHnit). B cayuae niuddepeHnanbHbix ypaBHeHUI ¢ YacT-
HBIMU [1POU3BOJHBIMM 3TH [IPOU3BOJIbHBIE 3JIEMEHTHI YK€ He MOTYT GBITh OCTOSHHBI-
MM MHTErpHPOBaHUs, a JOJDKHbBI COAEPIKATDL NPON3BOIbHbIE DYHKIIMH; BOODIIE FOBOPSI,
YHCJIO 3THX HPOU3BOJbHBIX MYHKIHIA PaBHO NOPsAAKY AnddepeHIINaTBHOIO ypaBHe-
Hys. UMCI0 apTyMeHTOB 9THX MMPOM3BOIbHBIX GYHKIMH Ha €MHUILY Medblle dHcia
apryMeHTOB peleHHs u. BoJsee TouHast GOPMyIMPOBKA 3TOrO yTBEP:KIEHHs COIEp-
XUTCS B Teopeme cymecTBoBanns Koun—Kosanesckoii [4], [21]. 3nech mbr TonBKO
TIOJIYYUM HEKOTOPbIE CBEIeHHs], pa300paB HECKOJIBKO [IPHMEPOB.

Iloxanyit, camoe sipkoe OTJIHYMe 3/leCh 3aKJIIOYAETCA B TOM, YTO 3alayu, [PHBOAS-
mHe K JuddepeHnalbHbiM YPaBHEeHNSIM B YaCTHBIX MPOU3BOJAHBIX, IOYTH HUTAE HE
BCTPeYaloTCs B Takol (opme, 4ToObI HCKOMBIM SIBJISJIOCH ObLiee peuieHne. Maso Toro,
€CJIM Bbl pacfiojlaraere TakWUM DelleHHeM, TO 3HaHUe ero, 3a PeAKHM HCKJIIOYeHU-
eM, TIOYTH HUYEro He JaeT AJA PelIeHHs OCHOBHOW 4acTHOH 3ajaun. Benb obuiee
peuleHye ypaBHEHUS B YACTHBIX [IPOM3BOJAHBIX 3aBUCHT OT IPOM3BOJBHBIX (QYHKIMH,
U A1 HaXOXK[eHHsl YaCTHOTO pelleHHs MPUACTCS PACCMATPHBATh CUCTEMY CJIOXHBIX
(YHKIMOHATBHBIX COOTHOLIEHHI, TAK YTO OTbICKaHHe IIPOU3BOJIbHbIX PYHKIMIA YacTo
OKa3bIBaETCS NMPaKTHYeCKY HEBO3MOXKHDBIM.

Npumepsbl

PaccMOTpUM ornpeleieHue OBIMX HHTETPaloB HEKOTOPHIX MG depeHIHaTbHbiX
ypaBHEHME B YaCTHBIX [Ipon3BOJHbIX. Cllel[yeT OTMETHTD, YTO 3TOT BOMPOC TECHO CBSA-
3aH ¢ rpeobpazosaHieM xHddepeHIINATbHOIO YpAaBHEHHS B YACTHBIX IPOM3BOAHBIX K
KaHOHMYECKOMY BHY.

Mpumep 1. llycts u =u(x,y). AnbdepennnanpHoe ypaBHeHue

1151 QYHKIMM (X, ) O3HAYAET, 4TO U He 3aBHCHT OT i; CJIef0BaTe/bHO, U = w(x ), TlIe
w(x) — rpou3BoJbHasA QYHKIHAX.
Mpumep 2. /{15 ypaBuenus
o’'u
Ox oy

re 4 = u(x,y), MOXKHO cpasy [0Ty4uTb oblee peuretye Buaa i = w(x)+v(y). 31ech
w(x) Hv(y) — Npon3BoJibHble TnPdepeHunpyemble GYHKIMH.

Tipumep 3. [lyctb u = u(x,y). Paccmorpum anddepennmanbioe ypaBHEHe
ou ou

ox oy

Haiizem o6muii nHTErpas aToro ypasHeund. Jlyig aToro caenaem 3aMeHy rnepeMeHHBIX

x+y=§ x-y="7.
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Toraa
ou _0uof oudn _ou Ou

ox Otdx oméx Ot om

oy 0Otdy omoy O on
¥ ypaBHeHHE IIPHHUMAET BUJ V
o,
on

3Hauur, u = f(£). Bo3Bpauasch k cTapbiM IIEpEMEHHBIM, IONYYUM & = f(x + y), TIpH-
uyem f — mobas audgepernnpyemasn GyHKIMA.

Hpumep 4. Ilyctb u =u(x,y). PaccmotpuM anddepeniinaibHoe ypaBHeHHe

ou ou
Ox oy
CZICJIaeM 3ameHy nepeme}mmx
Y. £ y=n
X
Torna
Ou__duy ou,__Ouy
ox  oEx* om ot x2’
ou_oul ou
dy OEx om
¥ ypaBHeHHe IIDUHHUMaeT BUA
‘ ou
= =0.
o

3Hauwnr, u = f(&). CnenoBatesnbHo, obumii uHTErpan ypasHenus Oyzer u = f(y/x),
npuueMm [ — mobas nuddepeHimpyeMas GyHKIHA.

Mpumep 5. Myctb u = u(x,y). Paccmorpum puddepeHuinaibHoe ypaBHEHHE

’u 0w _
mx? oyt
CaenaeM 3aMeHy NePEMEHHBIX

x+y=§ x-y=1.

Toraa
u_ou ou
ox 0§ on
ou ou ou
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8u o (ou) of(ou ou) oO(éu du) d'u o’u  8'u
_— = =— + = + =42 +5n~2,

o’ axlar) Elce on) omld& on) o eeon
o'u =i(§z}&_2 du_, o'
oyt oy\ay) a&® dgom an’
W ypaBHeHWe NpUHUMaeT BUI
42 o,
o0& on

3naunt, u = F(&) + G(n). CirenoBaresibHO, OONINIT HHTETPas YPaBHECHHS] 6yner
u=F(x+y)+Gx-y)
rie F 1 G — nipou3BoJibHble ABaXbl AndPepeHInpyeMble QYHKIMH.

Tpumep 6. Iyctb u = u(x,y). O6umil nuTerpan auddepeHaNbHOIO ypaBHEHNA
2 2
ox° Oy
naetcst dyHkimei u = F(x + iy) + G(x — iy ), tne F n G — 1pou3BOJIbHbIE ABAXADI mo-
depenunpyemble GyHKIUY, i = -1

NpumeHeHne obuiero uHTerpana K pelueHuio
HEeKOTOpbIX 3aAa4 MareMaTu4eckon GpUsnkm

1. IlycTh HeKOTOPBIA IPOLECC ONUCHIBAETCHA OJHOMEPHBIM BOJTHOBBIM ypaBHElHEM
d'u 1 d'u
—7 757 =0
ox° v° ot
O6o3HauuM vt = i, TOr/[a ypaBHeHUe [IPUMET BUJI
o'u  d'u
7 A2 =0.
ox° oy
CrelloBaTe IbHO, OBIINI MHTErpas BOJHOBOrO ypaBHeHus GyneT
u =F(x +ovt)+ G(x —ot).
IIpuuem 3pech F(x +uvt) — IUIOCKas BOJMHA, PaCHpOCTPAHSIONIAsACA BJIEBO OT Hadasa
KOOPJIMHAT CO CKOPOCTbIO v, popMa KoTopoil (1podhuib) orpeensercs dyukuneit F.
Takas BosHa Ha3bIBaeTcs obparHoi BosnHoil. OyHKIMA G(X —0t) ONMUCHIBACT IJIOCKYIO
BOJIHY, PacTpOCTPAHSIONLYIOCS BMPAaBo OT Hayajla KOOPAMIAT CO CKOPOCTBIO v — IIpd-
mas BostHa. TakiM 06pa3oM, paccMaTpHBaeMblil [POLIECC MPeNICTaBIseT 060 Pe3yJib-
TaT HAJOXKEHHWs BYX BOJIH.

2. PaccMOTpUM Npolece, ONMIChIBaeMbli ypaBHeHHEM

iﬂ(rz %)_ia_z‘i -0

r2oar\ or) o' ét’
JT0 TpexMepHOe BOJIHOBOE ypaBHeHMe, 3alicaHHOe B C(epHueCKHX KOOpJMHaTax
B NPEAIIOJIOKEHNH, YTO MPOIEcC He 3aBUCHT OT YIJIOBBIX KOOpAMHAT (paiuanbHbie
KoJ1ebaHus ).
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w
Crenaem 3aMeHy riepeMeHHBIX ¥ = —, TOT/A
r

ou 10w 1 5 Ou ow 1 6(2611) 10% 0*u 10*w
e L wrt e ——w, |1 S = =
or ror r? or or rt or or) raort ot r ot
B pesynbTaTe nony4nM ypaBHeHUe
1o
ort  ov* ot? '
Orkyna

F(r +vt) N G(r-ut)

r r

w=Fr+ot)+G(r-vt)=u=

IlepBoe ciaraeMoe ripeicTaBiisteT coboi chepUYecKyIO BOJHY, pacCPOCTPAHSIONLYIOCS
13 GECKOHEYHOCTH B HAyalo KOODAMHAT CO CKOPOCTBHIO v (0OpaTHasi BOJIHA), BTOPOE
ciaraeMoe — cepHueckasi BOJIHA, PaclPOCTPaHSIONIasICA CO CKOPOCTBIO U OT Hayasa
KOOpAUHAT B GeCKOHeYHOCTh (rpsimas BosiHa). TaknM obpa3oM, H B 3TOM Ciyyae
obiee pemeHye ypaBHeHWs rpeicTaBisieT cobol HajoKeHMe NpsAMoil M 06paTHOH

BOJIHBI.

KonebaHust HeorpaHuieHHowm CTpyHbl. Meton danambepa

Iyctb Tpebyercst waiTH QyHKUMIO U = u(X,t), HerpePbIBHYIO B 3aMKHYTOH 06JacTH

-0 < x <o, ¢ 20, yIOBIETBOPAIOLIYIO YpaBHEHUIO
————=0, —o<x <o, >0,

" HaYaJIbHBIM YCJIOBUAM

u(x,0) = d(x), ou =Y(x), —o<x <o,
0t -0

OO61unit nHTerpaj ypaBHeHUs] MeeT BUJl
u=Flx+ot)+G(x-ovt)= % =oF'(x +vt) -vG'(x —vt).
[pu t = 0 6ynem umeTsb
F(x)+ G(x)=®(x), F'(x)-G'(x)= s\l-’(x).
OTkyna HaxonuM
2F'(x)=®'(x)+ %‘{’(x), 2G'(x) = ®'(x) —5\1"(36),
Wi

X 1 X
F(x) =%d>(x)+ %{‘P(&)d§+ ¢, G(x) =%a>(x)-££\y(g)d§+ c,.

ITocse nojcraHoBKU B BBIPAXEHHE A4 U [MOJTYINM

a+ot 1 X -vt

w=lo@im L e+ ot ~o0)- o [¥edre

(2.89)

(2.90)



Bonpochk K rnaee 2 71

rae ¢ =c, +c,. Jlerko BUAeThb, uTo ¢ =0. ITO CiEAyeT W3 HAYATBHOIO yCJTOBUA
u(x,0) = d(x).

Uraxk,
u =1[<I)(x+vt)+<I>(x—vt)]+~1—J]{/I’(§)dE, (291)
2 2

x-vt

®opmyy (2.91) uasbBatot Gpopmyoit Janambepa peuenus sanauu Kown pist BoJi-
HOBoOro ypasHeHus (2.89).

JIo cHX MOp Mbl He HAaKJIaAbIBAIM HHKAKMX OrpaHuyeHnit Ha pynxuy ®(x) u Y(x),
urypupyone B HauaibHbiX ycaosusx (2.90). @opmyna (2.91) Oyner AaBaTh
pewenye 3afauu Koun B ToMm ciydae, ecan ¢pyuxims ®(x) obsanaeT Npou3BoHbIMHU
TIepBOTO M BTOPOTO TOPsAAKOB, a (pyHK1ms W(x) — NPOM3BOAHOI NEPBOro MOPsAKA.
K 5TOMy BBIBOZY MBI IIPUAEM, KOI/IA 3aXOTHM YOeuThCs B TPABH/IbHOCTH MOJIyYeHHO-
ro pemieHHs MyTeM MOACTAHOBKHU ero B ypasnenue (2.89). (IIposepbre!)

Pelleniie © 3aBUCHT OT Hada ibHoH dyHkLvn W(x) TosbKO B MHTepBaie (x —vt, x +0t).
3Hauenne pyHkumu \Y(x) 3a npenenaMu 3TOro MHTEpPBAIa He HTPalOT POJIM IIPH ONpe-
JeJIEHUH pellieHns u.

Meron Jlanambepa aonyckaeT paclpocTparenyie 1 Ha 6oJiee CJ0XKHbIe CTydau.

Bonpochi K rnase 2

1. Hamumure obwmi BUA JuHedHoro auddepeHiHaIbHOoro ypaBHeHust BTOpoOro Ho-
psaKa.
Hanumure obumit BUg ypasHeHust Kojebaimii.

3. YTo HasblBaeTCs CTPyHOi? BuiBenvte ypasHenne kosebannii cTpyHbL.

Uro HasbiBaeTcsi cTepkHem? BbiBepnTe ypaBHende IPOOIbHBIX KoJebanuii
CTEPXKHA.

5. Hamumure ypaBHeHHe ToMepeyHbIx xojebanuii cTepxkHs. IIpusenute npumepbl
IPAHUYHbBIX YCJIOBHIL

6. Urto HasbiBaeTca MeMOpaHoii? BriBenuTe ypaBHeHUe IIOTIEPETHbIX kosiebaHUi MeM-
OpaHbl.

7. Hanumure ypaBHeHHe MonepeyHblx KoseGanmii TOHKoH miactuHku. IIpusenure
IpUMEpbI IPAHMYHBIX YCJIOBHH.

8. CdopmyaupyliTe 3aga4y O paBHOBECHN MeMOpaHbl.

9. Coopmynpyiite 3aauy 06 yCTaHOBUBIIHMXCS CHHYCOMAATHHBIX KOJEOaHUAX MEM-
OpaHbl.

10. BmiBeauTe Tenerpacgnoe ypasHeHHe.

11. Hanumure TpexmepHoe BOJHOBOE ypapHeHHe. Kaxkue AOTOJHHTETbHbIE YCIOBUA
CTaBSATCA NMPU PellieHH BOJHOBOIO ypaBHEeHUA?

12. Hamwre obumit Bug ypasHenust anddysun. BuiBegure ypaBHenue auddy3ni.
13. BmiBeauTe ypaBHEHHE TEMJIOIPOBOJHOCTH.
14. Hanumute obriMii BUA CTALIMOHAPHOTO yPaBHEHHS.
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15. BuiBexuTte ypaBHeHMe 3J€KTPOCTATHKH.

16. BeiBeauTe ypaBHeHME FUAPOAHHAMUKH,

17. Cdopmynupyiite 3azady 06 o6TeKaHHH TBEPAOLO TeJa MOTOKOM KUJAKOCTH.
18. Cdopmynupyiite kpaeBble 33Uyl JUIS YPaBHEHHS TEMLJIONIPOBOAHOCTH.

19. Chopmyaupyiite KpaeBbie 3aJa4i AT OXHOMEPHOFO BOJHOBOTO YpaBHEHHs Ha
TIpUMepax Momnepeynbix Kosebanuii CTPYHbI U POAOBHBIX KOJeGaHUi CTEPIKHSL.

20. Hanmuummre ypaBnenue Jlannaca u ypassesue Ilyaccona. Chopmynupyiite ocHOB-
Hble KpaeBble 3341 VISl 3THX yPaBHEHMIA

21. K xaxomy Tumy ypaBHeHHUH oTHOcHTcA ypaBHeHue Jlamnaca? ITyaccona?

22. Hanuuute ypassenue I'enbmronblia. Kakue mpolecchl OMMCHIBaeT 3TO ypaBHe-
Hue?

23. K xaxkoMy THILy ypaBHeHHH OTHOCHTCS ypaBHeHHe [ebMrosibla?

24. Kakoe ypaBHeHHe HasbiBaeTCsl ypaBHeHueM runepbosmueckoro Tuna? Ilpusenure
IIpHMeEpBI.

25. Kakue ¢usnuecKkue npoLecchl OMKChIBAET THIEPHOIUYECKOE YPaBHEHHE?

26. Kaxoe ypaBhenue HasbIBaeTcs ypaBHenueM mnapabosuueckoro tuna? IIpusepure
IIpUMeEpBIL.

27. Kakue ¢pusniecKkHe npoliecchl ONKCHBaeT Mapaboiuieckoe ypapHeHue?

28. Kakoe ypaBHeHMe Ha3bIBaeTCsl ypaBHeHHeM ajnunThueckoro tuna? Ilpusenure
TIIPYIMEDB.

29. Kaxue ¢usnuecKue npoLecchl ONMUCHBAET UTUIITUYECKOE YpaBHEHNEe?

30. 3anuiuuTe XapakKTepHCTHuYeCcKOe ypaBHeHue. UTO Ha3blBaeTCS XapaKTepPHCTHKOM
AnddepeHIIaIbHOrO ypaBHEHHA ?

31. Kaxkue xapakTepHCTHKH HMeeT OZHOMEDHOE BOJIHOBOE ypaBHeHHe?

32. Kakue xapakTepUCTHKU MMeeT AByXMepHoe ypaBHenue Jlamaca?

33. Hanuummre kanoHH4ecKy!0 GOPMY ypaBHeHHs rHnepbOSHIeCKOro THIIa.
34. Hanuumure xaHoHM4ecKyo GOpMY ypaBHeHUs napabosudecKoro TUMa.
35. Hanuiuure KaHOHHYeCKYIO POPMY YPaBHEHMS 3JLTHIITHYECKOIO THIIA.

36. [aiite mouaTue 06 obiiem NHTerpase ypaBHEHNS B YACTHAIX POM3BOAHMIX. [Tpu-
BEJIUTE TIPUMEpBI.

37. [atite pusnueckoe UCTONKOBaHKE OGIIETO pellleHHs! YPaBHEHUs! KoyieOaHUi CTPYHBDI.

38. BuiBenute dopmyny Janambepa petenus sajauu Kouwm Ans BOJHOBOTO ypas-
HEeHUA.

39. PacckaxuTe 0 KOPPEKTHOCTH MOCTAHOBKM 32124 MaTeMaTHYeCKOH (HU3MKH.

40. YTo Taxkoe HayaimbHble M rpaHuunble ycioBusa? C yem cBsi3ana Heo6XOAMMOCTb
B MIOCTAHOBKE JONOJHUTENbHBIX ycaoBUH? IlpuBenuTte npumepsr.

41. Yro HasmiBaeTca 3anaueit Komm? /{5 Kkakoro tuma ypaBHeHMH CTaBUTCA 3ajaya
Koumn? IIpuBeanTe nprumepsi.

42. "ro HasblBaeTcs KpaeBOW 3afaueit? [/ KaKOFO THIIA yPaBHEHHH CTAaBUTCA Kpae-
Bast 3afaya? [IpuBennTe npuMepsl.
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43. Yrto Ha3blBaeTcs CMEIIAHHOW 3afaueit? /InA KAKOrO TUIIA ypaBHEHHWH CTaBUTCA
cMeliaHHas 3afaya? [IpuBeauTe NpUMEpSL

44, JlokaxuTe eJUHCTBEHHOCTD peluenus safaun Jupuxie ans ypapHenns Ilyaccona.

45. JlokaxuTe eJMHCTBEHHOCTD peliienus 3aa4u HeiiMana As ypasrenus Ilyaccona.
B ueM ocobeHHOCTh pellieHHs 3Tol 3aaaun?

46. JlokaxxuTe eIUHCTBEHHOCTh pelIeHHs TpeTbell KpaeBoH 3ajauM 1/ ypaBHEHUA
IIyaccoua.

47. YTO MOKHO CKa3aTh O €VMHCTBEHHOCTH pellleHus KPAaeBbIX 3a/a4, CBA3aHHbIX C ypaB-
HenueM [enbMronbua?

48. JlokakuTe eIUHCTBEHHOCTDb PEIIEHUs 3a4a4u 1JI1 ypaBHEHUA TEIIONPOBOIHOCTH.
49. JlokaxuTe eMHCTBEHHOCTb PEleHNs 33Ja4n O KoJebaHUsAX CTPYHBL

50. [aiite obiee peleHiie BOJJHOBOTO YPaBHEHUs B cpepUYECKUX KOOPIAMHATAX B CJIy-
yae paanaibHbIX Koebanuit. KakoBo dusmyeckoe HCTONKOBaHKE 3TOTO PELIEHHs?

3apauu ¢ npuMepamMun pelueHun

1. PaccMmoTpeThb ciy4aii, Koria ypasHenue (2.50) UMeeT MocTosHHbIE KO3(PUIMEH-
Tol. ITOKa3aTh, UTO MOCJE COOTBETCTBYIOIIEH 3aMeHbl IEPeMEHHBIX 3TO ypaBHEHUE
IPUBOAUTCS K OJHOH U3 nmpocTeHiinx GopM

+b —+b,—+cu+f=0
o&0m o€ on
WK
2 2
a—l;—?—%+ ,%+bzgli+cu+f=0,
0" om o8
xorga B? — AC >0 — runep6bondeckuii TUII;
2
6_u+ ,%+b2§u—+cu+f=0,
og? e on

xoraa B* — AC =0 — napabosndeckuii TUT;
2 2
6_124 —q—l:+b1§£+b2%+cu+f=0,
8" on 24 on
xoraa B — AC <0 — /M THYeCKMH THIL

2. TTokasaTb, 4TO YpaBHEHMS, MIOJTy4eHHbIE B I1. 1, MOXHO elite HoJiee yIIPOCTHTD, €CIHU
BBECTH HOBYIO HeU3BeCTHYIO GyHKIMIO¥(E, 1), 10 GpopMyJie

u(&,n) =e""u(Emn), Au =const

1 4Mcaa A, p monobparte Tak, yTo6b! HCYE3TH UIEHBI C IPOM3BOAHBIMHU NEPBOTO 10~
PsAIKa B YPaBHEHUSIX THIIePOOTUIECKOTO M 3/ITUIITUYECKOTO TUIIOB, @ B ypaBHEHUH
napaboM4ecKoro TUMa KCYe3 ONMH W3 YIEHOB C IIPOM3BOAHON MEPBOIO MOpsaKa
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1 4ieH ¢ HeM3BecTHON (ynkieit. B pe3ynbrarte Takux npeobpaszoBanuii IpuBecTH
ypaBHEHHE TUIepOOIHYeCKOro TUIA K BULY

2
0w +yo+ f, =0
0Eon
Wi
2 2
6_3_6_1:+Yu+f1 =0
ot on”
ypaBHEeHHe MapaboJHYecKoro Thmna — K Bnny
62
+vb, 2y = =0;
6&2 2 a fl
YPaBHEHHE JUIMITHYECKOTO THIIA — K BUAY
o’y o'
—5 t—5+tyw+/f =0
og* o
3. IlpuBectu x KAHOHHUECKOMY BiLITy ypaBHeHus{:
2
1)36 6u 6u+ ou 3__0

ox? 6r6y ay? ax oy
o*u o’u o*u 6u
4 +

2) 24 22 o,
ox O0x oy oy’ ox Oy
2 2 2
3)6 + 6u+6zj+3@_5_+4u=0;
ox? oxoy oy- ox oy
2 2 2
4)61:—26u au+2% —u—+4u=0;
ox oxdy oy* or oy
2 2
5)61'1 46u+ au 5@ ou du =0
ox? ox oy 6y“ Ox ay
2 2
6)126u+2xy6u 2_6_1'1 :
ox? ox oy oy’
7y ay? S8 e Ty 0,
ot oy’ ox
2 2
6u 2xyau+x‘7—l,f+ %=0,
ox Ox Oy oy~ oy
2
9)2_ 2 04 | 6u+46u 4% 4y =0,
ox* oxoy oy’ ox Oy
2
10y O 5, O 20w _y0u_
ox? Ox 0y oy*? oy

4. Haiitu obiuee peleHue ypasHeiHii:
2

o“u
1) -
ox”

ou -0;
%Y
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2
2) Ty 0U 5y g,
0 oy oy
0u 3*u d* ou u
3) x?=— -~ P px—ty—=0;
) T Y
A 362u o' 0 ,Ou 0u _
) 3T 2~ A2t 30,
ox 0xdy oy ox
d%u o*u ou
5) 4y’ — - — -4y’ — =0.
) 4y ox? dy* Y o
5. Haiitu peweHne ypaBHeHUs
d*u  o'u
— =, —© <X <4, t >0,
ot ox
yIOBJIETBOPSIIONIEe HAYATBHBIM YCIOBUAM
u|,_, =sin(x), ou =0
B =0
(3apada Kown).
6. Haity penienne ypaBHeHHs
*u *u
— =4 —w<x <4 t>0,
ot’ ox?
yIOBJIETBOPAIONIEE HAUaIbHBIM YCJIOBUSAM
ou .
uf =0, —| =Asin(x
lz=0 at 10 ( )

(3anaya Kouin).

7. Beckoneunoii crpyHe coobiena ToJabKO Ha oTpeske (—¢,¢) NonepeyHas HayajlbHast
ckopocTb V, = const. Pemunts 3ana4y o konebannsx aro# ctpyust. Ilocrpouts npo-
&b CTPYHBI A1 MOMEHTOB BpeMeHu ¢, =(c/20)k, k =1,2, 3.

8. HaiiTn peuieHue ypaBHeHUs

d%u  o'u
— = ~® <X <H®, t >0,
ot ox
ecan
ou
u _ =x', —| =0
= Otiim0

9. Haittu pelieHye ypaBHEHH
2 2
6_? =4?—l:—, —w<x <4, t>0,
ot ox
eciu
_a Ou

u|t=0 =0, = =x.

t=0
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10. Haiitu dopMy cTpyHBL, OonpenensieMoil ypaBHeHHEM
a?'u 2 62u

—_— —_,
) ot? ox?
B MOMEHT BpeMeHU ¢ = /20, ecu

-0 <x <4, >0,

. ou
u|,_, =sin(x), —

t=0

11. Haiitu peurenue ypaBHeHus

d*u '
— ==, — 0 <X <+4®, t >0,
ot ax
eciu
_ ou
u[t=0 =x, — ==
Ol

12. HaliTi pemenye ypaBHeHus
0*u o’u
— =y’ —5, —0<x <+w, t>0,
ot ox

€CJIn

=0, - cos (x).

t=0

ult:O

13. Haitti dopmy cTpyHbI, ONpeessieMoil ypaBHeHHEM

o'u  B*u
— =, — 0 <X < 4w, t>0,
ot ox

B MOMEHT BpeMeHHU [ = T, ecau

= cos(x).

u|,_, =sin(x), o
B Ot|-o

MpumMmepsbl pewieHna TUNOBbLIX 3aaay

Mpumep 1. IIpuBecTt K KAHOHUMECKOMY BUAY ypPaBHEHHE
292—,"—— 2iu—=0, x>0, y>0,
ox? oy
1 HaHTH ero oblee perueHue.
Pewenue. OnpefienvM cHayama TUMN ypaBHeHUs. MMeeM
A=x?,B=0,C=-y’ = A=AC-B? =x’y* <0
CrepoBaresibHO, THII YPaBHEHUS] — THIIEPOOIHYECKUH,
CocTaBHM XapaKTepHCTUYeCKOe ypaBHeHUe
xldy® -ytde® =0
IJTo ypaBHeHHe paclajaeTcsl Ha ABa YPAaBHEHUS C PA3fesSIONMMHUCS (1€ PEMEHHBIMU
xdy-ydx =0, xdy +ydx =0.
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OTKyna HaXoAuM

xy =C,, ==0C,.

8w

C
TaxuM 06pasom, npsimbie y = C,x ¥ runepbosbl y = —- ABJIAIOTCHA XapaKTePUCTUKAMH
x .

33JJaHHOI'0 YpaBHECHUA.

[Ipeobpasyem Teneps 3aaHHOE ypaBHeHHe K KaHoHMueckomy Buay. [lns atoro, co-
ryiacHo obuieit TeopuM, BBEEM HOBLIE ITepeMeHHbIe 110 GopMyTaM

=1y, n=2
x
*u _ d'u
Ucnonbays ¢popmyist (2.53) u (2.54), Haﬁnema? u W:
Ou_ 28 _yy Qu y Ou Y
ax? et x? agan xion? x*om
u _ 0% 0 1 3%
— =X +2 —

ay®  oE* oEen x’om’
HOHCTaBJIHﬁ 3ITH SHQ‘{CHHH BTOprX HpOHSBOﬂHbIX B UCXOAHOE ypaBHeHHe, OKOH4Ya-
TEJBHO HOJIy‘{PIM
2
Ou _13_4 g0, n>0.
okon  2&0n

[Tocnensee ypaBHeHHe MOXHO IPOUHTETPHPOBaTh. [{/1s 3TOrO nepenuiueM ero B Buje

a(au)_iggﬂ)
oE\on) 2&om

Bgezem Tenepb HOBYIO Heu3BecTHYIO dyHKUMIOU(E,n) = —. Bynem umers
dv v dv _d 1
B2 0= DB | = L infg)+ | f (),

o8 28 v 28 2
rze f(n) — npousBosibHas GyHKIUAT. [locae MOTEHUMPOBAHUA MONYHIHUM

v = fE.

Hanee,

=u(&n) = g—un— = fONE= u = JE] fm)dn + v (©)

rae y(&) — npousBosnbHas $yHkuua E, O6o3Ha4MB

o) = [ f(m)dn,

OKOHYATEJIbHO I‘[OJIleI/IM
u = JEp () + w(&),

rae y(&) u @ (1) — Npou3BoJIbHbIe QYHKIMK E U N COOTBETCTBEHHO.
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B03BpamaﬂCb K CTaprM HepeMeHHbIM X U y, Hoﬂqu/IM
u= \/Zy_cp(%] + ().

MNpumep 2. IIpuBecTH ¥ KAHOHUUECKOMY BUAY YpaBHEHHE
2 2 2
Ou + 2xy Ou +y22‘——0, x>0,

x? - =
ox’ dxdy oy’

1 Ha#TH ero ofriee pelieHue.
PeweHwne. OmpenenuM THN ypaBHeHus. MmeeM
A=x? B=xwy,C=y*> => A=AC-B? =x"y* -x*y* =0.
Core0BaTenblio, TUTI ypaBHeHUst — 1apabo/nuecKHil.
CocTaBUM XapaKTeplCTHYeCKOe ypaBHEHHe
xidy? -2aydrdy + y'dx? =0= (xdy -ydx)’ =0= xdy ~ydx =0.
Pasjiensas mepeMeHHble M HHTEIPUPYS], TIOYYUM OHO CEMEHCTBO XapaKTepUCTHK

Y_c ’

X
ITto — ceMeiicTBO npsMbix. HoBbie nepeMeHHble BBOAUM 110 GopMyJiam

2’;=—y—,n=y~

Bribop BTOpOit GYHKINM CIeJIaH ¢ YIETOM TOro, 4ToObl OHa Gblia Hanbosee IIPOCTOH,

HO Tak, YTO6BI (PYHKUMOHANbHBI onpeaenutens OcTporpaackoro aist npeobpasoa-
HUS [IEPEMEHHBIX ObIJT OTJIMYEH OT HYJIA.
HaxonuM tenepb
: 2 A2 :
o’u 0°u ou
_y ou , Y ou

ox? xtoe?r xt oo

xoy  xP BE: x? g x° og

’u 1 8*u 2 8w d'u

7T i v t
oy x° 08" x0&on On
HOIICTaBHSIﬂ HOJIy‘ieHHbIe BpraX{eHHﬂ HpOHBBO}IHbIX B 3aiaHHOe ypaBHCHHe, OKOH4Ya-
TeJIbHO MOJYYUM KAaHOHUYECKY10 GOpPMY STOr0 ypaBHEHUs

2
CAC)
on
[TosnyuenHoe ypaBHeHHe JeTKo HHTerpupyetcs. bynem umers
ou
o [ =u=[[f(&)dn+e()

HJIN

u=fEM+e)

rjae f v ¢ — NpOU3BOJIbHbIE DYHKIUH.
¢ P \
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Bosppamasich K cTapbiM [epeMeHHbIM, IOTyYM oflee pellieniie 3aaHHOrO ypaBHe-

o (2eo)

Mpumep 3. [IpuBecTy K KAaHOHWYECKOMY BUAY ypaBHeHUE
2 2 2
a_’: _4 9% = 6_ =0,
ox Ox0y dy?

Pewenve. OnpenenniM tun ypaBHenus. Umeem
A=1B=-2C=5=A=AC-B* =5-4=1>0.
CrepoBare/ibHO, TUI YPABHEHUS — 3JUIMITUYECKUH.
CoCTaBMM XapaKTepUCTHYECKOe ypaBHEHHE
dy® + 4dxdy +5dx* =0.
ITo ypaBHeHHe pacliafiaeTcs Ha [Ba CJle[lyIolUX ypaBHEHUS
Y=-2+1i y=-2-1
Wurerpupys ux, Haijaem aBa OBIMX MHTeTPala XapaKTepPUCTHYECKOIO ypaBHEHHS
=(-2+)x+C,, y=(-2-i)x+C,.
Breznem o603naueHns
o=y—-(-2+i)x, ¢ =y+(2+i)x,
ach+cp =y +2x, B—u —X.
2 2
Cornacso obuieli TeopuH, Hy>KHO BBECTH HOBBIE IlepeMeHHble o U B 1o (OpMyIaM
E=za+iB=y+2x—ix, n=a-iB=y+2x +ir.
Boruncias npouseoanbie no gopmynam (2.53)-(2.55), noce Bcex npeobpasoBaHmit
OKOHYaTeJbHO MOJIyYMM KaHOHWYECKUH BUJ 331aHHOIC ypPaBHEHUS
82u d'u -0,
e
(ITposepsbTe!)
MNpumep 4. [IpuBecTH K KaHOHNYECKOMY BUNlY YpaBHeHUe
0%u d*u o'u du

A A T LA L L
ox?  oxdy oy> ox Oy

Pewenve. Bocronbayemcs A/ pelienist 33134l CUCTEMON aHATUTUYECKNX BhIYHCIE-
nuit Maple. JIna 3nakoMcTBa ¢ 9TOil cHcTeMOil MOXHO peKOMenjoBaTh KHUMH [7]
u [17). Byaem paccMaTpuBaTh ypaBHeHne oburero Buaa
d*u o*u d’u du du

— +a +ay— + 8, —+a;— +agu+a; =0.
ox Ox0y oy ox oy
3ajaauM koadPUINEHTHL HALIErO YPaBHEHUSA

=1,-6,10,1.-3.0.0;

a

a=1,-6,10,1,-3,0,0



80

2. YpaBHEHUsi MaTeMaTU4ecKon Guankm

U CaMO ypaBHEHHE

> equ:=all*diff(u(x.y) . x.x)+a[21*diff(u(x.y) . x. y)+
al31xdiff(u(x.y).y.y)+a[4J*diff(u(x.y).x)+
a[51*diff(u(x.y).y)+al6J*u(x y)+al7]1=0:

ol 0 & 6
equ == [@ u(x,y)]— (6y6 u(x, y)]+ IO(gu(x y)] [—xu(x,y)j—3(§u(x,y)j=

Boluncisiem MaTpHuily crapinx Koap@UIHEHTOB U ee OpelenTeNb
> eq:=1hs{equ):

P P &2 0 0
eqe[azwx)n] (@a wxyﬂ+40[5;Mxyﬂ [aymxyﬂ—3(5ymnyﬂ

Hna]g[matm‘x](Z 2.[coeff(eq.diff(u(x.y).x.x)).

coeff(eq difflulx.y).x.y))/2.coeff(eq.diff(ulx.y)y.x.y)}/2.
coeff(eq.diff(ulx.y).y.y»1):

> Delta:=simplify(1inalgfdet](A)):

Tak xax omnpeaeauTeb MAaTPULBI CTapuinx koadduunentos A >0, TO THII ypaBHe-
HUS — 3JTANTUYEeCKUH.

Mopmupyem xapaKTepUCTHYECKOE YPaBHEHHE U DellaeM ero
> A[1.17%2°2-2*A[1.2]1*z+A[2.2]=0:
resl:.=solve(A[1,11*z"2-2*%A[1,2]*z+A[2,2],2):

224 62z+10=0
resl =-3+1,-3-1

> res2:={seq(dsolve(diff(y(x),x)=res1[i].y(x)) i=1..2}}:

res2 = {y(x)=-3-Dx+_ClL,y(x)=-(3+1)x+ _CI}

Takum 06pa3oM, Mbl OJYYHIN ABE KOMIJIEKCHbIE XapAaKTEPHCTHKH
Brinosnxsiem 3aMeHy NnepeMeHHbiX

> resZ:=subs(y(x)=y.res2):
res2 :={y=—-(3-DNx+ _Cl,y=~=(3+1)x+ _CI}
> {seq(solve(res2[i]. C1).i=1..nops(res2))}:

{y+3x+xLy+3x—xI}
itr:= {xi=coeff(2[1].1).eta=k[1]-coeff(X[1].1)*I}:
ir={n=y+3x&=x}

Temneps NPUBOIMM 33/JaHHOE yPaBHEHNE K KAHOHUYECKOH dopMe
> tr:=solve(itr, {x.y}):

PDEtools[dchangel(tr. eq.itr [eta.x1].simplify)=0;

r={y=n-3&x=t}



3agaum ¢ NPUMepaMi peLLeHui 81

& o° 0
[@u(n,&,)} (@u(n,m}(@u(n,m}o

Mpumep 5. [IpuBecTH K KAHOHHYECKOMY BHIY ypaBHeHHe

2 2 2
Ou 40w Ou _,0u_g

ox? oxdy oy* Oy

Pewenue. PemaeM 3ajauy B cHCTeMe aHAJIMTHYECKHX BhIYMCIIeHHiT Maple. 3anaem
ypaBHeHHe

>a:=4.41.0.-2.0.0:
a:=4,410,-2,0,0

> equ:i=a[11*difflu(x.y). x,x)+a[2]*diff(u(x,y) . x.y)+
af3)*diff(ulx,y),y.y)+al41*diff(ulx.y) . x)+
a[51*diff(ulx.y),y)+al61*u(x.y)+a[71=0:

P 5 & 0
equ =4 (@ u(x,y)J+ 4 (ay = u(x,y)] + (? u(x,y)J~ 2 (a—y u(x,y)] =0

Briunciasiem MaTpuny ctapiivx Koa(pQpHUNEeHTOB U ee olpeaeauTeNb
> eq:=lhs(equ);

P a2 & 0
eq:=4 [Q u(X,y)} +4 [ay pw u(x,y)) + [?&? U(X,)’)J -2 (G_y u(x,y)j

> A= linalg[matrix](2.2. [coeff(eq.diff(u(x.y) . x.x)).
coeff(eq.diff(u(x.y).x.y))/2, coeff(eq.diff(u(x.y),x.y))/2.
coeff(eq.diff(u(x,y).y.y))1):

> Delta:=simplify(linalg{det](A));

A=0
Tak Kak onpefeauTesb MaTPULbl cTapiuux koabduumenToB A =0, To THI ypaBHe-
HUA — napaboinueckuit,
MdopMupyem XapaKTepHCTHYECKOE YPaBHEHHE U PellaeM ero

> A[1,1]*272-2*A01,2]*2+A[2.2]=0:

resl:=solve(A[1,11*2*2-2*A[1,2]1*z+A[2,2].2):
4z22-4z4+1=0

11

22

x). x)=%,y(x)}:

resl =

> subs(y=y(x),reslf1]):res2:=dsolve(diff(y

N =

X

res2 =y(x)= 2

+ _CI
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[Monyynny ogHo ceMeiicTBO XapaKTepucTHK. BBoaum 3aMeHy IlepeMeHHbBIX
> res2:=subs(y(x)=y.res2);

res2 :=y=—;—+_C1
> 1tr:={xi=solve(res2._C1) eta=y}:
o x )
ir={g=y-2,n=y}

HpHBOlIHM 3aJlaHHO€ ypaBHeHHe K KaHOHHYECKOMY BHUAY

> tri=solve(itr, {x.y}):
PDEtools[dchangel(tr.eq.itr.[eta.xi].simplify)=0:

tr={y=m,x=-28+21}

o* a a
—u(n, &) —2(—u( s J—2(~u R J=0
O6paTiiM BHUMaHKe: eClii BHIOpaTh JAPYTy10 3aMeHYy IepeMEHHBIX

> itr:={xi=solve(res2, Cl).eta=x}:

. X
ftr={f=y-,m=x}

TO NpDHAEM K YpaBHEHHMIO BHAa

> tro=solve(itr. {x.y}):
PDEtoolsfdchangel(tr.eq.itr.[eta.xi].simplify)=0;

= {x=m,y=t+ )

2
4[%11(11, é))—2[%U(n,é))= 0

[IpuBesem nporpaMmy, aBTOMATH3MPYIOILYIO I1pecGPa3soBaHUs 0 NPHBEAEHHIO JIH-
HeHHBIX YPaBHEHWH BTOPOTO NOPSAKA C ABYMS HE3aBUCHMBIMH IIepEMEHHBIMH K KaHO-
HUveckol dopme. [IporpaMma IMpHBOAMUT K KaHOHHYECKOH QopMe ypaBHeHUe CJleyio-
1ero o6Iero BUAA;

o'u d*u d*u ou ou
@ —+ay———+a;—+a,—+a;— =0
Ox 0x0y oy Ox oy

DopManbHEIM TapaMeTPoM IIPOTPAMMEL CIIYXKUT UMEHHO 3TO YPaBHeHHe, TaK KaK IIpH
3aMeHe [epPeMEHHBIX NpeocOpa3oBBIBAETCS TOJBKO Ta YaCTh YpaBHEHUs, KOTOpast
COJAEepXKUT IpousBogHble. Eci ypaBHeHUe cOAepXKUT ellle U YleHbl C OTIMYHbIMH OT
HyJ1s1 K09 DHUIUMEHTaMH g U @;, TO 9TH WIEHBl TPOCTO HeoOX0AMMO A06aBUTD B Ipe-
obpa3zoBaHoe ypaBHeHHe (l1Oc/ie OKOHYaHUA paboThl NPOrpaMmbl), KOHEUHO, C yue-
TOM npeoOpa3oBaHUs HE3aBUCHMBIX [IEPEMEHHBIX.

[Iporpamma uMeeT zBa r106aIbHBIX IApaMeTpa: llapaMeTp, KOTOPBIit COpepKUT dop-
MyJIbl 3AMEHBI TEPEMEHHBIX, H [lapaMeTp, KOTOPbIH COAepKUT rpeobpa3oBaHHOE ypaB-
Hetre, ITH epeMeHHble MOXKHO HE3aBHCHMO KCIIOJIB30BaTh B nocjeRyiomeii pabore.
Hanpumep, MOXHO [epeHTH K ApPyroil KaHoHuMueckoil ¢opme runepbosryecKoro
ypaBHeHHsl, coaepXKallei CMelllaHHyI0 BTOPYIO IIPOM3BOAHYIO (IporpamMMa ripeobpaszo-
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BBIBAeT KBAAPaTHYHYIO (POPMY, COOTBETCTBYIOLIYIO MaTpHLle CTApUINX KoaddULUeH-

TOB, K CYMMe€ KBaJ[paToB).

Eme oaHa 0co6eHHOCTh MPOrpaMMbl — KJIaCCHGHUKALMAA THIIOB ypaBHeHHI BHIIIOHSA-
eTCA He IO ONpeAeATENI0 KBAAPaTHYHON! (GOPMBI, OH MOXKET 3aBHCETb OT IlepeMeH-
HBIX, a [10 XapaKTePUCTHKaM, KOTOPbIE TOXKe OfHO3HAYHO ONpPelesisAlOT THI yDaBHEHHS,

AJropuTM IporpaMMBl JocTaTouHO mpo3paued. [Ipy Heo6XoAMMOCTH ee MOKHO JIETKO

MOJAEPHU3IUPOBATD I10] T€ U HUHbIe HYXbI.

> canonical_form:=proc(equ)
> global change_of_variables.eq_can:

V V. V V V V V V V V V V V V V V V V V V VV VYV VYV VV VYV VYV VYV VYV

>

>

>

>

>

>

local

k.A.B.it J.eq_n.r.tr.i.itr.eq_type.mu eq,
characteristics:

eq:= lhs(equ):

A:= tinalglmatrix](2.2.[coeff(eq.diff(u(x.y).x.x)).
coeff(eq.diff(u(x.y).x.y))/2,
coeff(eq.diff(u(x.y).x.y))/2,
coeff(eq.diff(u(x.y).y.yHh
simplify({solve(A[1.1]*z*2-2*A[1,2]*z+A[2.2].2)})
simplify(%.power):simplify(%, power, symbolic):

Subs (y=y(x).%):

if type(%[1].°*") and has(%[1].y) and has(%[1].1) then
mu:= 1/select(has.%[1].y):
{seqCint(expand ((diff(y(x), x)+¥%[i1)*mu),x)=_C1,
i=1..nops(%%))}

else

{seq(dsolve(diff(y(x). x}=8[i].y(x}).i=1..nops(¥))}:
end if;

characteristics:=subs(y(x)=y.%):

print (" Xapaxtepuctuku: ) print(characteristics):
{seq(solve(characteristics[i],_Cl)
i=1..nops(characteristics))}.

if nops(%)=1 and not hastype(%.nonreal) then
itr:={xi=%{1],eta=x}: # nubo eta=y
eq_type:="napa6onuyeckud tun’;

elif not hastype(%.nonreal) then
itr:o={xi=(%[11+%[2])/2 eta=(%[2]-%[11)/2};
eq_type:="runepbonnyeckinit TMn";

else

itro= {xi=coeff(%[1].1).eta=%{1]-coeff(%[1].1)*I}:
eq_type:="annuntuyecknd Tun

end if;

itro=simplify(itr):indets(itr)
select(has.%.[x.y1):

k:= solve(itr.%):

it:= convert(itr.list):

if has(%[1].eta) then it:= [¥[2].%{11] end if:

J:= jacobian([rhs(it[1]).rhs(it{21)].{x.y1);

B:= map(simplify.evalm(J&*A&*transpose(J)))

eq_n:= B[1,11*Diff(u, xi, xi)+2*B[1.2]*Diff(u, xi.eta)+
B{2,2]*Diff(u.eta.eta)+
simplify(subs(u(x,y)=rhs(it{11).eq))*Diff(u,xi)+
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V V. V V V V V V V V V V V V V V V V V V V VYV V V VV V VYV V V V VV V VYV VYV

simplify(subs(u(x,y)Y=rhs(it[2]).eq))*Diff(u.eta);
eq_n:= expand(eq_n);

k union map(x->1/1hs(x)=1/rhs(x).k):
subs(%.eq_n):

if eq_type="napa6onuueckuit Tun" then
simplify(solve(%.0iff(u.eta.eta))):

r:= simplify(subs(k.numer(%))/subs(k,denom(%))):
if has(%.[x.y]) then

tri= solve(itr.{x,y}):

if has(%¥.RootOf) then tr:= allvalues(¥)[1] end if;

simplify(expand(subs(tr.r))):

end if;

eq_can:= Diff(u,eta eta)-%=0:

end if:

if eq_type="runepbonuueckuit Twn" then
simplify(solve(eq_n.Diff(u.eta.eta))):

ro= simplify(subs(k, numer(%))/subs(k.denom(%)})
if has(%,.[x.y]) then tr:= solve(itr.{x.y}):

if has(%.RootOf) then tr:= allvalues(%)[1] end if;

simplify(expand(subs(tr.r))):

end if:

eq_can:= Diff(u,eta eta)-Diff(u,xi, xi)-
simplify(%-Diff(u,xi.xi))=0;

end if;

if eq_type="annunTnyecknd tun" then
simplify(solve(%.Diff(u. xi, xi))):

r:= simplify(subs(k.numer(%))/subs(k.denom(%))):
1f has(%.[x.y]) then tr:= solve(itr.{x.y}):

if has(%.Root0f) then tr:= allvalues(¥)[1] end if:

map(simplify.subs(tr,r).trig, power.symbolic):;
end if;

eq_can:= Diff(u.eta,eta)+Diff(u.xi xi)-
simplify(%+Diff(u.eta.eta))=0;

end if;

change_of_variables:=itr:

print(eq type):print( 3aMeHa nepeMenHsix: ) :print(itr)

print( KaHoHuyeckan gopma: ).

eq_can:= value(subs(u=u(eta.xi).eq_can))
RETURN(eq_can):

end proc:

[Ipu BbIOOpE 3aMeHBI TepeMEHHDIX B Cjlydae ypaBHeHHs MapabovyecKoro TvIa oAHa
13 NepeMeHHbIX Ha3HaYaeTCA POU3BOJIbHO: N = x Ju6o 1) = y (Jnib 6b1 OHa Oblia He-
3aBucHMa oT £ u AnddepennrpyemMa HyxkHoe Yo pa3). OT aToro BiGopa HHOTAA 3a-
BHCHUT OKOHYATeJbHbIH BUA YPaBHEHHUS.

PaccMoTpuM nipuMeHeHuMe 3To# NporpaMMbl K PelIeHHIo 3ajay.

Mpumep 6. IIpuBecT Kk KaHOHMYECKOMY BHAY ypaBHeHHe

» 0%u o’u  d'u

ax? oxoy oy’ T
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Pewenve. [lns pelueHus 3afauy BOCIOJIb3yeMCs [IporpaMmoit canonical form.

> a:= x*2,-2*x,1.0.0;

equ:=a[11*diff(u(x.y). x.x)+a[21*diff(u(x.y).x,y)+
al31*diff(u(x,y).y.y)+al41*difflu(x,y) . x)+
al51*diff(u(x.y),y)=0;

canonical_form(equ);

a=x%-2x,1,0,0

62 62 62
equ :=x [6 s u(x, y)} -2x [ay Ew u(x,y)j + (? u(x,y)] =0
Xapaxmepucmuxu:
{y=-In(x)+ CI}

napaboruveckuii mun

Jamena nepemenbix:
{n=y,&=y+In(x)}
Kanonuuecxas gopma:

[;—2211(11,&))—( 5w, z;)]

Tort xe npuMep, HO Apyras 3aMeHa I1epPeMeHHBIX

> canonical_form(equ):
Xapaxmepucmuxu:

{y=-In(x)+_Cl}
napaboruneckut mun
3amena nepemennvix:
{n=x,§=y+In(x)}

Kauouuuecxaﬂ popma:

62 6{; u( Tl &; )
Sum, ) |-———5—=0
on n
Npumep 7. B kaxaoil obnacty, rae coxpaHseTcs THI ypaBHEHUS, IPUBECTH K KAHOHH-
YeCKOMY BUAY ypaBHeHHe

d*u d*u
y— —x—=0.
ox? dy*
Pewenwe. [l pelleHus 3aauy BOCIIO/b3yeMcs IIporpaMmoit canonical_form. 3anaem
ypaBHeHHe
>a:=y,0,-x,0,0;
a=y0-x00

> equ:= all1*diff(u(x.y) . x,x)+af21*diff(u(x.y) x.y)+
al31*diff(ulx.y) . y.y)+al4)*diff(u(x.y) . x)+
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albIdiff(ulx.y).y)=0;

0 &
equ =y (5; u(x,y)j -x (; u(x,y)] =0

PaccmarpuBaem ypasHenue B obnactnx <0,y <0:

> gssume(x<0,y<0):canonical_form(equ);

Xapaxmepucmuxu:
(3/2) (3/2) {3/2) {3/2)
2(zx~) L 2() 2 (—x~) 2(-y)
- 1=0,— - ] =
{ 3 3 + Cl=0, 3 3 + Cl=0)}
zunepboruneckuti mun
3amena nepemennbix:
o 2x~mx= 2y~ qoy~
{ &.' - 3 E] Tl - 3 }

Kanonuuecxkasn opma:

2 A
- - (a5 un et
(anzu(ﬂ a)] [éz u(n, z;)]—— : néa" ) =0

PaccmarpriBaeM ypasHeHue B obiactx >0,y >0:
> assume(x>0,y>0):canonical_form(equ);

Xapaxmepucmuxu:

{y~(3/2) N x~(3/z) - cl=0, y~(3/2) B x~(3/2) _cr=0

zunepbonunecKui mun

3amena nepemenHbix:
(32) (32)

{E; ¥~ , N =—Xx~ }

Kanonuuecxas gopma:

0
. . [aéum &) fn- [ yune))e
[;};z u(n.é)] [5—5 u(, E,)J - =0

PaccMmatpuBaem ypasHeHue B obsactux >0,y <0:

> assume(x>0, y<0):canonical_form(equ):
Xapaxmepucmuxu:
(312) (3/2)
2(-y~) 2 (312) 2 (-y~) (312)
(————-zIx~ =_CI, —————+ 1x~ = ClI
3 3 - 3 3 -1
ANAUNMUYECKUL mun

3amena nepemennoix:

5 3 2~ (——y~
{é: 3 yN=- 3 }
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Kanonuueckan gopma:

o’ &En

PaccmatpyBaeM ypaBHenue B obsactx <0,y > 0:

> assume(x<0,y>0):canonical_form(equ):

Xapaxmepucmuxu:
32 (312)
2 2 2
(221 = et o 1= ey

IAAUNMUYECKUL TUN

3amena nepemennbix:

2y~(m) 2 X~ of =X~
{n= ’{:‘:_———3——}

3
Kanonuuecxan gpopma:

En

L—%U(n,é)}f(; J [agu(né)] (;U(n’é))&;:o

MNpumep 8. TIpuBecTH K KAHOHNYECKOMY BHAY ypaBHEHHE

2 32u 2 62u

P dy’

[a_zu(n’é)J (66&,.2u(n é)J (a«g“(" &-')]’”(;u(n,é))g:o

Pewetwe. JIs1 pelllenns 3a1a4i BOCIIoJb3yeMesl IporpamMoii canonical_form. 3anaem

YpaBHEHHE

> a:= x*2.0,-y"2.0.0:

eq:=al11*diff(u(x.y). x.x)+a[21*di ff(u(x.y) . x.y)+a{3]*diffulx.y).y.y)+al4*diff(u(x.y).

x)}+al51*diff(u(x.y).y)=0:
canonical_form(eq):

= xZ’ 0, —yzy Oa 0

o o
L B A

Xapaxmepucmuxu.:

Cl
{y==—"-,y=_Clx}

zunep6ozzuuec1cuu mun

3amena nepementvly:

Cy(1+xh)  y(-1+x%)
{&= 2x T T 2x J
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Kanonuuecxas gopma:

on n+¢§

Wnoraa 6viBaeT yaobuee apyras ¢popMa KAaHOHHYECKOTO YPaBHEHHUA

[a—zzu(n,é)} (:&u(n E*)J (%U(n,é))+(%u(n,é))=o

> eq_can:

0 0
- - (rn)+ (0]
L@U(’],é)} Laézu(n é)} _T|+§ =0
> tr:={xi=t+tau,eta=t-tau}:

> itr:={t=(xi+eta)/2.tau=(xi-eta)/2}:

r={{=t+1,M=t-1}

"{t—n+%-1: 12]—+%}

> PDEtools[dchangel(tr.1hs(eq_can),itr,[t,tau],simplify)=0;

2
(6‘?6 u(t, T))T—(;u(t,‘t)j
=0
2 T

Tlocnennee ypaBHenMe jerko MHTerpupyercsa (xax B npumepe 1). Brpouewm, obugue
pellleHHs STHX KaHOHMYECKHMX YpaBHEHHI MOXXHO HallTH U ¢ oMolubio Maple

> pdsolve(%);
u(t, 1) = _Fl(t)+ _F2(1) 4t

> pdsolve(eqg_can);

w(n, &)= _Fl(-=n+&)+ _F2(m+&)ym+§

Npumep 9. Haiiti obiuee pelenue ypaBHEHUS ¢ NOCTOSHHBIMU KO3 OHUIMEHTaAMH
6_211_2 ou d*u
ox? oxdy oy’
PeweHve. [ pellleHus 3aaud BOCIOJb3yeMCsl CTAHAAPTHBIMU cpeAcTBaMK Maple.
3ananuM ypasHeHHe
= diffulx.y).x.x)-2%diff(u(x,y).x.y)-3*diff(u(x.y).y.y)=0:

62 62 62
eq = LQ u(x,y)] -2 [ay EW u(x,y)j -3 L@ u(x’Y)J=

BocnonnayeMcs cTaHAapTHol mporpammoit Maple — mapde(eq,canom). 9Ta nporpam-
Ma TIpeo6pa3oBbIBAET MCXOAHOE yPaBHeHHE B BO3MOXHO Oojiee IPOCTOe, KOTOpoe
MOXxHO pemuTh. DakTHUECKH, 3TO ellle OAMH CIocod NpHBeaeHNs! 3alaHHOIO ypaBHe-
HHA K KaHOHMYECKOMY BHAY. Pa3paboTumku cHCTeMbl, IpaBAa, NIPeAYIPEKAAI0T, YTO
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KomaHna Bcerga OyneT ycrnemHo BBINOJIHEHA, KOTAAa KO3(M@HUUHEHTbl ypaBHEHHs IMO-
crosiiHbl. C nepeMeHHBIMH KO3 dHIMEHTAMH KOMaHAa YCIIELIHO BbIIIOJIHAETCA TOJb-

Ko vHoraa. J{nst Toro yTo6Bl BOCIIO/Ib30BAThLCA STONH KOMaHA0M, HAMO NOAKIIOUHUTD I1a-
keT PDEtools

> with(PDEtools):
> mapde(eq.canom) ;
2

G,
m[mu(_él,_&)j&where { El=3x+y, E2 =%_%}
> op(%):
ﬁ(__az__u( 3 &2)] { &l =3x+y gz____}
829l - :

Haitnem Tereps obiiee pelreHye NOJTyYEHHOrO ypaBHEHHsI THITepOOTHIECKOTO THIIA C
noMowIbl0 KoMauasl pdsolve

> pdsolve(%(11);
u(_ &1, &2)=_F2( &l)+ _F1(_&2)
Bephemcst k cTapbIM IepeMeHHbIM
> s01:=u(x,y)=subs(%%[2].rhs(%)):

sol = u(x,y) = _F2(3x +y) + _Fl(%_ %]

IIpoBepuM HaiineHHOE pellueHHe

> simplify(subs(sol.eq)):

o Al ()

2
—3[; ( F2(3x+y)+ _ Fl x_

> simplify(1hs(%));
0

Npumep 10. Haiitu obiee peurenue ypaBHeHUs C IOCTOSTHHBIMM KO3(QOHUMEHTAMH

2 2
ou _ _a“__z_a_”+3a_” ou _o
ox® oy oy: ox Oy

PelweHue. 3alaluM ypaBHeHHe

> eq:=
I*difF(u(x.y). x. x)-5*diff(u(x.y) x,y)-2*di ff(u(x.y) YL y)#3*diFF(u(x,y) x)+diff(ulx.y).y
)=2:

2 2 62 a a
s (o) () (o) 3 (o) ()

[TpeoGpasyeM K KaHOHHYECKOI dopMe
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> mapde(eq.canom);

1 ) d
(—9_8(3‘[5_21)‘[5(5_—“;2—11(-&1’*&2))+é(3m+21)(a_E,l u(_E_,l,_E_,Z))-—Z

62
+«/—E(m u(-ﬁl,_@))) &where { &l =2x+y, E2= %_373’}

> op(%):
1 d 1 d
ﬁ(sJE—21)1[5(5_—§Z—u(_g1,_§2))+3(31[5+21)(5—?11(_51,_52))—2

& x 3y
+«[‘E(mu(_€1,_€2)} {(&l=2x+y E2=5-—7}

Pemyum ypaBHeHue
> pdsolve(%[11):
u(_&l, §2)= _FI(_ &)+e

> s0l:=u(x,y)=subs(%%[2].rhs(%));

CE) ey + 2.8 —7&']

x 3y
S Ae s ax 2
soI:=u(x,y)=_Fl(%——3%)+e( ! 7)_F2(2x+y)+—;—+-7y—

[IpoBepuM nonyyeHHoOe pellleHHe

> simplify(subs(sol.eq)):

2 _x. 3
4 2
3[9—[_F1(£—2]+e( T )_F2(2x+y)+—;—+7y]]

Ox 7 7

x 3y
& x 3y ('7*7') 4x 2y
—5[ x[—Fl(7_ )+e _F2(2x+y)+T+T

> simplify(1hs(%)):

Npumep 11. Haiitu obiee peltenye ypaBHEHHWS ¢ NOCTOAHHBIMK KO3 GUUMEHTaMH

Ou_ g0 3% 6y =2e".
dxdy Ox Jdy
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Peiuenve. 3afafiiM ypaBHeHMe

> eq:=diff(u(x,y).x,y)-2*diff(u(x,y).x)-3*diff(u(x.y).y)+6%u(x.y)=2*exp(x+y):

o* 0 0
eq = [% u(x,y)) -2 (-& u(x,y)] -3 (6_y u(x,y)] +6u(x,y)=2e¢

> mapde(eq.canom);

7 2(2 3(2 6 2¢"7" | &wh
[[axayu(x,y)J— (-a;u(x,y))— (ayu(x,y)]+ u(x,y)—2e ] where

the received pde is already in canom form

{(x+y)

Cucrema Maple coobuiaeT Ham, YTO ypaBHeHMe yXe MUMeeT KaHoHM4Yeckuit Bui. Pe-
IIKM 3TO YpaBHeHHe

> sol:=pdsolve(eq):

2y) x)

(x+y)

Fi(x)+e”

BoimoHiM TPOBEPKY HalileHHOro penieHus

sol =u(x,y)=¢ F2(y)+e

> simplify(subs(sol.eq));

Oy Ox ox
6 {2y) (3«
-3 (e Fl(x)+e
(™ P10

2 3 x+y
(a_ ?” Fi)+e R0+ e‘””)) -2 (3 (" Finy+e” PGy+e” ’)j

) x)

F2(y) + e‘”'“’)) +6e¢? Fl(x)+6e” R0y +6e” =

(x+y)

2e
> simplify(lhs(%)):

(x+y)

2e



3 Metoa Pypse

B 3T0il rJ1aBe MBI IPUCTYNAEM K M3y4YeHHIO OZHOTO U3 OCHOBHBIX @HAJIMTHYECKHUX Me-
TOOB PelIeHNs KPAaeBbIX 3alay MaTeMaTH4eCKoil GU3MKiH — MeToAa ®ypve. Memod
Dypve, Wi Memood pasdeseniis NepeMenIiblx, IBJISIETCA OXHNM U3 HaunboJiee pacrpo-
CTpaHeHHBIX METOJOB DellleHHs yPaBHEHMH C YaCTHBIMM IPOU3BOAHBIMH. [Ipumene-
nue metosa Oypbe GyneT UMETD YCIIeX, e/ ypaBHeHHe 3a/ia4y sIBJseTCS IMHeHHbIM
1 OTHOCHTCS K KJaccy auddepeHunaTbHbIX ypaBHEHH ¢ pasAesIaoIuMUCA TIepeEMEeH-
HBIMH.

[Tomumo metona Pypbe cienyeT OoTMETUTb W APYrde AHATUTHYECKME METO/bL, 6a-
3MPYIOIIMEcs Ha MHTerPajJbHBIX peobpasoBaHusX. JTO — METOAbI npeobpazoBaHus
@Dypoe, Jlamnaca 1 Apyrue MeToAbl MHTErPATbHBIX npeoOpasoBaunil B GeCKOHEYHbIX
npezesax, meron Ipunbepra MHTErpaIbHBIX NPeobpasoBaHNil B KOHEUHBIX MPEAENax,
meTon dynkuuit [puna. HexoTopsle n3 3TUX MeTOAOB MbI TAKXE U3y4KM B nanbHel-
IEM.

Bce mepeurciieHHble METOABI OTHOCATCS K aHAJIMTHYECKNUM METOJIaM pellleHus 3a/a4
MaTemaTHueckoil husnki. OHHU TO3BOJISIOT TIOIYYUTh TOUHOE pellieHre 3aAa4n B (pop-
MyJIbHOM Bizie. [1paB/ia, He BCeraa Takoe ToWHOe pelierye 6biBaeT ynoOHO AJ1st ncce-
nosanus. Clie/lyeT TakKe MMeThb B BULY, 4TO He BCEIZa TOYHOE peliieHue MOXeT ObiTh
TOJIY4EHO, i TI0ITOMY Ha IPAKTHKe YacTo ObIBaeT HEOOXOAMMO HCIIOIB30BATH npubu-
JKeHHble METOABI pelleHis KpaeBbiX 3a/1a4 MaTeMaTnueckoit Guanku. B aTix ciyyasx
MOCYT GBITH UCTIONb30BAHBI ACHMIITOTHYECKUE HJIM YKMCTIEHHBIE METOADL.

YpaBHeHUs C pasfensiowuMncs nepeMmeHHbIMU

Kak Mbl oTMeTHH paHee, MeToZ (Dypbe OCHOBaH Ha pa3fieleHMH EPEMEHHDBIX 1 TIpU-
MEHSIETCS! ZUIs1 PellleHust JIMHeiiHbIX A pepeHIIalbHbIX yPaBHeHNi B YaCTHbIX NPO-
U3BOXHBIX. VIMEHHO NOC/Ie/iHIE YPaBHEHUS 3aHUMAIOT 0c0b0e MecTo B 00mieit Teopui
mdepeHINaTBHBIX yPaBHEHNH C YaCTHBIMH NPOU3BOAHBIMM. JTO 06BACHSIETCS TeM,
4YTO, C ONHOH CTOPOHBI, OHH COCTABISIT HanbO/Iee Pa3paboTaHHYIO YacTh ITOH Teo-
pHM, @ C APYroii CTOPOHbI, ONKMCHIBAs peasbHble (pU3nuecKye MPOLECCHl, JIMHeWHbie
nuddepeHaIbHble yPaBHEHNA B 4aCTHBIX MPOM3BOAHBIX HAXOAAT MHOTOYHUC/IEHHbIE
npuMeHeHns B Gusike U TexHuke. PeuieHns aTux ypaBHeHHi 00J1aal0T PAAOM 3aMe-
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YaTeNIbHBIX CBOMCTB, HAITOMHHAIOIMX COOTBETCTBYIOUIHE CBOUCTBA peleHMI OOBIKHO-
BeHHBIX AupdepeHI{HanbHbIX YPaBHEHUH.

HanomHuM, uto auddepeHniaJbHOe YpaBHeHe Ha3biBAETCS AUHEUHbIM, €CIU Heu3-
BecTHasA QYHKIMS U BCe ee IPOM3BOAHbBIE BXOAAT B 3TO ypaBHeHNe B [I€PBO CTeNeHn
U eCJIM OHO He COIEepXUT YJEeHOB C IPOM3BeAeHUsAMH 3THX BeandrH. Tak, Hanpumep,
midbdepeHnanbHOe YPaBHEHHE B YACTHBIX IIPOM3BOAHEIX BTOPOTO MOPSAKA, JMHeHHOe
1 00HOpOOHOE OTHOCUTENIBHO HEM3BECTHOM GYHKIMH H ee MPOU3BOAHBIX, UMEET BUA

L(u) = ZZaV (x) +Zb (x)—+c(x)u = 3.1)
i=1 j=1 j i=1
rae L — nuneitnslil auddepeHunanbHblid oneparop, ¥ =u(x,, X,,..., X,) — HCKOMas
dbynxims, KoadpuiIeHTbI 3TOr0 ypaBHEHUs — 33aHHble QYHKIU OT X = (X, X, ..., X, ).
Ecnu mpaBas yactb ypaBHeHUs! OTJIMYHA OT HYJIA, TO eCThb
L(u) = F(x),

rae F (x) — usBecTHas GYHKUMA OT X = (X,X,,...,X, ), TO JUHeHiHOE ypaBHEHHE HAa3bl-
BAETCS1 HEOOHOPOOHBIM.

B ocHoBe BakHEHIINX METOZOB MHTETPHPOBAHMS JHHEHHBIX YPaBHEHHUH B YaCTHBIX
NpPOM3BOAHBIX JIEXKUT 00u1as AN BCeX TaKuX ypaBHeHuid uzes. OHa 3akiouyaercs B
CBOMCTBE penleHHH, KOTOPOe HA3BIBAETCS NMPUHUUNOM CYnepnosutuu (Haroxcenus).
DTOT NPUHLMII MOXKHO BBICKA3aTh B BUJE CAEAYIOLIEil TeOPEMBL

Ipuuuun cynepnosuuuu. Eciu kaxcoas us gynxuyuii
U (x),uy(x),...,u,(x)
ABILAEMCA peulenuem 00H0PoOH020 uHeliH0z20 Juppeperyuarvnozo ypasuenua L(u) =0,
mo u ux auHelinas Kombunauus
u(x)=Ciu, (x)+ Cpu,(x)+...+ Cou, (x),

20e C,, C,,...,C, — npousgoivhbie NOCMOAHHbIE, MAKKHCE AEAACMCS PeUleHuem dMozo

YpasHeHus.

n

JleliCTBUTENBHO, LOCTATOYHO IPOBEPUTH, YTO L(u) =0, ecnn
L(u,)=0,L(uy,)=0,...,L(u,)=0.
Ucnonb3ys npasuna puddepeHLnpoBaHus, Jerko Mojay4aeM HermoyKy PaBeHCTB
Lw)=C/ L(u)+C,L(uy)+...+C,L(u,)=0,
4T0 1 TPeBOBATIOCH HOKA3aTh.
[IpUHLMTI CyNepro3KuLMK AOIYCKAET CleAyolee BaxxHoe 060bieHre Ha cayyait bec-
KOHEYHBIX PALOB.
06061 eHHbIi npUHIAN cynepuosuunu, Eciu xaxcoas us gynxyuil
U (X u (xX) .. u, (x) ...

A6NAEMCA pewenuem 00HOPOOH020 TURELH020 OUDBepeHuarbHoZ0 YPABHEHUA .. ., TO
psd



94 3. MeTton Pypre

u(x) =3 Cu,(x)

maxice AGNAEMCS peuleHieM 3MOoz0 YPABHEHUS, eClU OH CXOOUMCA K HEKOMOpol (yHK-
yuu u(x) u donyckaem nourennoe ougpdepenyuposanue.

B camoM zeine, eclu Bce NpOM3BOAHbIE GYHKUMK ¥, QUTyPUDYIOUIME B ypaBHEHUH
L(u) =0, BHIYHCAIOTCA NOYIEHHBIM AnddepeHupoBaHueM pAAa, TO B CHILY JIMHeil-
HOCTH ypaBHeHUs

Lu) = L(iCHun) =3¢, L(u,)=0,

n=1 n=i

TaK KaK CXOAAIMecsa PAAbl MOXKHO CKJIaJBIBaTh NMOYNEHHO. TeM caMbiM IOKa3aHO, YTO
GbYHKIMA ¥ YAOBIETBOPSIET ypaBHeHHI0. B KayecTBe ZOCTAaTOYHOTO YCJIOBUSA AN BO3-
MOHOCTH TIOUJIeHHOTO AuddepeHrpoBanns psia Mbl MOCTOSHHO OyAeM IOJb30-
BaTbCsA YCJIOBHEM PaBHOMEPHOH CXOZAMMOCTH PAAA

i Cn L(un)’

n=1
nosy4aemoro nocJye aupdepeHUNPOBaHUS.

Kax M3BeCTHO, IPUHLKI CYNePIO3MUMH, aHATOTUYHBIA CHOPMYIHPOBAHHOMY paHee
NpUHLMNY IS ypaBHeHus (3.1), HMeeT MeCTO U U1 0GbIKHOBEHHDIX JIMHEHHBIX -
dbepeHIMAIbHBIX YpaBHeHHil. V13 Teopuu 3THX ypaBHEHMH M3BeCTHO TaKXe, YTO JIK-
HeliHOe ypaBHEeHMUe 7-TO MIOPALKA MMeeT He Gosee 7 TMHEHHO HE3aBUCHMBIX PelleHHiA.
T109TOMY B 3TOM C/Iy4ae MMEeT CMBIC] FOBOPUTD JIMIUD O JIMHeiHOM KOMOMHALWMM ITHX
pelenuii B yucae He 6oJee 7.

B ciyuae %e JMHEHHOrO ypaBHEHUA B YaCTHBIX TPOMU3BOAHBIX MOXKHO BbibpaTh Gecko-
HEYHOE MHOKECTBO JHHEHO He3aBHCHMbIX YACTHBIX pellleHuit. DTo 06CTOATeBCTBO
COBMECTHO ¢ 0606 1IIeHHBIM TPUHIIMITOM CYNePIIO3ULMM UTPaeT YPe3BBIYAIHO BAXHYIO
posib B 0BpasOBAaHKU pelieHKMs YPaBHEHMsS B YaCTHBIX NMpOM3BOAHbBIX. iMenHno 601b-
10i HaBOP YACTHBIX pelleH il TAKOTO YPABHEHMUSI IACT BO3MOXHOCTb BBUIENUTD K3 06-
LETO pellleHus TO, KOTOPOe AOJKHO yAOBJIETBOPATH, BOOGIIE rOBOPSI, TPOU3BONBHBIM
JONOJTHUTEIbHBIM yCIOBHAM.

O6obuieHre TPUHLMIA CyNepIIO3UUNK UAET ellie Aaibuie. MOXeT 0KasaTbCs, YTO pe-
lIeHVe YPaBHEHUsS B YaCTHBIX NPOU3BOAHBIX L(u) = 0 umeeT BUK u(X, &), TO €CTb 3aBU-
CUT OT HEKOTOPOTO NapaMeTpa, U3MEHSIOLIErocsi B KOHeYHOM Ui GecKOHeIHOM Npo-
MexXyTKe (& b). DTa 3aBUCHMOCTD IOHMMAeTCA Tak, YTO [IPX BCeX 3HAUEHUAX § € (ab)
byHkuns u(x, &) ABNAETCA pelleHreM ypaBHeHus, TO ecTb L(u(x,&)) = 0. Y3 npeapiny-
ero CJefyeT, uTo, B CBO ouepelb, GyHkuus v(g)u (x, &), rae v (&) — NpOM3BOIbHAS
bynkuus, 6yser Takxe penleHneM ypasHeHHs L(w) = 0. Kak u panee, HHTepeC Nnpei-
CcTaBJIsIeT HeCKOHeuHas CyMMa BbilMCaHHBIX peurenuil. Ho Tak kak v(&) 3aBUCUT OT
HempepbIBHO MEHSIOUIErocst mapaMeTpa &, To aTo CYMMHUPOBaHHKE JOJDKHO OCYIIeCTB-
JIATBCA TIPH TTOMOIIM MHTerpaia. TakuMm o6pa3oM, Mbl IIPUXOAMM K PACCMOTPEHHMIO
WHTerpasa

! BeckoHeutioe MHOXeCTBO yHKUMIl HA3bIBAETCS TUHEHHO HE3aBUCHMBIM, CCITH noboe Koney-
HOe MHOXKECTBO 9TUX QYHKIHUIT THHEeHO HE3aBUCHMO.
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b
foeyu(x,5)ds.

HerpyznHo y6emuThes, 4TO 3TOT MHTETPaJ ABJISIETCA PellleHreM ypaBHEHNS B YaCTHBIX
npou3BoAHbIX L(u) =0, KOHE4YHO, IpK YCIOBUSIX €r0 CYIIeCTBOBAHKUS M 3aKOHHOCTH
BBITIOJIHEHUs onepaiyy b depeHIMpoBaHus 110 X Ol 3HAKOM HHTerpasa.

PaccmotpuM oxHoponHoe nuHeiHoe ypaBHeHue (3.1): L(u) =0. Mbl ckaxkeM, 4TO 3TO
YPaBHeHIe OTHOCHTCS K KJIacCy yPaBHEHMU C PasAe/IoNUMUCS rlepeMEeHHBIMHU, eC/TH
OHO JZOMycKaeT GeCKOHEYHOe MHOXECTBO PelleHui B Blfe

u=[T1X,x), (32)
=]
npuyem Bce pemteHus X, (x;) HONy4aoTcs U3 OOBIKHOBeHHBIX AuddepeHIanbHbIX
ypaBHeHu#l nmozcraHoBkoi (3.2) B (3.1).

[na toro 4tobul nepeMentbie B ypasHeHun (3.1) pasaensanch, HeoOXORUMO, YTOObI
onepaTop L uMes onpeseNeHHyI0 CTPYKTYpY. B yacTHOCTH, mepeMeHHbBle Pa3fendioT-
Csl, €C/I ypaBHEHNE HMeeT BHJ

Lw)=L )+ L,(uw)+...+ L, (u)=0,

rie L, — 3aBHCHUT TOMBKO OT X, L, — 3aBMCHUT TOJBKO OT X,, L
ot x,. Hampumep, ecin n =2, To 6yaem nMeTs

— 3aBUCHUT TOJbKO

n

Lw)=L (u)+L,(u)=0. (3.3)
[lepemeHHbIe pa3aelsIOTCs, ey onepaTtop L 1MeeT Takol BUA (B cirydae 7 = 3)
L) =L (u)+ Ly(u)+g(x,) L3 (u) =0. (3.4)

PaccMoTpuM nogpobHee METOAMKY pa3iesieHus IepeMeHHbIX Ha KOHKPETHBIX NTplMe-
pax. Ecnu nano ypasHenue (3.1) ¢ pasaensommMncsa NepeMeHHbIMU, TO BCe PellleHNs
X, (x;) B dopmyne (3.2) Mbl mONYyrM U3 0OBIKHOBEHHBIX A depeHUHaIbHbIX ypaB-
Henuit myrem noacranosku (3.2) B (3.1). Ilycrp, HamprMep, ypaBHeHue NMeET BUI
(3.3). Toraa sTo ypaBHeHUE HOIKHO UMETh PellleHUs BUAa u(x,x,)=X,(x,) X, (x 5)-
[ToacTasuM aTO NpeACTaBJIeHIEe pelieHns B ypasHeHue (3.3), momyynm

LX), L(Xy)

X, LX)+ X L, (X,)=0= X, X,

(3.5)

B nocnexgHeMm ypaBHEHHH OZHO CJIaraeMoe 3aBUCHT TOJBKO OT X, a APYToe — TOJIbKO
oT x,. PaBeHcTBO (3.5) BO3MOXHO JIMLIb B CyYae, KOTAA

LX), LX)
X, X,

rae A = const. TakuMm o6pa3oM, nmeeM oGbikHOBeHHbIe A depeHaIbHble ypaBHe-
HUS

=X,

L(X)+2X, =0, L,(X,)-2X, =0, (3.6)
¥ pasfie/ieHre TiepeMeHHbIX OCYLIECTBIIEHO (YMCJIO A Ha3bIBAETCS napamempom pasoe-

nenus). Unrerpansl ypaBHenuit (3.6) 3aBHCAT OT mapaMeTpa A M NOCTOAHHBIX WHTET-
PHPOBAHKS, TO €CTh MOJNy4yaeM GECKOHEYHYIO COBOKYIIHOCTb YaCTHBIX PelIeHHH.
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Paccmorpum ypasnenue (3.4). IlokaxeMm, 4To 3To ypaBHEHME AONYyCKaeT penieHHe
BBUAE U (X, ,X,,x5) =X, (%)X, (x;)X5(x;). [Tocne noacTaHOBKYU 3TOrO NpeACTaBIe-
Hus B (3.4) nonyyum

X, X, L( X))+ X, X L (X,)+8(x,)X X, L3 (X4) =0,

NN

LX), LX) g@)LXs) B CY)
X, X, X, | |

PasencTso (3.7) BO3MOXKHO JIMIUB B Clydae

L(X,) Y L,(X,) + 8(x,)L;(X5) -
X, X, X,
Takum o6pa3om, nonyyaeM oaHO oObikHOBeHHOe A depeHIMaTbHOe yPaBHEHUE
L(X,))+rX, =0.
Umeem nanee
LX) h LX) _, 38)

g&(x)X, &(x3) X,
PasencTtso (3.8) BO3MOXHO JMIUB B CIy4ae, KOTAa
LX) LX) h
X, g8(xy)X, g(x,)

OTKyza 1oJIyyaeM eule ABa OObBIKHOBEHHbIX AbdepeHUNanbHbIX yPaBHEHHUS

Ly(Xy)+uX, =0, L,(X,)-[ug(x;)+A]X, =0.

Wnorza, yTobsl H0OKUTHCA pa3iesieHus nepeMeHHbIX B HEKOTOPOM 3aJlaHHOM ypaBHe-
HMM, MOKHO TIpUHSTD ¥ = f(X,,X,,...,x,)w. [Toce MOACTAHOBKH TAKOrO BhIPAXKEHM
B ypasHeHue L(u) =0 ¢ He pa3ensaoUMHICS TePeMEHHBIMI MOXHO ITOJMYYUTh HOBOE
ypaBHeHue Bula M(w) =0, y KOTOpOro nepeMeHHbIE Pas3feNsioTCs.

B 3azauax mMaremarnyeckol GU3HMKH YacTO IPUXOAUTCA CTAIKUBATHCA C ONEPaTOPOM
Jlannaca. [Tomumo ypasHenus Jlanmaca, kax Mbl 3HaeM, oneparop Jlammaca BXOAUT
B ypaBHEHKE TEILIONPOBOAHOCTH, B BOJTHOBOE ypaBHeHHe ¥ B pan apyrux. [foatomy
B CJIyyae, eCJIM B HEKOTOPOil CMCTeMe KPUBOIMHEHHBIX KOODAUHAT lIePEMEHHbIe MOTYT
OBITH pasjesieHbl B ypaBHeHuu Jlansaca, eCTb OCHOBaHUSA HAEsIThCA Ha TO, YTO ¥ MHO-
rue GoJtee obiMe KpaeBhie 3aauk (B KOTOpble BXOAMT oneparop Jlanaca) MOryT 6bITh
pemensl MetogoM Pypoe. Camoit mpocToit 1 HauGoIee pacpOCTPaHEHHON CUCTEMOH
KOOPAMHAT, B KOTOPOW MepemeHHble B oneparope Jlaniaca paspesidioTcs, sIBASETCS
ZeKapToBa NMPsAMOYTroMbHAs CUCTEMA KOOpAMHAT. B unmmnapuyeckoii n cheputeckoii
cHCTeMaX KOODAMHAT IlepeMeHHble B ypaBHeHHH Jlallaca TakXe pasjenaiTcsa (Yura-
TeJI0 MBI PEKOMEHJyeM yOeAUThCS B 3ToM camocToATenbHo). CymiecTsyeT OfMHHa-
IALATH KOOPAWHATHBIX CUCTEM, B KOTOPBIX BO3MOKHO pa3jie/ieHue NIepeMEHHBIX B Orie-
patope Jlammaca. Vcmosp3oBaHKMe CNelMaJbHBIX KOOPAMHATHBIX CHCTEM MOXeT
OKa3aTbCa YAOOHBIM B TOM CJIy4yae, eC/IM IPaHMYHBIE YCJIOBHA 3a/laHbi HA TIOBEPXHO-
CTAX, ABIAKIIMXCHA KOOPAWHATHBIMYU TIOBEPXHOCTSIMHA B COOTBETCTBYIOLIEH CHCTeMe
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OpPTOrOHa/IbHBIX KoOpauHAT. Tak, Hampumep, ecii TPaHUYHbie YC/TOBUsA 3a/aHbl Ha
cepe, ya06HO KCIIOIB30BATh ChepruecKre KOOPANHATSI, eC/IH TPaHULIAMH ABJITIOTCS
UWIKHAPHYECKKE U IITIOCKHE 001aCTH, CIeNlyeT NePEHTH K LMTHHAPUYECKMM KOOPAH-
HATaM, a ecJIM TpaHuIell AB/sieTcs chepor, MOJIE3HO HCIO0JIB30BATh CHepOHAATIBHYIO
CHCTEMY KOODIMHAT.

3apaya 00 oxnaxaeHuu NacTUHDI

[Ipexne yem HayaTh CUCTEMATHYECKOE H3JIOKEHHe TEOPHH MeToZa ®ypse 1 obuiero
aNropuTMa NPYMEHEHUs STOTO MeTOoAa K PELIeHHI0 KPaeBbIX 3anad MaTeMaTu4ecKoi
bU3MKH, PaCCMOTPUM IPUMEP, WILTIOCTPUPYIOIHA OCHOBHBIE MAEH, MONOKEHHbIE B
€ro OCHOBY. ‘

Jlana miacTHHa TOMIMHOIM @ U 6ecKOHEeYHOH NPOTSKEHHOCTH B IBYX APYTHX Halpas-
nerusx (puc. 3.1). IlycTh 3aaHO HEKOTOpOE HayalbHOE PAacIpeieIeHHe TEMIIEpaTy-
PHI, 3aBUCSIIlee TONBKO OT KoOpAuHaThl x. TpebyeTcs onpenenuth najbHelilee pac-
TpeJe/ieHre TeMIEPaTypbl B IIACTHHE IPH YCJIOBKH, YTO CTEHKH MOAAEPKHUBAIOTCA
IpH HYJIEBOH TeMIepaType.

Puc. 3.1. beckoHeyHan naacTuHa

MaremMaTHyecKkasl NOCTaHOBKa 3aJiavM. Hpouecc, O4YeBUAHO, OMMCBIBAETCA CJleAylo-

M ypaBHeHHeM TEeNJIONTPOBOAHOCTH
aT-2T g
k ot

KoTOpoe paccmarpuBaercs B 06macti 0 <x <a, t >0.

O603Ha4YnM JMIIb 4718 TPOCTOTHI 3aIMCH T = kt/(cp) (HAIOMHUM, YTO 3A€Ch p — ILIOT-
HOCTb, C — YIA€NbHas TENJI0eMKOCTb, B — KoabduimeHT TenJoNpoBOAHOCTH). Toraa
ypaBHeHHe TEI/IONPOBOAHOCTH NepellHlIeTCs B BUAE

i€—~?—z=0, 0O<x<a, 1>0. (3.9)
ox ot
CchopMynupyeM rpaHMYHbIE U HAYaIbHble YCO0BUs. [paHIuHbie yCIOBASL:
T|,.,=0 T, =0 (3.10)
HauanpHoe yciosue:
T| o = @ (). (3.11)

B Hamem ciayyae ypaHenue (3.9) sBsercsa ypaBHeHNMeM C pasieNaiounMucs nepe-
MEHHbIMH, TaK KaK OI€PaToOp 3TOr0 YPaBHEHH:A HMEET BUA
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8°T aT o'T oT
(Ty=—-">=L.(D)+L(T), L (TN=—+, L(T)=-—.
()ax2 = + (1) r()_()ax2 (T) P
bynem cTpouTs uacTHOe penienue ypaBuenus (3.9) B Buze
T =X(x)Y(x). (3.12)
[TonctaBum (3.12) B (3.9), noayunum

YX"-XY'=0=> "—=—=-

3mech WITPUX 03Ha4aeT aupdepeHIPOBaHUE IO COOTBETCTRYIOIEH KoopauHare. Ta-
KMM 06pa3oM, MONY4YHIK ABa OOBIKHOBEHHbIX AH(depeHIHaTbHBIX YPaBHEeH )
X"+2X =0, Y'+AY =0. (3.13)
B cuiy rpanuunbix yenosuit (3.10) 6yzeM umeTs Takxke
X(0)=0, X(a)=0.
PaccMoTpuM crenyiomyio Kpaesyo 3anauy:

X" +2X =0, X(0)=0, X(a)=0. (3.14)

OcobeHHOCTBIO 3TOI 3a/la4¥ ABJIAETCA TO, YTO A depeHManbHOe ypaBHEHHE U TPa-
HWYHBIE yc/IOBUA — opHopozxHble. IloaToMy Takas 3amaua Bceraa uMeeT HyJieBOe
peutennie X(x)=0. DTo peuieHye HA3bIBAETCA MPuGUARbHLIM pelieneM. OYeBUAHO,
Hac 6yAyT MHTepecOoBaTh HETPHBHA/IbHBIE PENIEHHUS, He paBHbIE TOXAECTBEHHO HYJIIO
X(x) # 0. Take HeTpUBHAIbHBIE PELEHUS HA3BIBAIOTCA COOCMEEHHBIMU (DYHKUUAMU
paccMaTpuBaeMoil kpaeBoil 3amauu (3.14). HeTpuBuanbHble pelleHUs CYUIeCTBYIOT
TIpY onpelle/leHHbIX 3HaYeHUsIX NapaMeTpa A. 3HaueHUs A, IPU KOTOPBIX CYUIECTBYIOT
HeTPHBHAIbHbIE DELIeHNs! 3aa4l, Ha3bIBAIOTCS COOCMBENHBIMU INAUEHUAMU ITOH 3a-
Jadn.

Haiizem co6cTBeHHBle 3HaYeHUs ¥ cobcTBenHble QyHKunH 3axaun (3.14). Obuee pe-
nierue ypasuenus (3.14), oueBUAHO, UMEET BUA

X(x)=A cos(ﬁx) + Bsin(vAx), A, B = const.
W13 rpaHMyYHBIX YCIOBUA Hax0AUM
X(©0)=0= A =0,X(a) =0= Bsin(vAa) =0.

Hac uHTepecyeT HeTPUBHUAJIBHOE PelleHle, T0aToMy cunTaeM, uto B # 0. Torza Gyaem
HMeThb

sin(+/Aa) =0.
Otkyzna HaxOAMM cobGCTBeHHBbIE 3HAYeHUs 3agadn (3.14)
2
A, =[-"—’5] , n=1,2,... (neN),
a

rae N — MHOXeCTBO HaTypanbHbix ynces. Cobcreennbivu byHkumamu 3agaun (3.14)
6yayT caepyomye GpyHKUMH, KOTOPblE ONPEREISIOTCS C TOYHOCTBIO KO MOCTOSAHHOTO
MHOXXHTEJS:
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X, (x)=B, sin(m), n=12,...
a

OTzAeNbHO cIeAyeT paccMOTpeTb ciay4ait A =0. B aTom ciyuae obiiee penleHue ypas-
nenus (3.14) aaercsa dopmyoit

X(x)=A+ Bx.

U3 rpaHMyYHBIX ycaoBHit Terepb Gynem umeTs A =0, B =0. Takum obpasom, npu A =0
NOJTy4aeM TOMbKO TPUBUANbHOE pemleHne. 3Ha4uT, A =0 He sBIgeTCA COBCTBEHHBIM
3HauyeHueM 3aauu (3.14).

PaccMoTpuM Tenephb BTopoe ypaBHerue (3.13)

Y'+ (@] Y =0. (3.15)

a
O6mwuit naTerpan ypastenus (3.15) rMeeT BUI
)
Y,()=C,et

TakiM 06pa3oM, Mbl 0Ty 4K GeCKOHEeYHOE MHOXKECTBO YaCTHBIX PElIeHHHA HCXOAHO-
ro ypasHeHus (3.9)
{_n%# ‘J
T . (nn
T=T,=M,e" * sm(—x], n=12,...
a

Kaxoe U3 3THX pelleHHi YAOBJIETBOPSIET UCXOAHOMY ypaBHeHHIo (3.9) 1 rpaHH4HbIM
yeousm (3.10), HO He YAOBJIETBOPSAET HaYa bHOMY ycJI0BuiO (3.11). Y1068! yAOBIIE-
TBOPUTH 3TOMY HAYaJIbHOMY YCJIOBHIO, BOCIIOJIb3y€eMCS IPUHUMIOM CYTeplIO3UUNH U
cocTaByM (opMasibHblil psz. Penlenne sagaun 3anuineM B BUje

nte

T= iMne[ - sin(l’fx). (3.16)

a

n=1

MBI IOCTYTUPYEM «IOCTaTOYHO XOPOLIYIO» CXOMMMOCTD psia (3.16), koTopast 03Haua-
€T, 4TO BO3MOXHO nousieHHoe auddepeHNUPOBaHUe N0 X ¥ T N0 3HAKOM CYMMBIL.
MooHO yTBEpKIaTh, YTO MOMYYeHHOE PelleHKe YA0BJIETBOPSIET IPAHNYHDIM YCIOBHU-
am (3.10) npH yCIOBUH, YTO MOXKHO NEPEXOAUTD K IIpefesTy IO 3HAKOM CyMMBI TIpH
¥ > 0u x - a. Byaem Takxe NpeAnosarath, YTo noj 3HaKOM CyMMBI BO3MOKEH Npe-
JenbHbIH nepexox npy 1 — 0. Vimeem Toraa

T|..o = iMn sin(ﬂx), 0<x<a 3.17)
n=1 a

OcHoBbiBasich Ha Teopuu pago Pypbe u gonyckas, yro Gpynkuusa O(x) pasnaraercs
B psag Pypoe, MOXKHO 3aMKCATh

M, = z]“cl)(x) sin(E xjdx.
as a
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@opManbHO 3alaya pellieHa, NPU HEKOTOpBIX aomymeHusx. Caenaem obocHoBaHUe
BCeX aTux Aonymenuii. [Tposegem 060CHOBaHME B NIPEAONOKEHNH, YTO

d(x) e CV([0,a]), ®(0)=0, ®(a)=0. (3.18)
IIpoctota 060CHOBaHUSA Ompenensiercss TeM (HaKToM, YTO NpPH BBHIIOJHEHUU YCIJIOBHi
(3.18) dyukuus O(x) pasnaraercs B psg Oypee, TO ecTh .

o(x)=3 M, sm(i’-"-x}
a

n=1
M, =ZI¢(x)sin(Ex)dx, x €[0,a].
a; a

IIpu arom cxozuTcs psin
YIM,|. (3.19)
n={

Omnwupasic Ha 3TH PakThl, A0KaxeM, 4To (3.16) ecTb peltenve Haueil 3agayn. byzem
paccMatpuBaTh 00sacTh 0 € x < g, 1 2 0. Jlerko BuzeTh, 4to psx (3.16) MaxxopupyeTcs
CXOAAMUMCA psitoM. [[eficTBUTENBHO,

nie?

i 'M,,e{- «* thin(ﬂx) < il M,|
n=1

n=1 a

maBcex x u1:0 <x <a120. Pag (3.19) cxoaurcs, cxonurcs u pax (3.16). Tak xak
MaXXOPHPYIOIWMIL PsIA ABJsieTCs YUCIOBHIM, TO Pafx (3.16) cxoauTtca paBHOMEpPHO MO
Beiieptpaccy otTHocuTenbHO X 1 1: 0 £ x < 4,1 20. B cuny a10r0 3aKkoHHH Ipeaenb-
Hble mepexofisl pu x — 0, ¥ — g, T — 0, TO eCTb MOXKHO 3aNUCATh

) )
limT=lim<2M,,e < sin(—'—l;nx‘}=iM"e i limsin(ﬂx}so.

x -0 x>0 o x50 a

n?

n=1
AHaJIOrMYHO YCTaHaBJIUBAETCS, UTO

imT =0, lingT = d(x).
TokaxeM, 4to (3.16) yaosnetsopsier ypasHeHuio (3.9). [lns1 3TOr0 pacCMOTPUM DAL,
Ho/y4eHHble GOPMalbHBIM Ar(depeHpoBaHeM IO X 1 T:

nie
or i M,,e{-"_ZIJ Ecos(ﬂx),

0x = a a
nln? N
2 © — 2
Lf:-ZMne{ < ](l’ﬁ] sm(ﬂx), (3.20)
X n=1 a a
or =_iM,,e[ s J(ﬂ]’ sm(ﬂx].
ot n=1 a a

" Tlokaxem, uyto aubdepeHIMPOBaHHE BO3MOXHO. BhizenM HebOMbUIYIO NOTOCKY
(puc. 3.2) mupuHO# 8§ U paccmoTpuM obsacte D0 <x <a, 128>0.
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T4

3

A

» x

x=0 xX=a
Puc. 3.2. K 060CHOBaHWNIO peLieHuns

B 510611 obnactu psaasl (3.20) MaxkopupyOTCA YUCTIOBBIMU psiiaMi

S [J@BJ nmn & {_ﬁBJ nmn
$IM, e (#J <AS|M,) | ° (_] <A
n=1 a n=1 a

® —ﬁﬁ 2 . _1'2_’{5 2
a7 J(ﬁﬁ) csSpan o J(ﬂ) B
n=t a n=t a

3nauur, psaabsl (3.20) cxopATcs, IpUYEM CXOAUMOCTh PaBHOMEpHas B obaactu D’
CnenosarenbHo, TowleHHOe AubdepeHupoBaHie 3AKOHHO K MOJy4YeHHbIe BRIpaXe-
Hust (3.20) MeCTBUTEBHO AB/ISIOTCS MIPOU3BOAHBIMA (ByHKIHY (3.16). Taxum obpa-
30M, B obsactu D’

Besnunha & MPOM3BOJIBHO MaJia, CIENOBATEIBHO, TIOCIE/Hee PABEHCTBO CPaBeINBO
B OTKpBITOH obsact D: 0 <x <@ 1 >0 Takum o6pa3oM, Bce YCI0BUsA 3aa4ll NTPOBE-
pensl. Kpome Toro, Mbl MokeM yTBepxaarh, uto T € C (D).

3apaua Aupuxne ana Kpyra

PaccMoTpHM el OXUH puMep. PelmnM nepByio Kpaesyio 3aiady Als ypaBHenus Jla-
IU1aca B Kpyre: HaiTH GYHKUMIO &, YIOBIETBOPAIOILYIO ypaBHeHMo Jlamiaca BRyTpH
Kpyra paauyca a:

Au =0
Y TPaHMYHOMY YCJIOBMIO Ha TPaHHIE KpyTa

u|r=fv

rae f — sagaHHast QyHKOKA.

MBI TIPEATIONIORUM CHauasa, 4To GyHKIus f HenpepbiBHA 1 Aubbeperupyema 1 pe-
HIeHUE ¥ HEeTIPEPHIBHO B 3aMKHYTOH 061acT.

BBeneM MOMSAPHYIO CHCTEMY KOOPAHHAT (7, () C HAYAJIOM B [EHTPE Kpyra. Y paBHenue
Jlanaca B MOJISAPHBIX KOOpAWHATaX HMeET BUA
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1o(ou 1 8%
2+ —=—"-=0,0<r<q -n<@=<mnm. 3.21
r 67’( 67] r? 6(p2 ¢ ¢ )
I'panuyHbIEe YyCIOBHSA:
0 = 0(), U, = f(9). (3.22)

KpOMe TOT'O, MBI JOJDXHBI NMTOCTAaBUTh AOINOJIHUTEIbHBIE YCJIOBUS, BhITEKAIONIUE U3 Xd-
pakTepa 3aa4i — YCJI0OBUS NTEPUHOANYHOCTHU!

ou ou
U ge = U e < " (3.23)
Ploaar  OPlgan

Ypasuenve (3.21) nonyckaer pazjeneHue nepeMeHHsIx. DyseM UCKaThb pellleHHe B BUAE
u = R(r)d(o). (3.24)

[ocne noacranoBku (3.24) B (3.21) u paznesenus nepeMeHHHIX TIOTYYHM
() + LP(¢) =0, (3.25)
r(rR'(r))Y —AR(r) =0. (3.26)

B cuy ycrositi neproauunocty (3.23)

¢|w=_n = q’iw' ® \«,:-n =0 . (3.27)

HalineM cobcTBeHHBle 3HAYEHMs U coBCTBEHHBbIe (hYHKUMM KpaeBodl 3agauun (3.25)
u (3.27). Ob1uee peurenve ypaBHenus (3.25) uMeeT BUJ

@ () = Acos(¥VA @) + Bsin(vA ¢), A #0.

W3 rpannunbix yeaosuit (3.27) Haxoaum

2Bsin(vA m) =0, 2AAsin(vA x) =0.
Ecan sin(vAn) # 0, To A = B =0 1 Mbl MMeeM TOJIbKO TPUBHaJIbHOE pemenue, Creno-
BaTeJBHO,

sin(vAn)=0= A=A, =n®, neN.
Cobcrennble hyHKIMY OyayT

@, (¢) = B, sin(ne) + A, cos(ne).

HeTpyano ybeanThcs (UUTATENIO PEKOMEHIyEM 3TO NPoBepUTh!), uTo A =0 ecTb cob-
CTBEHHOE 4YMCJIO, KOTOPOMY 0TBedaeT cobcTBeHHast dyukuns d,(p) = A, = const.

Paccmotpum Teneps ypaBuenue (3.26) npu A = A, =n’. 10 — ypaBHenue Tuna Ji-
Jepa. Bynem nckartpb pelierue ypasienus (3.26) B Buse R(r) = »’. CooTBeTcTByIOlIEE
XapaKTepUCTHUECKOe ypaBHeHue uMeeT BU s° ~n’ = 0. OTkyna s = +n. CrepoBateb-
HO, 0bmiee penreHue ypaBHeHus (3.26) Gynet

R,(ry=C,r" +D,r", neN.
B cayydae, korna A =0, 6ynem uMeThb

R,(r)y=Cy + Dy In(r).
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Urtax,
u, =(C,r" + D,r " )(B, sin(ng)+ A, cos(ng)), neN,
u, =(Cy + Dy In(r))4,, n=0.

Tak KaK QYHKIMS % J0TKHA OCTABaThCsl KOHEUHOH, TO Heobxoaumo npuusate Dy =0,
D, =0 VneN. Takum 06pa3oM, OKOHYATETbHO TOJIyYaeM

u, =(N,sin(ne)+ M, cos(ng))r”", neN,
u, =M,, n=0.

[ocTpoeHHbIe YacTHBIE pellleHUst 0TBEYAl0T BCEM YCJIOBHMAM 33aa4i, KpoMe BTOPOTO
rpaHUYHOTO yCI0Bus (3.22). YT0OB yAOBIETBOPUTD ITOMY YCJIOBHIO, BOCIIOIb3YeMCS
TIPUHIIUIIOM CYTEPIO3UIHHN U COCTABUM (hopMasibHbIA psin

=M, + 3 (N, sin(no) + M, cos(ng))r". (3.28)
n=1

Bynem NOCTYIMpOBaTh «XOpOLIyio» cxoaumocTs pana (3.28). VI3 Broporo rpaHHyHoro
ycaosust (3.22) naxoaum

U, = My + 2 (N, sin(ng) + M, cos(ng))a” = [(9). (3:29)
n=1
PasenctBo (3.29) 10/KHO 6HITH BePHO AJIs BCETO MHTepBasa usmenenus ¢. [Ipeano-
7araeTcsl, 4TO BO3MOXKeEH MpeAesbHbBI Tepexoa Npu ¥ — a 1oj 3HakoM cyMMbl. Eciu
dyukiMs f (@) yIOBIETBOPSIET YCAOBUSIM pas/ioxeHns B pia Pypbe, TO MOKHO HATIU-
cath

n

a"M, =1 | f(@)cos(ng)do,

-1

\ 1% .
a'n, =;If(<p)sm(mp)d<p,

M, =2—1n [ f(p)do. (3.30)

TakuM obpasom, noaydeHo GopmanpHoe pellieHHe 3a1a4H.

Ceifuac cJIef0Baio 6b 10Ka3aTh, YTO BCE HAIM PACCYXKAeHUs 3aKOHHBI U psn (3.28)
NeHCTBUTENBHO cXoauTcst K GyHKiuU u(r, @), yaosnersopsiouteli ypastenuio (3.21)
1 xpaeBomy ycaosuio (3.22). Ocrasisis B CTOpOIie BTH 0Ka3aTebCTBa, yKaXeM
avib, 4To ecau (ynxius f(¢) OyaeT HenpepbiBha u auddepennypyema, To pan
(3.28) naeT HenpephIBHOE PeuieHHe PacCMAaTPUBAEMOIi KpaeBoi 3ajauu.

Npeo6pa3oBaHue pelleHus 3apa4u Aupuxne ana Kpyra.
UnTterpan NMyaccoHa

PenteHue 3azaun Jnpnxiie Il Kpyra MoeT ObITh 3amucano B Apyrod ¢opme. ITomy-
YUM COOTBETCTBYIONLYIO (hopmyay. C 3TOH 1i€bI0 MOACTABUM BhIPAKEHUS 1JIs1 K03(-
uimentoB Mypse (3.30) B dhopmyny (3.28). Mensisi nopAn0K CyMMUPOBAHUS 1 MH-
TerpUPOBAHUS, MOKHO 3aITHCATh
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u=s-[Fdy+ Z(i] [cos(mp)}t  £Cw)cos(my)dy +sin(ng)x

n=1
17 . 17 =(rY
X [f(w) sm(n\v)d\v} =5 jf(\v)d\v{l + ZZ(;) cos(n(y - w))}-
-n - n=1
st ynoberBa BBeneM o603HaueHus r/a = p, Y — ¢ = a; HaiigeM cymmy

S=1+2‘2p" cos(na), O0<p <1

n=1
MoxHo 3anucarts, UCMONB3Ys HOPMYIIY TEOMETPUYECKON MPOTPeCcCHM CO 3HaMeHaTe-
JleMlpe"’|=p <1

2 pe™ 1-p?
S=1+2Re) (pe®)" =1+2Re — = - .
=l 1-pe™ 1+p° -2pcos(a)

Pemenne 3agayu JIupuxie st Kpyra Tenepb MOXHO 3allHCATh B (popMme

Y, a6l

2
™ +(‘£) -2L cos (v - )
a a

f(y)dy

WIK

1 f a* -r?

o dy. 3.31
2n —n[a2 —2ar cos(y — @) + ) ]f(\V) ) ( )

Gopmyna (3.31) nassiBaercs unmezparom Iyaccona. Pemenune B dopme (3.31) nerue
060CHOBATD, ¥ IUIs1 9TOTO TpeOYeTCsl MeHbIIe OrpaHUYEHUI, HAKIAABIBAEMBIX Ha DyHK-
uuo f(@). Dyuxuus f(@) MOXeT ObITh TOJBKO HEMPEPHIBHON WM JaXe KyCOYHO-He-
TIpEPHIBHOM.
3ameuanue 06 obocHoBanuu popmyant (3.31). Obosnauum

2 2

a” —-r
. ' 3.32
(re.v) a* +r* =2arcos(y - ¢) o
Torna
1 n
u == [K(r o) f(w)dy. @3

Herpyano Bumers, uro dGyuxuus (3.32) HenpepbiBHa U auddepeHiiupyeMa, MoKa
r < a. Oynkuus u(r, @) HenpepoiBHas ¥ auddepennupyemast GyHKIUSA CBOUX apry-
MeHTOB. MoXHO nOKa3arth, 4TO

or

Ay K=-2 :

1 6(0K 162K_0
(re) rar +T -

r° o

CaenoBarensHo, Au =0 npu r < a BoJsee ClI0XXHO NPOBEPUTH TPAHMYHOE YCJIOBHUE:
u — f(@)npu r — a. V13-32 pacXoAUMOCTH MHTErpasa NpH y = ¢ NpeAe/bHbII nepe-
xon negonyctum. [lepenuurem (3.33) B BuAe
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u= o [KCaWU W - [Ny + (@95 [Krowidy. (330
Torpa

1 n
o= Ko wf () -f(@)]dy 0,
a Bropoit unterpai B dopmye (3.34) MOXKHO BBIYUC/IUTD

1 n
EE_LK(r’(p’\")d\" =1

TaxuM obpazom,
lim u(r,9) = f(9).

Unterpana [1yaccoHa MoeT ObITh KCIOJIB30BaH VIS PelIeHUs 3afadu [lupuxiie Jis

TNPOU3BOIBHON TLIOCKOH obsacti. PaccmotpuM cieayromyio 3agauy Jlupuxie: Haid-

1 dynkumo u € C®(D),u € C(D), yroBreTBopsaw0Lyo ypaBHeruo Jlanmaca B 06-

nacty D (puc. 3.3) 1 NIpUHUMAIOILYIO 3aJaHHble 3HAYEHMs Ha rpaHule 3Toit obtactu I,
TO ecTh

2 2
Au = é_li + .a_u
o oyl

ul, = f(P), PeT.

=0, (3.35)

yaA

» x

0
Puc. 3.3. NpoussonsHas nnockaa obnacts

Byznem paccMaTpuBaTh IIOCKOCTb Oxy KaK KOMILIEKCHYIO IIIOCKOCTh 2 = X + iy. IIpen-
TOJIOXKHM, UTO M3BecTHa GyHKuus 2 = F(o), 6 = &+ i, ocymecTBasomas KoHdopm-
Hoe oTobpaxenue obsactu D va xpyr D” (puc. 3.4).

IIpy 3TOM NpeAnoJIaraeTcsi OAHO3HAYHOCTD 0ToOpaxenus. Pynxuus z = F(o) paBHO-
CUJIbHA 3aMEHEe fepeMeHHBIX

x =x(§n), y =y(&n).
[IponaseneM 3Ty 3aMeHy

ds? =dx? +dy? =|dz|2 =|F'(c5)dc5|2 =
=|F'(c)|(d¢? +dn*)=H}dE* + Hldn".
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A

AW
%

Puc. 3.4. Kpyr

Torna

HH, |t H, 8 &mH, on
1 (o d%u)_

— |=——A
|F (o)

ZW @ o’ (et

CuepoBatensio, ypaBruenue (3.35) B obnacti D° npuMeT BUA
_d'u  d'u

gt o’
TO ecTh ypaBHenue Jlaniaca MHBApHAHTHO 110 OTHOWIEHHIO K KOH(OPMHOMY npeobpa-
soBanuio. Kpome T0r0, HMEeM

Au

W . =f(P), Pel".

I1pu xoHdopMHOM 0To6paxerun obnactu D Ha xpyr D’ 3azaya [Tupuxie as obaac-
i D nepexoaurt B 3agauy Jupuxie s kpyra D', s xpyra D Mbl MMeem HHTeTpasl
IMyaccona. Tocre pemenus sagasn Jupuxie aist kpyra D° peaysbTaT MOXHO Nepe-
BECTH Ha MCXoaHyio 061acThb D.

B 3akjioueHye OTMETHM, 4TO NPUBEJEHHbIE 3ECh PACCyXAeHUS MOIYT OBITh C yCIie-
XOM TIPMMEHEHBI 1 [/ PellleHHst 1PYTHX KPaeBhiX 3aiad AV ypaBHeHUs Jlaniaca, kak
JABYMEPHOTO, Tak U TpexMepHoro. IIpu aTom MeTon pasjesieHUs] NEPEMEHHBIX NacT
ONATh AOJIKHBIH 3deKT, ecin 061aCTh, HA TPaHULe KOTOPOIt ByneT 3a1aBaThCsi Kpae-
BOE YCJIOBHE, SBJSETCS JOCTATOUHO «XOPOlleli»: TPaHULa ee 10/KHA COBNAAaTh C KO-
OPAMHATHBEIMH JTMHUAMU WM TIOBEPXHOCTAMH CHCTEMbI KOOPJMHAT, B KOTOPOK 3aja-
ercsi ypaBrenue Jlamnmaca. K Taxum 067aCTAM MOXHO OTHECTH INPAMOYTOJIbHHUK,
UWIMHAD, NapajljieIenunes, wap u Ip.

3apaua LlUtypma—Jinysunns

B marematHueckoil (u3MKe, KAaK MBl BHAENM Ha PaCCMOTPEHHBIX paHee NMPUMEpax,
BaXKHBI METO/IbI, IPH KOTOPBIX PelIeHre 3aaun nojydaerca B Gopme psina (WM, Kak
MBI YBUJHM JaJibllie, KHTECPAJa), TO €CTh B BU/E PA3JIOXKEHHs 110 HEKOTOPOit chucTeMe
dyHxumit. Takue passioxXeHHs! XOPOUIo M3YUeHBI, KOTa Kaxas u3 GyHKIUMA, 1o KO-
TOPBIM OCYILIECTBJISCTCS Pa3/OXeHHE, 3aBUCHT TOJbKO OT OAHOM M3 NMEPEMEHHBIX,
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BCTPEYAIOIMXCS B 3azade. UTOOH HaiiTH ecTecTBeHHYIo cucTeMy (yHKIHI, MO KOTO-
POt MOXHO OCYIIECTBUTD PA3J0KeHHE, OOBIYHO HEOHX0AUMO HAUTH pelIeHIe HeKOTOo-
poii rpaHMYHO# 3aKaun 1151 06BIKHOBEHHOTO AU hePEeHIIMATBHOTO yPaBHEHNS, TIOTTY-
ypBIIeli HazpaHue 3adauu HImypma—/Tuyeunns. 3mech W Jajee Mbl PacCMOTPUM
s7eMeHTH Teopuu 3anaud [HItypma—JInysuius 1 chopmyMpyeM COOTBETCTBYIOIINE
meopembL pasnoxcenus. IIpn 5TOM, OIyCKast JOKa3aTe/bCTBA, OynemM CTPEMUTBCS K U3~
JIOKEHUIO PE3YABTATOB B BHJIE, AMKTYEMOM I1DAKTHYECKHMHU notrpebHocTAMK'

PaccMoTpum 06BIKHOBEHHOE OHOPOAHOE MHHelHoe anddepeHnaibHoe ypaBHeHye
BTOPOTO NOPpsiaKa

[p(x)X'(x)] + [Ar(x) - g(x)]1X(x) =0, a<x <b, (3.36)

tae p(x), q(x), r(x) — BewecTBeHHble GyHxKuMn oT x . bynem mpeanosarats, 4TO
p(x), p'(x), q(x), r(x) HenpepsiBHbI B (¢, b); p(x) 1 (X ) NON0KUTEBHEI B (& b); A —
napaMmeTp, MpUHAMAOMMIA JTio6bie 3HayeHusi. Ypasuenue (3.36) MOXHO 3amucaThb
B BUlIE

P(X)X"(x) + p'(X) X' (x) + [hr(x) - g()] X (%) =0 (337)
WJIK B BUAE
Xy Py NACII CI Pomury
SZhre el 2 ey R

Koadbduientsl ypaBHenus (3.37) B CULY CA€AAHHBIX TPEATIONOKEHUH HENPEPhIBHbI
B uHTepBate (@ b). Kaxnas BHyTpeHHsis TOUKa HHTepBasia (g, b) — 0OBIKHOBEHHAS TOY~
Ka ypasrenus (3.37). Korupt untepsasa (a,b) MOTYT 6biTh KaK O6BIKHOBEHHBIMHU TOY~
KaMH, TaK U 0COBBIMU (CUHTYIAPHBIME). HalloMHNM, YTO ec/i IPH HEKOTOPOM X XOTS
6b1 OfMH U3 KoahduMeHToB ypaBHeHus (3.37) MMeeT GECKOHEYHBIH pa3phlB HJN
p(x) =0, TO FOBOPAT, UTO KOIGGUUUEHTTbL YPABHEHU UMEIOM 0COBENHOCTTD B TOUKE X

Hac 6yayt unTepecoBath peurenus ypaBhenus (3.36), yaosierBopdioumye 0010p00-
HOM TUNETIHBIM ZPAHUYHBIM YCIOBUAM C BeUeCmBenHbiMU Ko3(duyuenmany. Tparnd-
Hy!0 3afady C TAaKHMH YCJAOBHSIMU Ha3bIBAIOT sadaueit IlImypma—Jduysuins Taxum
obpasom, noa 3axaueit ITypma—JInyBuiis MOHNMAETCA CIEAyIOUAs 3aaya: HalTi
peliileHs ypasHenus (3.36), NpuHamIeKaMMe KIaCCy C®((a, b)) u ynosnersopsio-
[{{e HEKOTOPBIM OJHOPOAHBIM TPAHIMYHBIM yCAOBHUAM, 33IaHHBIM HA KOHL[AX MHTEpBa-
na(a,b). Tpumepom TakuX yCAOBHIT MOTYT OBITh yCJIOBHs

Xl :‘Ov X‘x—»b—o =0.

x—a+0

Pa3nyaioT 3aJa4H ABYX TUIIOB — PeyaspHYi0 3a0a4y U CUHZYIAPHYIO sadauy. 3agaya
[ITypma—JIMyBHJUIS HAa3bIBAETCS PETYJIAPHOM, €CIM MHTEPBAT (g, b) xoHeueH, KOHIIbI
nutepBaia (a b) — O6BIKHOBEHHBIE TOUKH PACCMATPUBAEMOTO YPaBHEHHUS. 3agaua Ha-
3BIBAETCS CUHTY/IAPHOM, €CJTH XOTs 6Bl OHO M3 3THX YCJIOBUi He BhlloIHEHO. CHHTY-

! Moiyto TeOpHIO MOXHO HalTH B KHUrax: Koddunemon 3. A., Jlesuncon H. Teopus ob6blK1iOBEH-
Hbix AudipepeHtmansiblx ypasrernit. — M.: Usn-o unoctp. a-pui, 1958, Kypanm P., T'uns-
6epm JI. MeTonn MaTemarnyeckoit dnsnxu. T. 1-2. — M.: Tocrexusar. 1957; Tumumapw 3. 4.
PasoxeHHst 10 CoBCTBEHHBIM (byHKIUSIM, CBSI3aHHBIM C AHG(DEPEHIIMAIBHBIMH YPABHEIIMAMY
proporo nopsnka. T. 1-2. — M.: Man-Bo unocrp. a1-pri, 1960-1961.
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JIsipHAst 3ala4a MOXKeT OBbITh C OJHUM WK JABYMsI CHHIYIAPHBIMK KOHIaMK. XapaKTep
OIHOPOAHBIX TPAHUYHBIX YCIOBUH PeTYJIAPHON M CUHTYJIAPHOM 3a1ay pasHBIH.

Ccdopmyupyem THIOBbIE TPaHUYHBIE YCIOBUS. B Cltyuae perysisipHoii 3agaqd pas/iu-
YAIOT: Zpanutbie YCA08USL NEPEozo poda

X(a)=0,X(b)=0; ¢y
ZpanuuHbie YCROBUS 8MOPOZO POOa
X'(a)=0, X'(b)=0; (1ID)
Zpanuunbie YCR08US Mpemvezo pooa
X'(a)-h,X(a)=0, X'(b)+ h,X(b)=0, h,,h, 20; (1II)
Zpanuutbie YCIOBUA YEMEepmozo poda
X(a)=X(b), X'(a)=X"(b), p(a)=p(b). av)

I'paHHuHbBIe YCIOBHS YETBEPTOrO POAA HA3BIBAOTCH yCA08UIMU nepuoduunocmu. Tou-
HBIH CMBICT C(DOPMYJIUPDOBAHHBIX YCIOBUIA TaKOB:

X(a) = lin}oX(x), X(b)= lirbr_loX(x), X'(a)= limOX’(x),

1 T. 1. ITo3TOMy OHYM HHOT/A HA3BIBAIOTCS NPEAETBHBIMA YCIOBUAMH.
Bce nepeuscieHHbIe YCIOBUS — 00HOPOOHbIE.

B cayyae cMHTY/IsipHO# 3a4aYd pa3iMyaloT ABa BapHaHTa 3afay B 3aBUCKUMOCTH OT
TOTO, OAHH WK JBAa KOHIA CHHTYIApHBL [1ycTh ¥ = @ — CUHTYJISIpHBIA KOHew, X = b —
perysApHBIi KoHew. Torna Ha CHHIYJIIPHOM KOHIlE CTABMTCS YCJIOBUE OTPaHHYEHHO-
cTH QYHKLHHAK

X]x—m+0 = 0(1)' (V)
a Ha peryJjsipHOM KOHIE MOryT 6bITb YCJIO0BHUA NEPBOTO, BTOPOTO UJIN TPETHETO pPOAA4,
HarpuMmep,

X'(b)+ h,X(b)=0, h, 20.

Ecnn ob6a KoH1ia CHHIYJISIPHBL, TO CTABSITCH YCJA0BUS OTPAHUYEHHOCTH (HYHKIIUK

X]x—m+0 = 0(1)! Xl.r—«)b-o = 0(1) (VI)

WHorna yxasplBaloT nopsiiok pocTa MYHKIUK HA CHHTYJISPHOM KoHlie. B yactHOCTH,
3TO MOXKHO peajn30BaTh Tak

[ )| X )] dx = 0(1).

[Mepeuncnenunle ycaoBusa V 1 VI Takxe OAHOPOAHBL.

3agaua Ilitypma—JInyBuis Bcerja MMeeT He NMpeACTABAAIONICEe UHTEPECA peuIeHie
X =0, HassiBaemoe mpusuanvioin. Hac 6ynyT uHTEpecoBaTh nempusuaivhvie pele-
HUs 3afaui. O HAKO HETPUBUAJIBHBIX PELICHUIT NIPH JAHHOM IPOU3BOJIBHOM A MOXeET
u He ObITh, [ToaTomy conepxanuem sagaun [Htypma—JInyBuiLIs ABASETCA HE TOMBKO
OTHICKaHUE peuIeHui TNIpY JaHHOM A, HO U ONpefiesleHle COBOKYITHOCTH 3HaueHWit .,
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IIPU KOTOPBIX CYIIECTBYIOT HETPUBHAIbHEIE pelleHus. Besakoe HeTpUBHAIbHOE pele-
Hye 3agadn [1Itypma—JIuyBWLIA Ha3bIBAETCS cOBCMEEHHOU PynKyuel NAaHHOM 3aKaun.
Tpu 5TOM NapameTp A KOJKEH MPHHEMATh HEKOTOPhIE ONPe/ie/IeHHbIE 3HAUEHMU, KO-
TOPBIE HA3BIBAIOTCS COBCMEENHbIMU 3Haveusmu (WK yucnamu) 3anadi. Co6CTBEHHbIE
(bYHKIMH, N0 ONpeAeeHUo, HAXONATCS ¢ TOYHOCThIO 10 MPOU3BOJIBHOM KOHCTAHTHI.

HNHorpa HaknageiBaeTcs ycCJI0BHE
b

[ra)| Xl dx =1,

a

TOTA2 Mbl HMEEM /€0 C HOPMHUDOBAaHHBIMM COGCTBEHHBIMH (yHxuusmu. [aHHOMY
COBCTBEHHOMY 3HAYEHHIO MOTYT COOTBETCTBOBATh O/HA /K Be (He Hosee) cobeTBe-
Heie QyHKIMU. MHOXeCTBO BCEX COOCTBEHHBIX 3HA4E€HUI HA3bIBAETCS CNEKMpPOM fau-
HOH 3afaun.

HekoTopble CBOMCTBa COOGCTBEHHbIX 3HAYEHUN
perynspHoi 3apaum lWrtypma—JinyBunns

PaccmoTpum peryssiphyio 3agauy LHTypma—/InyBusuist ¢ TpaHMYHbIMHM YCJIOBUAMH
IEPBOTO, BTOPOTO, TPETHETO WJIK YETBEPTOLO PO/a.

Ypasuenne [Htypma—JInyBuius:
[p(x) X'(x)] +[Mr(x)-q(x)] X(x) =0, a<x <b, (3.38)

tae p(x), p'(x), g(x), r(x) HenpepuIBHLL B [, b]; p(x) 1 r(X) — NONOXKUTEJIBHBL B [a b].
T'paHuyHble yCAOBUSL: 60

X(a)=0, X(b) =0, )]

aunbo
X'(a)=0, X'(b)=0, (I

07 (e30)
X'{a)-h,X(a)=0, X' (b)+h,X(b)=0, h,, h, 20, (11D

6o
X(a) = X(b), X' (a) = X' (b), p(a) = p(b). (Iv)

TEOPEMA 1. Bce co6cmeennvie snavenusn pezyiapnoti 3adavu Ilmypma—/Tuysunrs
BeLECTEEHHDL.

Doxa3sarenscTso. Paccyxaaem oT mpoTHBHOTO. [onMycTHM, MMEETCS KOMILIEKXCHOE
cOBCTBEHHOE 3HAYEHHE A = o + if. DTOMY 3HAYEHHIO OTBEYAeT COOCTBEHHAs HYHKUMSA
X(x) = A(x)+ iB(x). Tak xak Bce K03pPUuUEeHTbl yPABHEHUS U TPAHMYHBIX yCJIOBUI
BEIECTBEHHbI, MOXHO YTBEPXAATh, YTO CYIIECTBYIOT KOMIJIEKCHO CONPAXEHHOE cob-
cTBEHHOE 3HaueHHe A =o —if M COOTBETCTBYIOL(As eMy cOOCTBeHHas (YHKIUS
X(x) = A(x) —iB(x). 3anniiem TOXAECTBA

[p(x) X' (2)] +[Ar(x) —g(x)] X(x) =0, a<x < b,
[p(2)X ()] +[Ar(x) - g(x)]X(x) =0, a <x <b.
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ITepBoe U3 3THX TOXAECTB yMHOXUM Ha X(x), a BTopoe — Ha X(x). [loce BoruMTaHus
HOJTY4UM

X [p(x)X'(x)] = X [p()X'(0)] + (=2 r(x) X (x) X (x) =0.

TpounTerpupyemM nocjaeasee ToxaecTBo No (g, b). IIpn atoM ydTeM JieTKo npoBepsie-
MO€ COOTHOLIeHHe

%(p(X)[)_((x)X'(X) - X(x)X'(®)]) = X[p(x) X'(x)] - X[p(2)X"(x)].
Monyuum
A_ b
p(XT = XX + (=) r(@) X(x) X(x) dx =0.

HeTpynHo ybeauTbes, 4TO caraemMoe BHe HHTETpana B rocienneil GopmyJie Ass Bcex
THINOB yc10BUiT (TIEpBOTO, BTOPOTO, TPETHETO MM YeTBEPTOro poja) 06palnaercs B HyJIb.
A torpa 6yneM MMeThb

b
A =M)[ r(x) X(x) X(x) dx =0.
[Mocie NOACTAHOBKY BhIpaXeHUH’

A= +ip, & =o—ip, X(x)=A(x)+iB(x), X(x) = A(x) - iB(x)
HOJYyYHM

2i ﬁfr(x)[Az(x)+ B*(x)])dx =0.

Taxk kax [A%(x)+ B?(x)] # 0 ToknecTBeHHo B [g, b], To MocenHee TOXAECTBO 03HAYA-
eT, uto B = 0 1, CTEe0BATENBHO, A = 0 — BELECTBEHHOE YNCTIO. a

NPUMEYAHWE

U3 selileCTBEHHOCTH COBCTBEHHDIX 3HAYeHUIT eab3s CAeNath 3aK/o4yeHe 0 BelleCTBeHHOCTH
cobCeTBeHHBIX PYHKIMH, TAK KK cobCcTBeHHAsA DYHKIMA ONPEREAETCA C TOYHOCTDIO 0 NPOU3-
BOJIbHOI TiocTosiiinol. OaHako, He yManfs oOLIHOCTH, MOXKHO OFPaHHYHUTBLCS PAacCMOTPEHHEM
BelleCTBEHHbIX COOCTBEHHBIX QYHKUMIL

TEOPEMA 2. Bce cobcmeennvie 3nauenus peeyrspnoi 3adauu HImypma—Jluyeurns
ozpanuyenvl CHU3Y.

DoxasarenbcTso. I1ycTh A — cOBCTBEHHOE 3HaYEHHE (BElECTBEHHOE YUCII0), X(X) —
COOTBETCTBYIOIasi COBCTBEHHas GYHKIMA (BeulecTBenHas GyHkuus). Ita pyHKIUA
y/I0B/IeTBOpsieT ypaBHeHo (3.38). Ymuoxum (3.38) Ha X(x ) u nponHTerpipyem no (4 b):

fX(pX')’d.erxer?dx_quzdx 0=
pXX1 7, ‘fPX'zdx+}»er2dx—qu2dx —0=

b b b
A rX2dx = -pXX[) + [ pX'Pdu + [ gX dx. (3.39)
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HeprIIHO BHIETH, UTO B CJIy4da€ yCJIOBI/Iﬁ rnepBoro, BTOpOro M 4eTBEpPTOroO poaa

—pXX" =0.

X =a

B ciiyyae ycnoBuit TpeTbero poia
—pXX|" = p(b)h, X (b)+ p(a)h, X (a)> 0.
HNanee

pr'zdx >0.

PaBeHcTBO (3.39) mpeBpaillaeTcsi B HEPaBEHCTBO, €C/IK BRIOPOCUTH HEOTPHLATEbHbIE
caraeMble cnpaBa

b b b
A rX?de 2 [qX?dr = [LrX?dx. (3.40)
a a a r

Dynkuua g/r HerpepbiBHA Ha [g,b], CllenoBaTe)IbHO, OHA MMeeT HUXHIOIO TPaHb, TO
ectb g/r 2 mupu x € [a,b]. Hepasenctso (3.40) mpeBpaiiiaeTcs B ClieylowIee:

kf'rX%ix 2mer2dx.

OTkyna A = m, TO eCTb BCe COOCTBEHHbIE 3HAYEHMs] PACIIOJIOXKEHDI CIIpaBa OT m. B ua-
cTHOCTH, ecyii ¢ =0, To m =0, ¥ c1enoBaTesbHO, BCE cobcTBeHHbIE 3HAYEHM ST TI0JIOXKU-
TETbHBDI. O

dyHaaMeHTanbHaA cUCTEMA pelueHui
Wrypma—Jinyeunnsa

PaccmoTpuM peryisipayio 3agauy LItypma—/Inysusiis s ypaBieHuUst
[p(x) X' (x)] +[M(x)-q(x)]X(x) =0, a<x <b (341)

rae p(x), p'(x), g(x), r(x) BeueCTBEHHbL ¥ HempepsIBHEL B [a, b}; p(x) 1 r(x) nonoxu-
TeJbHBI B [, b]; Kaxnast To4ka [q,b] — o6bikHOBEHHAs! TOYKA ypaBHEHMS.

B cootBetcTBHM c 0b6medl TeopeModl Komu, MOXHO yTBepXaarbh, YTO CYUIECTBYET
unrerpan X(x) e C? ypasuenus (3.41), ynosneropsiiomuil ycnousim X(¢) =,
X'(c) =B, o, B — mobbie uncna, ¢ € (a,b). Eciu uncna a, B He 3aBUCAT OT ITapameTpa A,
To pemenue X(x) npu GUKCHPOBAHHOM X SABJISETCH Yea0U ¢ynxyueti ot A.

HamoMHHM, 4TO TIOA yenol @yHKyuel KOMIVIEKCHOTO TIEPEMEHHOTO A II0Ipa3yMeBaeT-
cst Takasi PYHKIMSA, KOTOpas pasiiaraeTcsa B psn Teilopa Bo Beeli INIOCKOCTH (Paanyc
CXOIMMOCTH paBeH ®), TO ecTb f (L) — uenas GyHKuus, eciu

) ) (n)
for-$00 =520t o
. n=0 n=0 n
LlenbiMu (yHKLMSAMY, HalpuMep, ABIAIOTCA clenyioume QyHKLHH: Sy =(1+RA)

f(A)=P,(A) — NpON3BOJNbHBIA TOJUHOM CTEHeHU 7, f)=e*, f(r)=cos(r),
f(1) =sin(A) u apyrue. IIpumepsl He nebix Gynximit: f(A) = tg(R), fy=Y{d-2).
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B xauecTBe Touk# X = ¢ BO3bMEM I'PaHUYHYIO TOYKY X = @. Toraa cyiecTByoT ABa HH-
Terpana ¢(x,A) ¥ y(x, L), y10BJIeTBOPAIONINE YCAOBUAM

o(x,A): X(a) =1,X"(a) =0,
y(x, ). X(a)=0,X"(a) = 1.
MoxHo 3anucartb
o(ar)=1 ¢'(a))=0,
y(a1) =0, y'(ar)=1. (3.42)

Ipu stom unTerpans ¢(x,A), w(x, 1) € C?((a, b)) u sBasIOTCA, IPH PUKCHPOBaH-
HOM ¥, 1ieJbIMU pyHKusAM ot A. [Ipo takyio cucremy ¢yHiuui {¢(x), y(x)} vHoraa
TOBOPST, UTO OHa 006J1a1aeT efHHUYHOM MATPHUIEH B TOUKE X = @ WK YTO OHA HOPMHU-
poOBaHa B TOYKE X = a.

JoxaxeM, 4TO 3TU UHTErPAJIbI IMHEHHO He3aBUCUMBL. [[J1g TOTO pacCMOTDHM orpele-
Jgurenb Bporckoro

o(xA)  w(xh)

, ! (3.43)
o'(x,A) yi(x 1)

Wie(x, 1), w(x,A)} =

MoxHo 3anucaTth
[p(x)o'(x, V)] +[Ar(x) - g(x)]o(x, 1) =0,
[p(x)y'(x, V)] + [Ar(x) - g(x)]w(x, ) = 0.

YMHOXUM NTepBOe TOXIECTBO Ha W(X, A), a BTOpoe — Ha ¢(x, A) 1 BBIUTEM OAHO U3 APY-
TOro; MOJYyYHM

w(x M) [p(x) ¢ (2, )] - o, M) [p(x)y (%, 1)] =0=
[P w(x, 1) 9" (2, A) — (X, My (x4, M)} =0 =
%(pW) =0= pW = C(=const).

]_I]IH onpeacaeHd KOHCTAHTDI C IIPUMEM X = a, TOTA4d

_ ey w@n|_ 1o
p(aWl,., = p(a) oah) vian| p(a)‘ 0 1‘ =p(a)=C.
TaxuM 06pa3oM, MOXKHO 3amucaThb
WioGe 1), w(x 1)) = 29, (344)
p(x)

Y nac p(a) # 0, Tak Kak To4ka X = a — 0ObIKHOBeHHas1, cienoBarerbio, W = 0, a 3Ha-
auT, e(x, A) ¥ w(x, \) — TMHENHO HE3ABUCUMBIL. ITH PYHKIUM Ha3bIBAIOTCA PyHoamen-
manvhou cucmemou pewenui [llmypma—Jluysurna.

O6wwit unrerpan ypasenus llltypma—/luysuing (3.41) MoXHO PEACTaBUTD B BHAE

X(x,A) = Ap(x, L)+ By(x,)), A B = const. (3.45)
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IMokaxceM, uyTO BCeraa MOXHO TNOCTPOUTb CHUCTEMY (YHKIWH, YIAOBJIETBODSIOUIMX
yeaoBusaM (3.42). Ilycts @(x, 1) 1 Y(x, L) — HeKoTOpbIe JMHEHHO He3aBMCUMBIE pe-
urenus: ypasHenus (3.41). Toraa MoxHo 3amucarb

e(x,A) = Ma(x,A)+ Ny(x,L).

BriGepem M u N Tax, uto6s! GblM yAOBJIETBOPEHBI yeioBust (3.42), To ecTb
Mo(ar)+ Ny(ar)=1

My (a))+ Ny (g 1) =0. (3.46)

Omnpenenurend cucteMsl (3.46) ecrs onpenenurens Bponckoro

Sal)  Glai
Ao o(a Ly Y(ah) =W{¢(ar), W(a )},

¥ (ar) v(al)

KOTOPbIi OTJIMYEH OT HYJIS, TaK Kak pemweHus ¢(x,A)u y(x, 1) 1uHeilHO He3aBUCHMBL.

3nauuT, cucteMa (3.46) paspeuruMa, ¥ Bcerna MOXKHO NMOCTPOUTb CUCTEMY (DYHKIUH,
YAOBJIETBOPSIIOIUX YCHAOBUAM (3.42).

Eci1 HeBO3MOJXKHO 3anicaTh pelenue ypaBHeHUs (3.41) yepe3 W3BeCTHbIE YHKIHH,
TO /151 onpenenenvs GyHkuuit @(x, A) ¥ w(x, L) ocTaeTcs Kakoi-Hubyab npHOIKeH-
Hblif METOJ, HAPUMep, METO] TOCIeA0BATENbHBIX IPUOIMKEHUI.

IIpumep. HerpyaHo mnoctpouts ¢yHAaMeHTanbHylo cucTeMy peitenuit ILITyp-
Ma—JIMyBU/IIA AJiS yPaBHEHHUS

X"(x)+AX(x)=0, 0<x </
Jta cHcTeMa pelleHHit 6yaeT, O4€BHAHO, TAKOH

o) =costlin), i = 220,
npuyeM GYHKLHU (p(\/— Ax)un \y(\/— Ax) pasjaraiorcs B psaabl Teitsopa
B © (—1)".’[2"7\." _ © (—1)”.’[2"”7\." -
o (/i) "X omT ""ﬁ’”‘; Qn+1)! M <o

TO €CTb 3TO LieJsible (PYHKLUY OT A IPH BCAKOM (PUKCUPOBAHHOM X.

AcuMnToTHNYyeckoe noeepeHue
dyHAaAMEHTalNIbHbIX peLleHnit
Wrypma—JinyBunna npu A — +o©

Bynem cuurtars, uro p(x) =r(x)=1, toraa ypasHenue llItypMa—J/INyBHIIA IPUHH-
MaeT BUI

X"(x)+(A—q(x)X(x)=0, a<x <b (3.47)
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[yctb @(x, ) ¥ yw(x, \) — uHTerpanbl ypaBHeHus (3.47), yA0BJIeTBOPSIOUINE YCIOBUAM
¢(ar) =1, ¢'(ar)=0, |
v(ar) =0, y'(ar)=1 (348)
Wsyuum nosenenne ynxumit ¢(x, L) 1 w(x, L) npﬁ A — +oo.

IIpu uccienoBaHUM aCMMIITOTUYECKOTO MOBEAEHWS, KAK W NPH HU3YYEHWH APYIHX
CBOWCTB, 0COOEHHO MOJe3HbIM Oka3biBaeTcsi Meton CrexnoBa—J/luyBunnsa—@ybunu
[28], [29]; oH COCTOUT B «CpaBHEHHH» 3aJaHHOTO AMG(epeHIIHaNIbHOIO YPAaBHEHUSA C
TIOMOIIbIO HHTEPATTBHOTO YpaBHEHHUS THIIAa BobTeppsl ¢ noaxoasaiuM «npubinkaio-
I[UM> ypaBHeHHeM, KOTOpOe MOXKHO ITPOMHTErPHPOBATh ABHO WK /I KOTOPOIO U3-
BECTHbI HEKOTOPBIE CHIeIHANbHbIe CBOWCTBA PelIeHNH.

3anuwem (3.47) B Buae
X"(x)+ A X(x) = g(x) X(x)(= f(x)). (3.49)

3amech Mbl 0603HaYM/IM TIPABYIO YacTh ypaBHeHws (3.49) uepes f(x). Bynem opmans-
HO CYUMTaTh, 4TO f(x) — u3BecTHast PYHKLUSA ¥ IPUMEHNM K ypaBHeHuIo (3.49) Meton
Jlarpasxa Bapuanyy npoW3BOJIBHBIX TOCTOAHHBIX. Toraa MoXHO 3anucaTh

sin(vA(x —a)) .
NEY

+%[ F()sin(V(x -y))dy. (3.50)

X(x)=Acos(VMx -a))+ B

[Mon6epem Teneps KOHCTaHTHI A U B Tak, YTOObI YAOBNETBOPATNCh HAaYaJIbHBIE YC/I0-
sust (3.48). IlorpebyeM, HarpuMep, YTOOBI BBINOJIHSINCH YCIOBUSA

X(x )=o) ¢(ar) =1, ¢(a)r)=0;

nonyuum A =1, B = 0. AHanoruuno, ajsa Gyuximun y(x, A) noaysnm A =0, B =1. Pa-
BeHCTBO (3.50). MOXXHO 3amMcath B BUAE

o, 1) = cos(VA(x - @)+ —= I Ay oy, Msin(VA(x -y))dy.  (351)
AHanoruyHo, s GyHKIuy y(x, A) 6y11eM HMeTb

sin(v/A(x — a))
NEY

Ypasuenus (3.51) u (3.52) — unTerpanbubie ypaBHenus BoibTeppsl BToporo pona.

y(x,A) = j AP v Vsin(VA(x -y)dy.  (352)

IMycts x € [a b]. Oynxums ¢(x, 1) € C? ([a,b]) kax unterpan ypasnenus (3.47). Cre-
A0BaTe/IbHO, Tak Kak GyHKIUs ¢ (¥, \) HellpepbiBHa B [, b], MOXHO 3amucaThb

lo(x, V)| < M,, x e[ab]. (3.53)

3necp M, , BooGiue roBopsi, kakasi-to GyHkuus ot A. M3 ypaBnenus (3.51) nonyqum
s Beex x € [a,b]u A >0, A > +o0
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1 x M x M b
x| <1+ — M dy <1+ =2 dy <1+—> dy.
lo(x, )| ﬂglq@)llw(y )| dy ﬂglqw)l y ﬁglqw y
Iycts |@(c,M)| = M,, ¢ €[4 b]. Torna
M b
M, 51+7_)t— j la(y)|dy. (3.54)

Pewas (3.54) otHocuTensHO M, , NOAYyYUM

M, < !

18 '

1-—}19(y)|dy

il

3T0 BepHO NpPH BCeX AOCTATOYHO Gosbiux A (A — +w0), CrenoBarenpno, M, <M
npu A — +oo, Koncranra M yxe He 3aBUcHT 0T A. Takum 06pa3oM, MOXKHO 3amucaTh
|¢(x,A)| <M, x €[ab). Torna Bropoe cnaraemoe crpasa B (opmyse (3.51) MoxHO
OIleHHUTb TaK

x . b
% J )0t Msin(ix -y dy| < T flaw)ldy, 3 o

Hostomy (3.51) MoxHO 3amicath B BUAe
1
o(x,A) = cos(vVA(x —a)) + O(L 2), A — +0,x €[ab].
HAuddepenuupys ypasHerue (3.51), nosyyum

§'(x0) = A sin(VA(x - @)+ | q(y) 9y M) cos(VA(x - y))dy,

npuyeM

x b
[a@) o, My cos(VMx —y)) dy| < M[|a(y)|dy, 1 — .

B nocsienHeM HepaBeHCTBe CIIpaBa CTOMT HEKOTOPOE NOCTOSAHHOE YKCJI0. TakuM o6pasomM,
©'(x, 1) = —/Asin(vA(x —a)) + O(1), A — +o, x €[ab].
AHaMOTHYHO, 1A QYHKIMH (X, L) OIyduM

sin(vA (x - a))
NEY

1
y'(xA) = cos(VA (x —@))+ O(A 2), Ao +x0, x e[ab].

w(x,A) = +O(X"), A >+, x €[ab],

YuTaTeNI0 Mbl DEKOMEHAYEM J0Ka3aTh 3TH (DOPMYJIBI CAMOCTOSITENBHO,
PaccMOTpHUM Ternepb 06mui ciayvaii:

[p(x)X'(x)]’ +[Ar(x)-g(x)] X(x)=0, a<x <}, (3.59)
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rae p(x), p' (x), g(x), r(x) — BellecTBeHHble 1 HenpepbiBHble QyHKIMH B [a, b]; p(x)
v r(x) — monoxurejbube B[a,b].

[Tycrs @(x, A) 1 yw(x, A) — uHTerpaibl ypasHeHus (3.55), ya0BI€TBOPAIONINE YCIOBUAM
(3.48). Ilyrem Hagexauieil 3aMeHbl epeMeHHbIX ypaBHelne (3.55) MOXXHO npeBpa-
TUTH B YPaBHEHUE PACCMOTPEHHOTO cnyuas'. Hanpumep, B cayuae, koraa p(x) = r(x),
¢dbopmysia npeobpazoBaHus UMeeT BUI

X(x)= p(@) Y(x).
V p(x)

Ypasuenue (3.55) nepexoauT B ypaBHeHHe

Y'(x)+(A-q (x)Y(x)=0, a<x<b,
IIpHYEM

" +2

-_4.,p P
p 2p 4pt

q

B st1oM ciyuae miist pyukimil o(x, A) v w(x, A) cnpaBefiMBbl CIE€AyOLIHe ACUMITOTH-
yeckie GopMyJIbL:

1
e(x,A) = P(a) cos(vA(x - a)) + 0(7;E ), A=+, x €|a b,
p(x)

p(@) sin(Mx - @) ) 5
p(x) NS

y(x,A) = ), A >+, x €lab].

OnpepeneHne coOCTBEHHbIX 3HAYEHUHA
M COOCTBEHHbIX PYHKLUIA perynsaipHou
3agaumn Wrypma—Jinysunna

PaccmoTpum peryJisipuyio 3agady LItypma—JIuyBuns ais ypaBHeHUs
[p()X ()] +[Ar(x)=-g(x)]X(x)=0, a<x <b, (3.56)

rae p(x), p'(x), q¢(x), r(x) BemecTBeHHble ¥ HenpepbiBHble (yHKiMu B [a, b]; Kpome
Toro, p(x) M r(x) nosoxuTeabHble B [a, b]; kaxaast Touka |a, b] — obpiKHOBEHHAS TOY-
Ka ypaBHEHUS.

Bynxem paccMaTpuBaTh rpaHHYHbIE YCIOBUA TPEX THUIIOB:

X(a) =0, X(b)=0, (D
X'(a)=0, X'(b)=0, 11y
X'(a)-h,X(a)=0, X' (b)+h,X(b)=0, h, h, 20. (I11)

! Kamxe 3. CnpaBouHHUK 110 06bIKHOBEHHbIM A depeHIMaTbHbIM YpaBlietaM. — M.. Puamart-
ru3, 1961.
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HaitneM cobcTBeHHbIE 3HaYeHUs U cOOCTBEHHblE QyHKIMY 3TOH 3anaun. Ilyctd @(x, 1)
v y(x, 1) — yHaaMeHTanbHble pelleHUs ypaBHenus (3.56), ynosiersopsiouine ycJo-
BUAM

¢(ah) =1, ¢(ar)=0,

w(ai) =0, y'(ar)=1
Takue pemenus cymectsyior, npuieM ¢(x,1) e CP([ab]), w(x 1) e C?([ab]),
@(x,1), y(x,1) — neible GyHKIMMU OT A n1pu pukcupoBaHHoM x € [a,b]. Bynem cuu-

TaTh @(x, 1), w(x, A) u3BecTHbIMU DYHKIMAMHM. 3amyieM 061Kl HHTerpas ypaBHEHMs

(3.56)
X(x,2) =Ae(x, M)+ By(x, 7).
ScHo, uto X(x,1) € C¥([a,b]). 3amaua 3aki0uaeTcsi B TOM, 4T0OBI BBIOpPATDH YMCHA
A, B, \ tak, uT0OBI MOJIy4eHHOE pellleHue OTBe4alo IPaHUYHbIM yCJ’IOBPIHM B cayuae
ycniosui nepsoro poaa (I)
Ap(a,A)+ By(ar) =0,
Ap(b, M)+ By(b,r)=0;
Wi
A=0, By(br)=0, Bx0=
w(b,A) =0. (3.57)
IYpaBHeHne (3.57) — ypaBHeHUe 1715 OTIPEAEJEHUsAA.
B cnyuae ycnouit BToporo pona (1I)
Ag (a))+ By' (a,1) =0,
A@' (b)) + By' (b1) =0;
WIN
B=0 A¢(br)=0, Ax0= :
o (br)=0. (3.58)
Ypasuenue (3.58) — ypaBHeHMe I ONPeAEJIeHUsA A.
B ciyyae ycnosuii Tpetbero pona (I11)

Al¢ (a )~ h,@(aM)]+ Bly' (ar)-h,y(a1)] =0,
Al@ (b, 1)+ hyo (b, )]+ By (b,A) + hyw(b, 1)) =0;
WIIN
~Ah, + B =0, Al¢ (bA)+h,o(bA)+h,y (bA)+h,hw(b1)]=0, A%0=
© (b M)+ hyp(bA)+ h,y' (b)Y + b hyw(b2) = 0. (3.59)
Ypasuenue (3.59) — ypaBHeHue /I OpeneIeHus A,

3apanee HeM3BeCTHO, uMeIOT Jin ypaBHeHud (3.57)—(3.59) pewenus. [lokaxewm, 4o
BCE 5TU ypaBHEHHMS UMEIOT GecurcIeHHoe MHOKeCTBO penleHui. [loka3aTesibCTBO Npo-
BesieM A/ caydas, koraa p(x) = r(x) = 1. BocnoibpsyeMcs acuMnroTuyeckumu Gop-
mysiamu. B ciydae yciosuit nepsoro poaa
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sin(YMb-)) | o), A= oo,

Vi

Bunum, yto dyuxuus (b A) umeer xosebaTesbHbI XapakTep INPH AOCTaTO4YHO
Gonpiinx A. CrnenoBaTesibHO, oHa OeCUHCIEHHOE MHOXXECTBO pa3 TPOXOAMUT yepe3
1yJib, TO €CTh CYIIECTBYET GecYrCcIeHHOe MHOXeCTBO pellleHuii ypasHenus (3.57).

y(br) =

B ciyuyae ycioBHH BTOpPOro poaa
©'(h,A) = —/Asin(vA(b —a)) + O(1), A — .

[Ipu A — oo ¢ynxius ¢ (b, X) — HenpepbiBHAsT PyHKLUMSA, KOTOpasi HeCUMCIEHHOE MHO-
KECTBO pa3 MEeHseT CBOIl 3HaK, TO eCTh IPOXOAUT Yepe3 HYJb. CrexoBaTesbHO, ypaB-
nenite (3.58) umeer GecyrcieHHOE MHOXKECTBO PEIlleHUH.

B ciyyae ycnoBuii Tpernero poaa

@' (b,A)+ h,o(bA)+ h,y'(bA)+ h,h,y(b L) =

= —JAsin(WA(b - a)) + O(1) + b, cos(NA(b-a))+ O| L 2 ||+

+O(N"y | =

1 .
+hy| cos(VA(b-a)+ O M2 ||+ h,h, %}f_—_@

= —/Asin(VA(b —a)) + O(1), A > .

Buanm, uyTo aTOT cay4ail KBUBaJEHTEH CJy4aio YCJIOBMH BTOPOTro poxa.

PaccMoTpuM Tenepb BONPOC O pacmpeiesieHud cOOCTBEHHBIX 3HayeHHil 1 O pupoe
CNeKTpa COOCTBEHHBIX 3HaYeHui peryJisipHoi 3anayu 1Itypma—J/luysuiis. Panee 6bi-
JI0 I0Ka3aHO, YTO BCe cOOCTBEHHbIE 3HAUEHH S BELIECTBEHHbI K HMEIOT JIEBYIO TPaHb m.
CripaseiuBa Cjleylolas TeopeMa’:

Vot

TEOPEMA. Ecau yenan QyHKyus KOMNAEKCHO20 NEPEMENoz0 e pasia moxcdecmaeno
1YAI0, MO ee NYAU eCb USOAUPOBAHHBLE TNOUKU.

Y nac GyHKuUHH, CTOAIME B JIEBbIX YacTsx ypasuenuil (3.57)—(3.59), — uenbre GpyHk-
IlMK OT A, He paBHbIe TOXKAECTBEHHO HyJ0. CllefoBaTesIbHO, CIIEKTD PeryJispHOi 3a1a-
upn L Typma—JIMyBHJIsA COCTOMT M3 MHOXECTBA COOCTBEHHBIX 3HAYEHHH, OTAENEHHBIX
ApYI' OT APYTa, U HE UMeeT Todek cryleHus (puc. 3.5).

N N B O

m A A2 An A
Puc. 3.5. QuckpeTHbIA cnekTp

v

' Cwm., naupumep: Tumumapus E. Teopus dyuxuuii, — M.: Hayxa, 1980; @yxc b. A., llabam b. b.
DyuKIHM KOMINEKCHOrO NMepeMeliioro W HeKoTopble UX lpuioxenus. — M.. DuamaTrus,
1959.
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Taxoil CIexTp Ha3bIBAETCS OUCKDEMHBIM: Ay <A, <... <A, <... — IOCIEAOBATE/b-
HOCTb COOCTBEHHBIX 3HaueHui. [IpOTHBOMOJNIOXKHOCTD AMCKPETHOMY CIIEKTPY IIpea-
CTaBJISET HENPEPbLIBHBIL CNEKMp WK CMewanivid cnekmp. TaxvuM 06pa3oM, CIeKTp pe-
rynsipHoit sagauu [Itypma—JIHyBHILIA — cieTHOE MHOXKECTBO BELIECTBEHHBIX YHCEJ!
6€e3 TOUEK CTyLIEHHSI.

PaccMoTpuM Tenepb BOMIPOC O ITOCTPOEHUH COOCTBEHHBIX (DYHKLUH pery/IsipHOH 3a1a-
un llItypma—JInyBumist. [Tycts A, <A, <... <X, <...— NOCTeA0BaTeJbHOCTD COOCT-
BeHHbIX 3Hauenuil. HafineM cobcTBeHHble PyHKIMHU. B ciyyae ycioBuil nepsoro poaa
OyzaeM UMeThb

X, (x)=B,y(x,X,) n=123 ..
B ciyyae ycnoBu#t BToporo poaa 6yaeM uMeThb
X, (x)=A,0(x,X,), n=123, ...

B ciyyae ycioBuii Tpetbero poaa 6yzneM uMeThb
X,(x)=A,[e@x )+ h,y(x,X,)], n=123,...

MBI BUAMM, YTO KQXKIOMY COOCTBEHHOMY 3Ha4€HUIO COOTBETCTBYET OfiHa COOCTBEHHas
¢dyHKIMSA, onpese/ieHHas ¢ TOYHOCTBIO 0 NPOKU3BOJIBHOTO MOCTOSHHOTO MHOXHTEJIA.
TakuM 06pa3oM, MOXKHO OCTPOUTH HECKOHEUHYIO [TOC/IEA0BATENIbHOCTD COOCTBEHHBIX
dyuxumit X, (x), X,(x), X5(x),..., X, (x),...

Pa3noxeHue B paa no co6cTBeHHbIM PYHKLUAM
perynspHon 3agauu Wrypma—Jinysunna

[IpenBapuTeNbHO YCTAHOBUM OAHO BaXKHOE CBOMCTBO COOCTBEHHBIX PYHKIIMIA 3a7auu
HItypma—J/Inysuas, Iycts nana cucreMa pyskuuit ¢, (x), ¢,(x),...,9,(x), ... Bynem
[IpearnoJarath, Yr0 Bce QYHKUUU @, (x) 9TOH CUCTEMbI BEUIECTBEHHBI ¥ HETPEPHIBHBI
Ha [a,b]. Mbl ckaxxeM, uTo paccMaTpuBaeMas cuctemMa QYHKIUI opmozonansha Ha
[a,b] ¢ BecoM p(x), eciit cyiiecTByeT Takasi GyHKUMA p(x) = 0, yTO

b
[p(x)9, (X)0,(x)dx =0, m=n.

Ecnu m = n, To BeanynHa
b

leon] = [[p(x)9i(x)dx >0

a

Ha3bIBAaeTCH Hopmou AJsl maHHOW cucteMbl QyHKiMH. TakuM obpasoM, 4714 AaHHOM
cucTeMbl QyHKIM

0, m=n,

b
[p(®)0n(x) @, (x)dx =4,
2 lo.|"s m=n

n=w
n=t

Cucrema byHKumil {@, (X))} ,.; Ha3bIBAETCS OPMOHOPMUDOBANION, ECIIH
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b 0
[p)0, ()0, (x)dx ={ L

1, m=n

XopoLo W3BECTHbIM NIPUMEPOM OPTOTOHAJIbHOH CHCTeMbI (yHKIMH Ha oTpeske [0,a]

ABJsAETCA CUCTEMa CHHYCOB .
n=w
. nnx
sy —— ,
a
n={

puyeM
“ - 0, m=n
fsin[—mix—) sin[——)dx ={a
0 a a 5, m=n.

COOTBETCTBYIOLIAsA €if OPTOHOPMHPOBaHHasi cucTeMa QYHKIMi 6yneT Taxkou:

(=)

Paccmotpum peryisipryto 3agady IItypma—JInyBuiuis asisi ypaBHEHUs
[p(x)X'(x)] + [Ar(x) - g(x)] X(x) =0, a<x <b.

OTHocuTeNbHO KO03(@UIIMEHTOB 5TOTO0 YDaBHEHHs IPMHMMAaeM Te€ XK€ MpenroJioxe-
HUS, 4TO 1 paHee: GyHKUMH p(x), p'(x), g(x), r(x) GyneM CUMTATh BEWECTBEHHBIMU U
HeIIpepbIBHBIMU B [, b]; kpome Toro, p(x) u r(x) ojoxuTebHble B [g, b]; kaxaas T04-
Ka [a, b] — oObiKHOBEHHAs TOYKA ypaBHEHHSL.

ByzneM paccMaTpMBaTb IPaHUYHbIE YCIOBHS TPEX THIIOB:

X(a)=0, X(b)=0, M
X'(a)=0, X'(b)=0, 1)
X'(a)-h,X(a)=0, X'(b)+h,X(b)=0, h, h, >0. (111)

n=w
n=1

Hyctb {X, (x)}I=° — cucteMa COGCTBeHHBIX PYHKIMI JaHHOM 3ana4y, a {A,}
OTBETCTBYIOLINE COOCTBEHHDIE 3HAYEHUS.

— CO-

TEOPEMA. Cucmema cobcmeennvix Qpynxyuii peeyaspinoti 3adavu [lmypma—JTuyeun-
28 opmozonanvia Ha [a,b] ¢ eecom p(x) = r(x), mo ecmy

b 5 X e 0, m#n,
fra) X (x) X, (x)dx = X men

DoxasarenscTso. MMeeM
[p() X, ()] +[A,r(x) - g(x)] X, (x) =0, (3.60)
[p() X, ()] +[A,7(x) - qx)] X, (x) =0. (3.61)

YMHuoxuM ypasHenue (3.60) Ha X, (x), a ypasuenue (3.61) — Ha X (x) 1 BbIYTEM
OJIHO M3 IPYTOrO, MOJYyYUM
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X, () [p(*) X, ()] - X, (0)[p(x) X, ()] +
+ (A =2 )M(X) X, (1) X, (x) =0.
Hocneanee paBeHCTBO MOXKHO MEPEMHCATD TAK:
d

E{P(x)[Xn ()X, (x) = X, () X, ()} + (A, —2,)7(2) X, (£) X, (x) = 0.

[IpouHTerpHpYeM Tereps MONYyYEHHOE PAaBEHCTBO 1o (4, b

POX,(2) X, (x)- X, ()X, ()] +
+(A, —A, )f r(x)X, (x)X,(x)dx =0. (3.62)

Hetpynno ybemutbest, uro ansi yCaOBUH MePBOTO, BTOPOTO W TPEThero poaa Oyaem
HMETb

PENX, (1) X1y (1) = X, () XL () =0,

Taxum obpasom, ais aTux ycaosuit us (3.62) monyyaem
b
A =2 7(2) X, (2) X, (%) dx =0,

a cJIe/l0BaTeIbHO,
b
[r) X, ()X, (x)dx =0, m=n. )

a

n=w

Taxum obpazom, ecnut { X, (x)}ref — cucreMa cobeTBeHHBIX DYHKIMIA peryasipHol 3a-
Aaun Utypma—JIuyBusns, oTBeYAOMIMX TPAaHUYHBIM YCIOBHUSIM MEPBOrO, BTOPOIO
WM TPeTheTo poja, TO

L0, m=n,

b f,
X, (X, (e ={" X[ men (363)

Iycrs f(x)onpenenena na[a, b]. Bynem npeanonarats, 4To 312 GyHKUMS YAOBIETBO-
PSIET HEKOTOPBIM YCJIOBHSIM, KOTODBIE MBI YTOUHMM B AajabHelimenm. [ToctaBuM 3agauy:
npeAcTaBUTH PyHKIHMIO f(X) B Buae psaa

f@)= €, X (). (3:64)

Ecimu npeanosnoxuTs, 4To Takoe pa3jioKeHHe CYMECTBYET U psag (3.64) cxoautes Tak,
4TO OH JOMNYCKAeT MoUYJEHHOe WHTErPUPOBAHUE, TO MOXHO HaiTH K03(hPHUIMEHTDI
pasnoxenus C, . JleficrBurensho, ymHoxuM (3.64) Ha r(x) X, (x) v mpouHTerpupyem
1o [a,b]

b o b
[f@r@ X, @dx = 3.C, [r(x)X, (%)X, (x)dx.
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B cuny (3.63) 6yaem 1MeTh

b
[ f@E X, (x)dx = Co| X, (] =

b
[f@yr(x)X,, (x)dx
w = 5 =12 ..
| X (@)
Taxum 06pa3oM, OKOHYATENTBHO MOTydaeM
b
[ )X, (x)dx
| Xl
Wrak, mbl HGOpMATbHO ONTYYNIIH Cllefylollee pasoXenue:
b
) [f)r(x) X, (x)dx
fx)=YC,X,(x) C, == , : (3.65)
o 1%, ()|’

Jlnst 060CHOBaHMSI 3TOTO Pa3/IOXeHUs! HajoXum Ha Qynkimio f(x) onpeieseHHble
yenosust. CripaBeasiiBa ClaeAyionias TeOpeMa pasiioxKeHus

TEOPEMA. ITycmo ¢ynxuus f(x) onpedenena na [a,b)u yoosremsopsem mam ycrosu-
am Jupuxae:

1) f(x)xycouno-Henpepwena nala,bl;
2) f(x) uMeem KoHeuHOe YUCLO MAKCUMYMO8 U MUHUMYMOB Ha [a,b] .

Tozda psd (3.65) cxodumcs x navenuro dynxyuu f(x) 80 acex mouxax x € [a,b], 2de
dynKuus nenpepvisna. B mouxe paspvisa pad (3.65) cxodumcs u e2o cymma pasna

f(c+0)+f(c-0)
2 ’
20e x = ¢ — mouKa paspoiéa nNepeozo pooa.

Ipumep. Pasnoxuts bynkimio f ()10 cobcTBeHHBIM QyHKLMM CIeAyloLlel 3aauu
[IrypmMa—JInyBusns:

X"(x)+AX(x)=0, 0<x <l X(0)=0, X(/)=0.

CobcrBeHHBIMY (DYHKIMAMY JaHHOM 3afauH, O4€BHAHO, 6ynyT GyHKIMK

X,(x) =sin(n—lnxj, n=12..,

a coOCTBEHHBIMY 3HAYEHUSAMU
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Mzl 3naeM, UTO

!
Isin(@xj sin(@x]dx =</
0 l l 5, m=n

Taxum o6pa3om, pasioxeHue GyaeT UMETb BUA

f(x)= i C, sin(n—lnx) JI. (x)sm( ]dx
n={

0

PerynapHasa 3apava Wrtypma—Jinysunna
C rpaHU4YHbIMU YCNIOBUSIMU YETBEpTOro poaa

PaccMoTpuM peryisipuyio 3afady llrypma—J/IuyBunins ans ypaBHeHUsS
[P()X'(X)] +[Ar(x)—g(x)]X(x)=0, a<x <b, (3.66)

rae ¢ynkuuu p(x), p'(x), g(x), r(x) BeweCTBeHHbIE ¥ HempepbIBHbe B [g,b]; p(x) 1

r(x) nonoxurenbHsle B [a, b]; kaxaas Toyka [a, b] — 06bIKHOBEHHAA TOYKA yPaBHEHUA.

Byaem npeanonarars, uro p(a) = p(b) u byaem paccmarpuBarh CleylOilHe TpaHHy-
Hble yCI0BHs (yCJOBUS YETBEPTOTO POAA MM YCJIOBHSA NEPHOAHYHOCTH):

X(a) = X(b), X'(a)=X'(b). (3.67)

ycrs ¢(x,1), w(x,A) — bysaamenTanbHas cucrema pemenuit [ltypma—J/lnysuins,
YAOBNETBOPAIONIAA YCIOBUAM

o(ar) =1, ¢'(a M) =0; w(ar)=0, y'(al)=1
O6muit unterpan ypaBrenus (3.66) 3anuinem B Blijle
X(x,2) = Ap(x, M)+ By(x, A).
W3 rpannunsix ycnosuit (3.67) 6ynem uMers
Ale(ar)—o(bM)]+ Bly(ar)—y(bM)] =
Al9'(a 1) -¢'(5,M)]+ Bly'(a ) - w'(bM)]=0;
WK
Al1-0(bM)]-By(b 1) =0,
-A¢'(bA)+ B[1-y'(bM)]=0. (3.68)
Cucrema (3.68) — omHopoanas anreGpauyeckast cHCTeMa OTHOCHTEIbHO KOHCTAlT A
u B. Jra cucrema Beeraa MMeeT TpUBHAIBHOE penlenne A = B = 0, xoTopoe cooTBeTCT-
Byer pemennio X(x) =0 ypaBuenust (3.66). [loaromy cobcrseHnbie 3HadeHNs 3afaydn
(3.66)—(3.67) coBnajaloT ¢ pelIeHUAMHU yPaBHEHUS
1-9(br) —wbM) | _
-¢'(br)y 1-y'(b2)

PackpbiBast 3TOT ONpEAENUTENb M YIUTIBAA, YTO, C OAHOU CTOPOHBDI,

AA) =
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Ve 2 2@ _pa@ _,
vl = o, " p®)

a ¢ ApYroit CTOpOHBI
Wi, w} = e(bM)y'(bA) - w(b L) ¢'(b 1),
OyneM UMETH
ALY =2-0(bA)-y'(hr)=0. (3.69)
Vpasuenue (3.69) — ypaBHeHHe [Js1 onpeaeneHusi cCoOCTBEHHBIX 3HaueHuii. MoxHo
TI0Ka3aTh, YTO MPH A —> © 3TO ypaBHEHHE MMeeT GeCKOHEUHOe MHOXECTBO PeIIeHHH.
Bce cobcTBeHHBIE 3HaUEHHS PACIIONOXKEHE! HA OCH A IIpaBee HekoToporo 4uciaa m. Co-

cellHre COOCTBEHHbIE 3HAYEHWST pa3jie/leHbl KOHEUHbIMH MHTEPBaJIaMM, TO €CTb CIIEKTP
33au¥ — AUCKPETHBIH.

[ycts A = A, — coBCTBEHHOE 3HA4YeHMe, TorAa U3 cucTemsl (3.68) monyunm
A[1-o(b,A,)]-Bw(br,)=0. (3.70)
MoryT peanusoBarbcs CleAyOIHMe CoyYan:

1. w(br,)=0; Torma
5 -0l

s

w(b,A,)
ciefoBaTeabHO, COGCTBeHHbIe (DYHKIIMH GyayT
1- (P(b, A )
X, (x)== A,,|:cp(x,7&n Y+ ———y(x,A,) |
w(b,)

2. y(br,)=0,0(bA,)#1; rorna us (3.70) naxoaum A = 0. CobcTBeHHbIE GYHKIIMU
6yayT MMeTb BUA
| X, (%)= By(x.A,).
3.‘ \y(b,-xn )=0, o(b,),) =1; Toraa cobcrBennsie GyHKIMU OyayT
X, (x)=A,0(x,1, )+ B,w(x,A,).

Kaxnas us Gynxuuit o(x, A, ), w(x, A, ) 31ech cama siBastercst cobcTBenHo# QyHKIMel;
A = A, — KpaTHoe co6CTBEHHOe 3HaYeHre. B nansHelimem cobcTBentble GyHKiuy 6y-
IeM obo3nayarsb

X, (x)=A,X"(x)+ B, XP(x).

PaccMoTpuM Bompoc 06 OpTOrOHATBHOCTH COOCTBEHHBIX QYHKIIMIA PeryIsapHOA 3aaa-
yy ITypma—JIHMyBUI/Is IPH TPaHUYHBIX YCIOBUSX 4eTBepTOro poja. [lyctb A =4, —
co6CTBEHHOE 3HaueHHe, KOTOPOMY COOTBETCTBYeT cobcrBeHHas Qynkuus X, (x),
A=A, — cobCTBEHHOE 3HAYEHHE, KOTOPOMY COOTBETCTByeT cobCcTBeHHas (PYHKIHS
X, (x). Bynem vimets

[P(x) X5, ()] + [A,r(x) - g(x)) X, (x) =0,
[p(x) X ()] + [A,r(x) - g(x)} X, (x) = 0.
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YmuOXuM nepBoe ypaBHeHue Ha X, (x), a BTopoe ypaBHeHue — Ha X, (x) ¥ BBIYTEM
OHO U3 APYTOro; 3aTeM TIPOMHTETPUPYEM TIOJIyYeHHOe PaBeHCTBO 110 [a, b]. B pesysn-
TaTe T0JMYyIuM

(A A r(0) X, (0 X, () =0

CuaenoBaTensHo,
b

[r®) X, ()X, (x)dx =0, m#n.

a
3HauuT, cobcTBeHHBle QPYHKIIMYM OPTOTOHAJIBHSI ¢ BecoM r(x) Ha [4, b].
CdopmyaupyeM COOTBETCTBYIOLIYIO TEOPEMY:

Cobcmsennvie gynxyuu peeyraptot sadauu Llmypma—Jluysunrns ¢ ycrosuamu uem-
6epmozo pooda, COOMBEmMCMAYIOULUE PAINUUHIM COOCTNBEHHBIM SHAUEHUAM, OPTOZOHAN-
ot dpye dpyey ma (a, b c secom r(x).
CobcTBeHHble (PYHKIIMM, COOTBETCTBYIOIIME OJHOMY U TOMY Xe (KpaTHOMY) cober-
BeHHOMY 3HauYeHHI0, Boobiie TOBOPsl, HE OPTOrOHATIBHBI, HO MOTYT 6bITh OPTOTOHAJIM-
3MpOBaHbl ¢ MOMOMIBIO CJIEAYIOLIEro Mpouecca oproronanusauuu. Ilycts A =2, —
KpaTHOe COGCTBEHHOe 3HaYeHHE, KOTOPOMY COOTBETCTBYIOT cOOCTBeHHbBle (QyHKUMH
X (x)u X P (x). Toraa, Boob1ue rosops,

b

I r(x)X®Px)XP (x)dx = 0.

a

O6pa3zyem iBe HOBble (DYHKLIMH
XO@)=X" @), XP@)=XP @) -1XP ).

HcHo, uto st QyHKIMHU 6yayT ToxXe cobcrBeHHbIMU QyHKiusaMH. [Tokaxem, 4o ¥
BCerna MOXKHO BBIGpaTh Tak, 4To QyHKIMH X Wx), X f,z)(x) OyayT OPTOTOHAIBHBIL.

JleiicTBUTENBHO, TOTPEOYEM, YTOOBI
b

[reX Q@)X P (x)ydx =

a

- [rox O @ XP @) s i r@IX® @l dx =0,

Orxyna
b

[r@) X" @) X2 (x)dx

a

Y=""3
j‘r(x)[X,(zl)(x)]z dx

a

A1o BCETNA MOXKHO CAEIATh, TAK KaK 3HAMEHATEJNb B NocaeAHel GopMye OTIHYEH OT
ny7st. Taxum 06pasoM, He ymansis OBIHOCTH, MOXHO BCETAA CYMTATh cOOCTBEHHEIE
(yHKLIMH OPTOrOHAJIBHBIMHU.
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CdopMynHpyeM Terepb TeOpeMY Pa3JIoXKeHHs IPOU3BOIBHON QYHKINM B P 1o cob-
crBeHnbIM (pyHklmaM sagaun typma—JInysunis. CymecTBo TeopeMbl OCTaeTcst
. TIpEXHUM; 8cakas gynxyus f(x), yoosremeopsiowjan ycrogusm Jupuxne 8 3aMKHYmom
unmepsane, pasnoxcuma no coocmeennoim Gynryuam. Kosbduivientsl pasioxenus
OTIPEE/IAIOTCA U3 yCJOBUIA OPTOTOHATIBHOCTH COOCTBEHHBIX DYHKIMA.

Mpumep. PaccMorpuM crieayiouyio 3aaady Lrypma—JInysuans:
X"(x)+ A X(x)=0, 0<x <27,
X(0)=X(2n), X'(0)=X'(2n).

QOynaaMeHTaIbHAA CHCTeMa pelleHui, o4eBHIHO, OyaeT TaKoii:

sin(v/Ax)

¢ (x,1) = cos(vAx), w(xA)= 7

O6urwmit unrerpan ypasHenus llrypma—JInysusis
sin(«/Xx)

HoacraBuB 3TOT MHTErpaj B rPaHWYHBlE YC/IOBHS, MOJYyYHM

sm(«/_27t) -0
7 ,
AAsin(v/A2m) + B[1- cos (VA 2m)] =0.

CobcTBenHble 3HAUEHHST HAXOAMM M3 YCJOBUSL Pa3peliuMOCTH OAHOPOAHON CHCTEMBbI

1 - cos(v/A2m) ———Sin(g%t) 0=

«/Xsin(«/xZn) 1- cos(«/iZn)
AL =2(1-cos(vA2r)) =0 =

X(x) = Acos(vAx)+ B

A[1 - cos (VA2n)] - B2

AN =

cos(VA2m)=1= A, =n®, n=0,1,2, ...
Cobcrsennsle GyHKLINYM OyAyT UMETh BUA
X, (x)=A, cos(nx)+ B, S—IM
Wanu, MmoXxHO 3anKcars

X,(x)=1, X®(x)=cos(nx), XP(x)=sin(nx), n=12,...

TakuM 06pa3oM, A, =0 — mpocToe coBCTBEHHOE 3HAYEHUE, BCE OCTAIbHEIE COOCTBEH-
HBl€ 3HAYEHUS UMEIOT KPAaTHOCTD 2.

Pasnoxenue nmpousBoabHoll Gynkuuu f(x), yaoBaerBopsiomeil ycinosuam J(upuxie
B 3aMKHyTOM mpoMexyTtke [0,27], uMeeT BUA
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f(x)=aqa, + i[a,, cos (nx) + b, sin(nx)],

n=1

2n 2n 2n
a, = 1 If(x)dx, a, = 1 If(x)cos(nx)dx, b, = 1 If(x)sin(nx)dx.
2n o TY To

CuHrynapnas 3agada lWrypma—JinyBunnsa

[Tompo6Ho aTa 3agaya 6yner u3ydeHa B riase 5 «HeonHopolHsle 3anaui MaTeMaTiye-
ckoil GpusnKuy. 3A€Ch Mbl OTPAHMYMMCS TOJBKO PACCMOTPEHUEM PsIla 1IPHMEPOB.

IIpumep 1. PaccMoTpum 3agauy
X"(x)+AX(x)=0, 0 <x <oo; X(0)=0, X| ,, =01
O6uuit unterpan ypasuenus IItypma—JlnyBusns
X(x)=A cos(«/Xx) + Bsin(+/Ax).
U3 nepBoro rpanuuHoro yciaoBus Haxoaum: X(0)=0= A =0. Takum obpasom,
X(x)= Bsin(«/Xx).

U3 BToporo rpannuHoro ycnosus X| . = O(1)cnenyer, uro VA — BewiecTBenHoe uilc-

50, 3Hauwt, A > 0. OtaensHo posepuM 3HaueHue A = 0. B 3ToM cayuae obinuii uure-
rpajs ypaBHeHUs umeer BUA X(x) = A+ Bx; u3 rpaHU4HBIX ycnoBUH naxoanM A =0,
B =0, ciepoBaTtennbHo, A =0 He ecTh cobBCTBEHHOE YUCIO 3aauH.

Takum obpasoM, A € (0,+). JlaHHas 3agaya UMeeT HelpepobiBHbLI cieKTp co6CTBeln-
HbIX 3HaYeHUH. Y 106HO IPUHATL A = A, =Vv*,0 <V < 00, TOrAa COBCTBEIIHbIC DYHKILIH
oyayr X, (x) =sin(vx).

ITpumep 2. PaccMoTpuM 3agauy
(r*R(r)) + \*R(r)=0, 0<r<ag R, ,=K1), Ra)=0.

[Ipexne uem sanucars oOuMit HHTErpan saganHoro ypasusenus L rypya—JliyBnnnsg,
npeobpasyeM 3TO ypaBHeHHe CIEYIOIUM 00pa3oM:

r*R"+2rR + M*R=0= rR" +2R + MR =0.
Jlerko nposepsercs dhopmyia
(rR)" =rR" + 2R’
C yyerom aTolt (popMyJibl Hallle ypaBHeHHE TPpeoGpa3oBbIBaeTCS B ClieAylollee:
(rR)" + AR =0.
O6wHit UHTErpas NOC/TEAHEro ypaBHEHUS UMeEeT BHJ
rR(r)y=A cos(«/ir) + Bsin(«/Xr)‘

Takum 006pa3om, 061K MHTErPAT UCXOLHOTO yPaBHEHHS] UMeeT BHI
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R(r)=A

cos(~/AT) +B sin(ﬁr)
r r

W3 rpannvHBIX YCIOBAHA HaXOQUM
R, =0(1)=> A =0,

sin(ﬁa)
a

R(a)=0= B =0= sin(vAa) =0 (B =0).

Takum obpasom, cob6cTBeHHble 3HAYeHUs By IyT

2
Jia=nn= A, =[@) L n=12 ..

a

CoorBercTBYIOLIKE cOBCTBEHHbIE PYHKIMY OyayT
. [ nn
sinf —r
[ a )
—

Ecau A =0, To obuuit unrTerpan umeer Bua R(r) = A/r + B; U3 rpaHUYHBIX YCIOBUA
HaxoauM A =0, B =0, cienoBatensHo, A =0 He ecTb cobcTBeHHOE YMCI0 3afa4u. [lan-
Has 3afiaya MMEEeT AUCKPETHBIN CIIEeKTP.

R.(r) =

IIpumep 3. PaccMorpum 3agavy

(rR'(r)) + A R(r)=0, 0<r <a, R|,,,=X1), Ra)=0.
r
[Ipeo6pasyem ypaBHEHHE 3afa49i CIeAyIONMM 06pasom:
PR+ R +XR=0= r’R" + R + AR =0.
r

TocienHee ypaBHeHMe €CTh ypaBHeHue Jiijiepa; pelleHHe ero uieM B Buge R =r!
Tocne NOACTaHOBKY B ypaBHeHHe MOJYYUM XapaKTEPUCTHUECKOE YPaBHEHHE [JIs Oll-
pedeseHus s

s(s—1)+s+A=0=> s =+ia, i=+/-1
Taxum o6pa3omM, pellleHHe UMeET BHJ
R(r) — r:iﬁ — e:iﬁln(r).
Y0610 B3siTh (PyHIAMEHTAIbHBIE PELIEHUsT B BHAE cos(~/A In(r)) u sin(v/A In(r)). To-
raa obuiKii MHTErpajl ypaBHEHUS MOXKHO 3allMcaTh Tak:

R(r) = Acos(«/i In &D + Bsin[ﬁ In [2]]

113 rpannuHoro yciosust R(a) =0 Haxoaum A = 0; u3 ycnosust R(0) = 0(1) BBITEKAET,
4T0 A/ — BeIeCTBEHHOE YHCJI0, clefoBaTenbho, A > 0. [Tonaraa A = A, =v*, 0 <v <,

oayYuM coO6cTBeHHbIE PYHKIMH B BUIE

R,(r)= sin[v ln(r)}
a



Obuwee nanoxeHue metona Dypbe ONA Cy4as ABYX HE3aBUCHUMBIX NEpeMeHHbIX 129

Ecan A =0, To obmmit unrerpan umeer Bux R(r) = Aln(r)+ B; U3 rpaHu4HBIX yCI0-
Buit HaxoauM A =0, B =0, caenoBatenbHo, A =0 He ecTb COOCTBEHHOE YKCTIO 3afadH.
JlanHas 3aaya iMeeT HerpephiBHBIH criekTp A € (0, +).

IIpumep 4. PaccMoTpuM elne OAHY 3aady
X"(x)+(A-xH)X(x) = 0, —o<x <+ X, 4s0 =0(1).

MoxHo 110Ka3aTh, YTO COOCTBEHHBIMH 3HaUEHWSAMH 9TOM 3a/lauu 6yayT A=A, =2n+1,
n=0,1,2, ..., a cobcTBenHnMH pyHKUMAMK OyayT GyHKUMH

X,,<x>=e'x7H,,<x>,

2 dt 2
e e* , n=0,1,2,... — noauHomsl Ipmura. CriekTp 3aa4y —

rne H,(x)=(-1)"¢e*

JMUCKPETHBIH.

ToaBexeM HEKOTOPBIE HTOTH PACCMOTPEHHHBIM NpHMepaM. XapaKkTep CleKTpa CHHIY-
ASPHOI 3aauM 3aBHCHT OT IPaHWYHBIX yCIOBHUIA Ha KOHLax nHTepBana. Ecnu cnexktp
33/]a4d OKA3bIBAETCS THCKPETHBIM, TO MOXHO NIEPEHECTH TEOPHIO PEryJIspHON 3a4a4u
Ha CIydail CHHTYAApHOM 3amaum. Ec/in Jke CIieKTp OKa3bIBAa€TCS HeNpPePLIBHRIM WJIH
CMeIUaHHLIM, TO TEOPHsl PeryIApHOi 3alauy He BepHa VI CHHIY/ISPDHON 3a/layuu.

O6wee nanoxexne merona dypoe ana cnyvas
ABYX He3aBUCUMbBIX NepeMeHHbLIX
Cdopmyaupyem ciaeayomyio 3axady. Ilycts Tpebyercss Haliti ynxivio u = u(x,y),

KOTOpasi yAOBJETBOPSIET CAEAYIOMMM YCIOBHAM: JuHeHOMY AuGdepeHLHaIbHOMY
ypaBHEHMIO '

L (u)+M,(u)=0, a<x<b c<y<d, 3.71)
e :
R A R ‘
L= 2 p 2 |- gcom |

2
M, w)=42% B cu
oy oy

Qynkuuu p, g, r — BenecTBeHHble GyHKUMH OT x; A, B, C — BemeCTBeHHbIe $ysxumu
or y. [Ipeanosnaraercs, 4to p, p', g, r HenpepsiBHbI Ha [4,b]; p > 0,7 > 0; A, B, C Henpe-
puiBHbI Ha (¢, d) (unTepBan (¢,d) MOXeT ObITh 1 6€CKOHEUHBIM).

Ilo nepemeHHOl X BBITIOAHAETCS OXHO M3 YCHOBHIi IIEPBOTO, BTOPOTO WJIH TPETHETO
po/a, TO ecThb

U,e =0, 1, =0, (3.72-1)
6o
ou =0, ou =0, (3.72-1I)
ox x=qa ox x=b
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subo

ou ou
——hu| =0, —+hu|l _, =0k, >0 h >0 (3.72-111)
ox x=a ox x=b

[To mepeMeHHO# y BBIIOMHSIOTCS OlpeieieHHble YCI0BHSI, KOTOPble 3aBHCAT OT TUMA

ypasuenus (3.71). KBagparnunast dopMa, cBsi3aHHas ¢ ypasHenuem (3.71), umeer

BUJ

G=Lx? 4 Av?
r

Tun ypasHenus onpeaensercs snakom A. Eciu A > 0, To ypaBuenue (3.71) smnmunru-
YEeCKOro THIA W YCJIOBHMS Ha KOHUAX WHTepBana (¢, d) MMEIOT XapakTep yCI0BHii nep-
BOTO, BTOPOTO MJIU TPETHETO POAA, HallpHMeED,

u, . =fox) u, , =fi)

Ecau A <0, 1o ypasuenue (3.71) runepboiuyeckoro Tuna. JIToT TUN BCTPeYaeTcs
B CJlyuae, KOTa epeMEHHAs Yy — BpeMsL, y € (¢,+00). Y CI0BUS HMEIOT BUJ

u

o = y(x).

y=c

U, =),

Ecnu A =0, To ypasuenue (3.71) napabonuueckoro THIA; NepeMeHHas §¥ — BpeMs,
y €(c, +o). YCI0BUSI UMEIOT BH]
ulyﬂ =@ (x).

Taxum obpasom, ypasHenue (3.71) 10/kHO 6BITH OAHOPOAHBIM U JONYCKATh Pasjaesie-
HHe IepeMeHHbIX; YCIOBHS 10 TIEPEMEHHOI X — OAHOPO/HbIE, 10 TIEPEMEHHOI i — He
obs13aTenbHO.

Bynem uckath pelileHue 3a4a4H B BUIE
u=Xx)Y(y). (3.73)
[Tocre noacratnoeku (3.73) B (3.71) nonyuum
L(X)__M®)_
X Y

Takum obpasom, ypasHenne (3.71) pacnanaercs na asa oObIKHOBEHHBIX ANGdepeHIH-
AJIbHBIX ypaBHEHUS

YL (X)+ XM, (Y)=0= =y

L (X)+AX =0, (3.74)
M, (Y)-AY =0. (3.75)

Ypasaenue (3.74) B SBHOM BHJie 3alIUCBIBACTCS TaK:
(pX'Y +(Ar—-q)X =0. (3.76)

Ito ypashenue [IItypma—JluyBuans. B cooTBercTBui ¢ TPaHUYHBIMM YCIOBHSMH
(3.72) ans dyHkuuu X(x) 10/KHO BBIIOAHATECS OAHO U3 TPeX YCJIOBHUIA

X,., =0 x|, =0, (3.77-1)
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6o
dx dX
kel =0, == =0, 3.77-11
dx r=a dx x=b ( )
mmbo
dX ax
—d—x—haXlx:a =0, —d—x+h,,X|_r=b=0, h, >0, h, >0. (3.77-111)

Taxum o6pasom, Mbl UMeeM Jieno ¢ peryasipoit sanaueiil Irypma—JInysunns. Co-
IJIACHO PACCMOTPEHHOMN paHee TEOPHH, 3a1a4a UMEET IMCKPETHbIH CIIEKTP COOCTBEH-
HbIX 3HAYeHHH A = A,, nipuueM n=1,2, 3,..., . KaxaoMy cobcTBEHHOMY 3HAYEHHIO
cooTBeTcTBYeT cobcTBenHass GyHkuust X = X, (x). OT4 cobCTBEHHbIE PYHKIMH OPTO-
roHasbHel Ha (@, b] c BecoMm 7 (x), TO ecThb

b 0, m#n;
jr(x)X,,,(x)X,, (x)dx = , (3.78)

,
a !)X,, , M=N.

Toncrasnss cobeTBEHHBIE 3HAUEHHSI A = A, B ypaBHeHue (3.75), nonyunm
M,(Y)-r,Y =0. 3.79)

Jlnst onpeneseHHOCTH GYNEM CUHTATb, YTO Mbl IMEEM IEJIO C THNEPOONTHYECKUM CIIy-
yaeM (A < 0). Toraa obwuit nurerpan ypaBHenus (3.79) umeer 1

Y, (y)=CY, " (1)+D,Y " ()

non ne-n

re Y. (1), P (y) — avneiiHo He3aBucHMBble Pelennst ypaBHenus (3.79), TO eCTb X
onpeaeauTeb BpollCKOro OT/IHUEH OT HyJIsl

Wiy, Y3} =0,
Takum 06pa3oM, Mbl NOJTYYHIH GECKOHEUHYIO COBOKYITHOCTD YaCTHBIX PELIEHUIH ypaB-
Henusi (3.71)
u=u, =[MY @)+ NYP @)X, (x), n=12,3,...,

n-n

Kaxnoe U3 3TUX pellieHuil yA0BAETBOPsIET ypaBHeHUIO (3.71) ¥ OXHOPOAHBIM FPaHHY-
HBIM YCJIOBUSIM 110 IlepeMeHHoil x. [[71st Toro 4To6sl yAOBAETBOPUTH HEOMHOPOAHBIM
YCJIOBHUSIM TTO TIepPEMEHHOH y, Mbl IIPHMEHSIEM TIPHHIIUIL CYTIEPIIO3HULIMH U COCTABIISEM
pellieHe B BUZE psija

u=3u, = LIMYO @)+ N YD @)X, () (380)

n={ n=1

Ml nocTyiHpyem 31€ech cXoauMocThb pszaa (3.80), nonyckaioulylo rnpeiesibHbI# Iepe-
xo M AuddepeHIIIpoBaHUe 0] 3HaKOM cymMmbl. TakyuM 06pa3oM, MOXHO HanuCaTh

U, =0@) =T IMYO O+ NYP(OIX, (x), a<x<b, (381
n=1

ou

= w) SIMYY () + NY (X, (x), a<x<b  (382)
1/ n=1

y=c
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Pasencrsa (3.81) u (3.82) o3nauaioT pasnoxeHust GyHKLUMIA @ ¥ N0 COBCTBEHHHIM
dyuxuusam 3agayu LItypma—JInysuns (3.76)—(3.77). Eciu uMeet MecTo Takoe pas-

JIOXXEeHUe, TO MOXHO HallhCaTh
b

[r@)e@)X, (x)dx

MY (c)+N,YP(c)="* T =0, (3.83)
b
[rx)w@)X, (x)dx

MY (c)+ N, Y (c)=* T =y, (3.84)

Takum obpa3om, Mbi UMeeM cUcTeMy ypaBHenwuii (3.83) u (3.84) nns onpenesieHus He-
U3BeCTHBIX KOHcTanT M,, N,. Onpexenurelp 5TOH CHCTEMbI €CThb OIpEAETUTEND
BpOHCKOrO, KOTODbi# OTJMYEH OT HyJs B CHJIYy JMHEHHON HE3aBMCUMOCTH QyHKIMI

YO ), Y2 (y)
YW@ @)

= =Wy D Y>®) =0
Y'(e) Y0 Lt ‘}

CrenoBaTelbHO, CHCTEMA pa3peiiuMa oTHocuTeabHo M, N, u popmyna (3.80) naer
¢opmasbHOE pelIeHHEe 3aja4M.

B 3akmoueHHe yKaXeM KPaTKYIo CXeMy DeteHUs 3anauu merogom Dypoe:

1. TIpousBecTd pa3iiesieHHe NEPEMEHHBIX M CBECTH 3aJayy K UHTETPHPOBAHHIO ABYX
06BIKHOBEHHBIX An(pdepeHHaTbHBIX YPaBHEHUH.

2. Cdopmyauposats 3afayy HITypma—JluyBuiis v HAaTH COBOKYMHOCTh cobcTBeH-
HbIX 3HAYeHUH U cOBCTBEHHBIX DYHKIHHA paccMaTpUBaeMOM 3alayH.

3. TIpouHTErpupoBaTh BTOPOE yPaBHEHHE U MOCTPOMTH COBOKYMHOCTh HaCTHBIX pe-
weHu# 3aauM, yAOBIETBOPAIOUIMX OAHOPOAHBIM FPAHMYHBIM YCIOBHAM.

4. CocTasuTb GOPMATbHBIH PAA M3 YACTHBIX PEIIEHUH U, TOJb3YSACh TEOPEMOIl pa3-
JIOXEHUS 10 cOOCTBEHHBIM QYHKUUAM, HAHTH K03(h UIIMEHTH PA3I0KEHUA.

5. IlaTb cTporoe 060CHOBaHHE NMOJyYEHHOMY (OPMATLHOMY pElleHHIO 1JIA Ompee-
neHHoro kiacca GyHKIMA.

JlaHHas cxeMa OCTAeTCs B CUJIe /IS CJyyas yCIOBUii YeTBEPTOTO POJia Pery.IsapHoii 3a-

naun IItypMa—JInysunns. CxeMa TakxKe NEPeHOCHTCS M Ha CHHTYJSIPHBIN ciryyaid,

€CJIU CIEKTp 3a/layd OKa3bIBAETCA AHCKPETHBIM. Ecau CIIEKTD 3aJayu 6y11e'r Henpe-
PBIBHBIM WJIH CMEHIAHHBIM, TO BO3HHKAIOT HEKOTOphI€ UBMEHEHHS B CXEME.

3apaya 06 oxnaxapeHuu nNnacTuHbl,
nanyyalouien Tenno

3asepuim usnoxenue Meroaa Mypbe PacCMOTPEHUEM elle O1HOTO npumepa. Pac-
CMOTPUM TOHKYIO OHOPOAHYIO IIACTHHY TOJMUIMHBI @ M GECKOHEYHBIX Pa3MepOB B
ABYX IPYTUX u3MepeHHsiX. ByleM npeamnosarath, 4TO 331aHO HAYaIbHOE PacpeeIeHue
Temnepatyphl ¢(x); Jepast cTerka (x = 0) TenIOM301MpOBaHa, a Npasast (¥ = @) u3ny-
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yaeT TemJIO B OKPYXKAIOULYIO CPely, TeMnepaTypa KOTopoil paBHa Hymo. Tpe6yercs
OTIpe/ie/INTh TEMTEPaTyPy IIACTHHKU B Mi060# MOMEHT BpeMenu ¢ > 0.

Maremarudeckas ¢HOpMyIUPOBKA 3a/la4yu:

2
2-{——Q-T-=0,0<:c<a, >0, t=£t-, (3.85)
ox ot cp
T =0, Q—T— +hT,., =0, h>0, (3.86)
x|, .0 Ox
T|"0 = o(x). (3.87)

Bynem nckath pemeHve B Bujie
T(x,1) = X(x)Y (7).
Tocne noacraHosky B (3.85) monyuum

X(x) Y(1)
OTkyna HaXOAuM
X"(x)+AX(x)=0, X'(0)=0, X'(a)+hX(a)=0 (3.88)
Y'(1)+AY(z)=0. (3.89)

Obuee pelienne ypaBuenus (3.88) numeer Bua
X(x) = A cos(vAx) + Bsin(vAx), A #0.

. W3 rpanuunsIx yciioBuii Haxonum B =0,

ctg(vAa) = —‘@, A=#0.

ha

O603HayuM y = JAa; Torna nocnenHee COOTHOMEHHE IPUHMMAET BU]
Y
ctg(y) = - (3.90)
ha
Ha ocnHoBanuu o6miell TEOPHH MOXHO YTBEPKAATh, YTO BCE COOCTBEHHbIE 3HAUCHUS

BeIeCTBEHHBI ¥ MOJOKHTEbHBI, TIOSTOMY y BellecTBeHHO. Pemenne ypasHeHus (3.90)
MOXKHO HailTH rpadHYeCcKH.

151
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Iyctb y =y, (n=1,2,3,..., ®) — losoxuTe bHbIe KOPHU ypaBHeHus (3.90). Toraa
coBCTBEHHbIE 3HAUEHUs OYAYT

CootBeTcTByIOIIIE COOCTBEHHDIE (HYHKUIN OYIyT

X(x)=X,(x)= cos(yn f].
a

OTpuuaTeibiible 3HA4YEHNS 72 ¥ Y He 1al0T HOBbIX COOCTBEHHBIX 3HAYeHHH U COBCTBEH-
HbIX yHKIHH.

Ecmis A =0, To obiee peinetine ypasdenus (3.88) umeer Bun X(x) = A + Bx. 13 rpa-
HHYHBIX ycaoBHii Haxoanm B =0; A =0. CnenoBatenbho, A =0 — He cOOCTBEHHOE 3Ha-
qeHNe 3ajaun (3.88).

PaccsmoTrpuM Terieps ypasHeHlie (3.89); oHo IpuHUMaeT BUJ

2
_Yn,

)f'(r)+(h] Y(1)=0 = Y=Y (t1)=M,e o )
a

CoBOKYNIIOCTb YaCTHBIX PEILei HCXOAHOTO ypaBHenus (3.85) nMeeT Bua

2
In, .
T=T,=M,e a’ cos(y” i).
a

Kaxzoe Takoe pelieiie y10BAETEOPAET OJHOPOAHbBIM rPaHNYHBIM yca0BUAM (3.86) u
O/HOPONHOMY ypaBHenuio (3.85) u 1e yAOBJAETBOpsieT HauaabHOMY ycaoBuio (3.87).
Y1068 YAOBAETBOPUTb 3TOMY Ha4aJbHOMY YCJIOBHIO, MbI, B COOTBETCTBUH C MPHUHIIU-
I10M CYTIEPIIO3HIIMH, COCTABJISIEM CYMMY

2
& i X
T=YM,e cosly,—|
n=1 a
OTKy/a, TOCTYJIIPYS «XOPOLILYI0» CXOAMMOCTh HAITVCAHHOTO Psifa, HAXOAUM

|, =0x)= iM” Cos(yn %J

n=1

Ilociientiee cooTioleH e — Pas3aokeHHe GYHKUIN @(X) 10 cOOCTBEHHBIM (DYHKLMAM
sapaum Iltypma—JInysuis (3.88). CnenoBaTenbHo,

1

X,

. x
5 f(p (x)cos(y,, ;szr,

| o

[piyeM

R

I =J'cosz(y,,£]dr=g 1+M .
0 a 2 2y,

OxotruarebHO, hopMaTbHOE pellleHne 3agaun OyaeT MeTb B1A
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focoas{n,ZJic

0 2
2 X
> e cos[yn —].

n=l {4 sin(2y,) a
2y,

T =

Qe

HanpuMep, B yacTHOM ciayyae, koraa o(x) =T, = const, bynem UMeTb

,[(P(X)COS[YH fjdx = TOJ'COS(YH fjdr = Toa—-—sm(y" ),
0 a 0 a ¥

n

" Toraa

2
T =41, LY")— e cos(y,, f}
n=1 [2Yn + SIH(ZY" )]

3ameuanue o BblYMCIEeHHMM KopHed ypaBHenus (3.90). Kopuu ypasuenus (3.90)
MOMCHO HalTH METOZOM T0CJeN0BATEbHbIX IPUOIIIKEHNH, HAIPUMED, 110 CXeMe

_Y(m—l)
v = arcctg

, m=12,...,
a

NpUYEM, B KQUECTBE HYJIEBOro MPUOIVKEHHMS MOMCHO CHSITh 3HAa'UEHHE v ¢ rpaduka.
Ecnu BennuuHa ha He Maja, TO HPOIleCe TIOCIEA0BATENbHBIX TIPHOTHKEH NI CXOANTCA
6bICTPO. Bhlunc/IeHUs CIenyeT POJOIKATD 10 TEX NTOP, TI0Ka AECATHYHbIC 3HAKH Ha4-
HYT TTOBTOPAThHCS.

Bonpocsol K rnase 3

1. Kakoe ypaBHeHHE Ha3bIBAaeTCs OJHOPOAHBIM JHHEHHDBIM JMQQepeHInaIbHbIM
ypaBHEHMEM B YaCTHbIX TIPOM3BOIHbIX BTOpOTO nopska? IIpuBennTe puMepbt Ta-
KHMX YpaBHEHHR.

2. IlepeuncaunTe cBOHCTBA pelueluil IMHelHOro ypaBHEHNS B 4aCTHDIX IPOU3BOIHDIX
(TIPHHILHI CYTIEPTO3ULIHN).

3. Kakoe ypaBHeHHE B UAaCTHBIX IIDOH3BOAHBIX Ha3bIBAETCS yPAaBHEHHEM C PA3AEIsiIO-
muMucs nepemenHbiMu? [IpuBenuTe npumepsl

4. BbHIOMHHTE TIPOLECC pa3lesieHusl lepeMEHHbDIX B CTy4ae YpaBHEHUA C BYMS He3a-
BUCHMbIMH TlepeMeHIbiMH. UTo Takoe napaMeTp pa3jeieHusn?

5. BbINOJIHNMTE NPOILECC Pa3ieieHHs TIEPEMEHHBIX B CIydae yPaBHEHUS C TpeMs He3a-
BUCHMbIMH TiepeMeHHbiMU. CKOJILKO 1TapaMeTpoB Pa3jiesienns Mbl OYIEeM HMETh
B 9TOM cjyyae?

6. BbinonHuTe Npolecc pas3aeneHms epeMeHHbIX B ciyuyae ypaBuenis Jlansaca B Jie-
KapTOBBIX KOOpPAMHATAX.

7. Boinosnute nipouecc pa3ieneHisi mepemMeHHbIX B c/iydyae ypaBHenus Jlannaca B uu-
JMUHIPUYECKHX KOOpAMHATAX.

8. BbINOIHUTE TIPOLIECC PA3JIENEHUs TTEPEMEHHBIX B CIyuae ypaBHeHus Jlanmaca B ce-
PMYECKUX KOOPJAMHATAX.
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9.

10.

11.

12,

13.

14.

15.
16.

17.
18.

19.

20.

21

22.

23.

24.

25.

26.

27.

28.

29.
30.

Beinonnure nponecc pasyeIeHUs NNepeMEeHHbIX B CIydae OAHOMEPHOroO BOJTHOBOIroO
YPaBHEHHUA C ABYMS HE€3aBMCHMBIMU NNEPEMEHHBIMHU.

Beinonuure NpolecC pasyieIeHUA IEPEMEHHBIX B C/Iy4Yae OAHOMEPHOro ypaBHEHHSA
TEeNJIOHIPOBOAHOCTH C ABYMS HE€3aBHCUMBIMH NEPEMEHHBIMH.

Jaiite pemenue 3asa4yu 06 OXJIKAEHUH MJIACTUHBL METOIOM Pa3Ie/eHUs TePEMEH-
HBIX.

Cdopmynupyiite sagauy Jupuxmne misa kpyra. [lonryyure pemende 3Toil 3axauu
METOIOM pa3liesIeHHs ITepeMeHHBIX.

Hanummwure unrterpan ITyaccona. B ueM npeuMyniectsa TaKOro NpeaCTaBAEHUS pe-
menus 3agayu Jupuxme nis kpyra?

Kak MoxHO ucnosip3oBath uHTerpasi IlyaccoHa ans peureHust saxauu Jupuxme ass
IPOU3BOJILHON MJIOCKOHN 06nacTu?

Cdopmynupyiite sasauy Hltypma—Jluysuuis.

Yro HasbiBaeTcs cOOGCTBeHHOM GyHKuHed 3axayu? Yro Taxoe cOOGCTBEHHOE 3Ha-
yeHHe 3aJauu?

Kakast 3agaua HItypma—JIuyBunns Ha3slBaeTcst peryasapHoit? CUHTYIspHON?

Yro nasbiBaercsa cnektpoM 3agauu Iltypma—JIuypunnsa? Kaxue cnektpsl BO3-
MOJXHBI?

CKObKO COBCTBEHHBIX OYHKIMI MOTYT OTBEYATh JaHHOMY COOCTBEHHOMY 3Haue-
HUIO?

IlpusenuTe NpUMeps! rPAaHMYHLIX YCIOBMH A/ perynapHoil sazaum IlITypma—
JluyBunns.

Kakue rpaHUyHBle yCJIOBUS CTaBATCS B ClIyyae CUHryJsipHoi 3amauu IlTypma—
Jluysunns’?

ITepeurciuTe CBOMCTBA COBCTBEHHBIX 3HaueHui peryispHoit samauu Lltypma—
JInyBumis.

Jlokaxute TeopeMy 06 OrpaHHYEHHOCTH CHHU3Y MHOXeECTBa COOCTBEHHBIX 3Haye-
Huil peryasipHolt 3axauM ltypma—Jluysumis.

JloxkaxxuTe TeopeMy O BELIECTBEHHOCTH COOCTBEHHBIX 3HAYEHHH PeryIspHOIi 3ana-
yy MItypma—JInyBunmis.

Yro HaseiBaeTcs (pyHnaMeHTanbHOM cucreMoil pewenuit Iltypma—JluyBuina?
ITpusenute npumMep.

Kaxumu cBoiictBaMu obnaxaior dyHaaMeHTaldbHble penreHns 3agayd Iltypma—
JIuysunna?

Jloxaxxute CBOHCTBO JNHMHEHHOH He3aBUCUMOCTH GYHAAMEHTAIBHBIX DeUIeHHH
Itypma—Jluysunns.

IMonyuute acumnroTuyeckue GopMyibl PyHzaMeHTaNbHBIX pemenuii [lTypma—
JlnyBunnsa npu A — .

B ueMm sakmouaercsa ocHoBHas uies Merona CrexknoBa—Jluysunns—@Oy6unu?

Uznoxute B 0611€M BHAE BONpoC 06 OnpefeseHuu COBCTBEHHDIX 3HAYEHHIH U cOB-
CTBeHHbIX GYHKUUN peryaspHoii 3agaud HItypma—Jluysunmns.
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31.

32.

33.
34.

33.
36.

37.

38.

39.

40.

41,

42.

43.

44.

45.

46.

47.

CKOJIBKO COBCTBEHHBIX (PYHKIMIA MOTYT OTBEYATh AAHHOMY COBCTBEHHOMY 3Haue-
HUIO B CJIy4ae peryisipuol samauu 1Itypma—JIMyBUIUIA ¢ TDAHUYHBIMH YCIOBUA-
MU TIEPBOrO, BTOPOTO HJIM TPETbero poaa?

Kakue $yHKIIMM Has3blBAIOTCS OPTOTOHATbHBIMU? [IpuBeauTE NMpUMEpPBI OPTOrO-
HAJIBHBIX CHCTEM QYHKUMHA.

YT0 Ha3BIBAETCA HOPMOIA /IS JAHHON cHCTeMbl QYHKUHH?

Copmyupyiite U JOKaXKHTE TeopeMy 06 OPTOroHaTbHOCTH coBCTBEHHBIX DYHK-
Mt peryaspoi sagauu [Utypma—~Jlnysumnis.

Cdopmynupyiite ycaosus Jupuxne.

Ccopmymupyiite Teopemy O Pa3ioxeHUH QYHKLUH B Psill 10 COOCTBEHHBIM PYHK-
nuaM peryaspHoit sagauyu Iltypma—Jluysuinsa. IIpuseaure npumep.
Coopmyupyitte peryaspHyio safauy ITypma—JIvyBUsIsi ¢ TPAHUYHBIMU YCJIO-
BUSAMH yeTBepTOro poaa. [Ipuseaure npumep.

UUsnoxute B 06uieM Buie BOTpoc 06 onpeeseHu COOCTBEHHBIX 3HAUEHHH U €06~

cTBEeHHbIX GyHKUMI peryaspHoi 3agaun LITypma—JInyBunisa ¢ rpaHHYHBIMH YCIIO-
BUAMMU YETBEPTOro Poja. B uem oco6eHHOCTD 3TOH 3a1aun?

CoopMynupyiTe 1 JOKaXHTE TEOpeMY 06 OPTOTOHATBHOCTH COBCTBEHHBIX PYHK-
umit peryasipHo# 3agaun IITypma—JInyBusis ¢ TPARHUYHBIMH YCIOBUSAMH YE€TBEP-
TOTO poza.

B ueMm 0cobeHHOCT COBCTBEHHBIX YHKIMH, OTBEYAIONIUX FPAHHYHBIM YCTOBUSM
yerBepTOro poxa? CKOJIbKO COBCTBEHHBIX PYHKLMIA MOTYT OTBEYaTh JAHHOMY CO6-
CTBEHHOMY 3HAYEHHIO?

B yeM COCTOMUT npoilecc OPTOTOHTUIALMH ?

[Ipuseaute npumep 3agayu [Typma—JIuyBuU/LIs ¢ PAHUYHBIMH YCJIOBUAMH 4€T-
BEpTOro pola.

[Ipuseaurte npumepnl CHHIYJIsApHbIX 3agay LlItypma—JIuyBuiIst ¢ HMCKPETHBIM
CITEKTPOM.

[IpuBenuTe MPUMEPH! CHHIYAsApHBIX 3afay [lITypma—J/InyBUILISE C HETIPEPLIBHBIM
CITEKTPOM.

Jajire ob1ee HanoxeHue Metola Mypobe 11 crydas ABYX HE3aBUCHMbIX IIEpEMEH-
HBIX,

Jlaiite pemtenue 3aga4y 06 OXNKAEHUH IIACTUHBI, U3/TyYalOLIEH TETLIO, METOAOM
Oypbe.

[TpuBeaMTE KPATKYIO CXeMy IpUMeHeHUs meTola Dypee.

3apaum ¢ NnpuMepamMu pelueHns

1.

Haiit coBCTBEeHHBIE 3HAUEHUS U cOBCTBEHHbIE DYHKIIMHM KpaeBOH 3ajlaud
1) y" +Ay =0, y(0)=0, y(I)=0, x €[0,/];

2) y"+hy =0, y(0)=0, ¥y (D)+hy(l)=0, x €[0,/], h>0;

) y"+ry =0, y(I)=0, -y (0)+ hy(0) =0, x €[0,/], A >0;
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4) y"+ry =0, y(0)=0, y'()=0, x €[0,/];

5) y"+2y =0, y'(0)=0, y(/)=0, x €[0,[];

6) y" +iy =0, y'(0)=0, y'()=0, x €[0,/];

7Yy +ry =0, y'(0)=0, y'(D+hy()=0, x €[0,/], Ah>0;

8) y"+ay =0, (=0, —y' (0)+ hy(0) =0, x €[0,/], 2 >0;

9) y"+ry =0, ~y'(0)+hy(0)=0, y'()+hy(1)=0, x €[0,[], A >0;

10) —d—(xdlj+&y=0, y(a)=0, y(b)=0, x efab], a=0, b=0;
dx\ dv) x

11) i[_r2ﬂ)+7\x2y=0, y(a)=0, y(b)=0, x €[a,b), a#0, b=0;
dx dx

12) y" + 2y =0, y(-1)=0, y(/)=0, x e[-L/];

13) y" + 2y =0, ¥ (<)) =0, y'(1)=0, x e[-LI];

14) y" + 2y =0, -y’ (=) + hy(-1)=0, y' (1) + hy(1) =0, x e[-LI], A >0;

1‘3) _Ci_(lﬂj+.?:y =0, y'(a):O, y'(b)=0, X E[d,b], az0 b=0.
dx\ drx) x

2. Pasnoxntb GyHxunio f(x)=x’ B psin 10 cOOCTBEHHBIM QYHKIUMAM 3a1a41
y" +ry =0, y(-DH =y, y'(-D=y'(), x e[-L]].

3. Pasznoxntb Qynkiunio
0, -/<x <0,
fx)=

x2, 0<x <l
B psaA 1o cobeTBellbIM GYHKIDISAM 3ajadun
y"+hy =0, y(-ly=y(), y' (-Hy=y' (1), x e|-L1}.
4. Pasnoxirtb GyHKIuo f(x).=x* B P N0 cOBCTBEHIBIM (DYHKIUAM 3ana4H
y"+ry =0, y(0)=0, y(I)=0, x €[0,/].

5. Paznoxutb dyHkiuno f(x) =18 psa no coberBennbM dynxuusam 3anaun 1.10.
6. Pasnoxuthb gyuxinio f(x) = x% B psAA 110 cOBCTBEHHbIM QYHKITMAM 3alayH

d

Y42 d_y_ 2 — — ' -
dx‘[x dx]+)x y =0, y(0)=0(), y'(a)=0, x €[0.a].

7. Pasnoxutb dynkinmo f(v) =c® —x* B pAa N0 cOOCTBEHHbIM DYHKLUAM 3a/1a4H

i(aﬁ d_y)+ iy =0, y(0)=0(), y'(a)+hy(a)=0, x €[0,a], h>0.
dx dx

8. Paznoxurb GyHxumio f(x) =1+ cx B psill 110 COOCTBEIIbIM DY HKIMSAM 331241

y' +ay =0, —y'(0)+ hy(0)=0, y(a)=0, x €[0,a], h>0.
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11.

12.

13.

14.

15.

16.

Pasnoxuth dyHKiMio f(x) =x B psia 1o cobcTentsiM pynkuusam 3agaun 1.10.
Pemuts cunrynsipuble 3agaun [typma—Jluysunns ans ypasiieius

—d—(xzd—y)nkaQy =0, x €(0,a), h>0
de\" dx

HPH yCJ'IOBPIHX
Yoo =0, Ylioo =0,
Yleea =0, Yl =0
y' +hyl,., =0, yl,.o=0(), h>0

Crpyna 0 € x </ ¢ KeCTKO 3aKpeIlTeHHBIMH KOHlaMH 10 MowmeHTa ¢ =0 1axo-
AMJIAch B COCTOSIHWM PaBHOBECHsS MOA AeicTBiHeM onepednoii cunel Fy = const,
MPUJIOKEHHOM K TOUKE X, CTPYHBI NEPNEHJMKYIAPHO K HEBO3MYIUIEHHOMY 1010~
EHMIO CTPYHbI. B HavanbHbiil MOMeHT BpeMeHH ¢ = (0 neficTBue cunbl F, MTHOBEII-
HO mpekpatuaercs. Hafitu kose6anust crpybt npu ¢ > 0.

KoHIbI CTPyHBI 3aKPEIIEHbl XKEeCTKO, a HayajibHoe OTKIoHeHue nmeeT dhopmy
KBaApaTHYHOM Tapabosibl, CHMMETPUYHON OTHOCHTENBHO MEPIIEHIIKY ISP K cepe-
auHe cTpyHbl. HaliTh koseGanyist cTPYHE, €CJIM HauajibHbie CKOPOCTH PaBHbI HYJIIO,
a HayaJbHOe MaKCHMAJIbHOE CMEILeHHe PaBHO A.

CtpyHa ¢ eCTKO 3aKPEIUIEHHbIMH KOHLAMHM BO30YKHaeTcs yAapoOM KeCTKOro
[JIOCKOI'O MOJOTOYKA, cOOBIaoero eil ciaeayloiee ladaibHoe paclipeieienie
CKOpOCTeii:

ou

ot

JO, 0<x<x, ~§
=y(x)=1v,, X, —0<x <y +d
10, X, +8<x <l

1=0

Haittn xonebanusi cTpyHbl, €CJIH Ha4akibHOE OTKAOHEHNT PABIIo MyJIo.
CTpyHa ¢ €eCTKO 3aKperIeHHbIMU KOHUAMU Bo30YXKIAeTCs y1aPOM XKECTKOFO Bbi-
NYKJIOro MOJIOTOYKa, coobmiaiomero eff ciepyioliee HayaTbHOE pacrpefenciie
CKOpOCTEH:
0, 0<sx<x, -9
Ou

n(x —%,)
at t=0

28

0, x,+8<x<l

=y(x) =141, cos( ) Xy —0Sx <y 49,

Haittu KonebaHus CTPYHBI, €c/¥ HayalbHOE OTK/IOHEHHE PABHO HYJIO.

CTpyHa ¢ eCTKO 3aKpellieHHbIMHM KOHLaMH BO30YKIA€eTCsl YAApOM OCTPOro MOJi0-
TOUYKA, IEPeaoNIero et uMIyase I B Touke x,. HaiiT kosebaius cTpyHbl, echil
HayaJbHOE OTKJIOHEHHE PABHO HYJIO.

HaiiT npoaoJbHble KoJebaHusl CTEPXKHSI, OJIMH KOHel KoToporo (¥ = 0)3akpeiLien
HKECTKO, a APYToi (x = [) cBOOOIEH, NP1 HAYANbIIBIX YCJIOBUAX:

ou
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17.

18.

19.

20.

21.

22,
23.
24,
25.

26.

27.

28.

29.

30.

CrepxeHb JJMHBI /, 3aKpelUieHHbI B Touke (x =0), pacTanyT cunoit F, = const,
TIPUJIOKEHHOH Ha ero ApyroM Kouue. B MomenT ¢ = 0 geficTBue cunbl F; MTHOBEHHO
npekpamaercs. HallTu xonebaHus CTepxKHsA, €CIM HavasbHbIE CKOPOCTH PaBHBI
HYJIIO.

Haiitu xonebanus ynpyroro CTepHs co CBOOGOAHBIMU KOHILIAMH, €C/IM HaYaJIbHbie
CKOPOCTH Y Haya/IbHble CMEUIEHHUs] B TPONOIbHOM HANPaBJIEHHH TIPOU3BOJIBHBL

HaiiTi xosne6aHust ynpyroro CTepxHs €O CBOOOAHBIMM KOHIIAMM, IOJIyYUBLIETO
B HauaJIbHBIH MOMEHT BPEMEHM MpPOJAOJIbHBIN UMITYJIbC [ B OMUH U3 KOHIIOB.
Haiitu xoneb6anusi yOpyroro cTepXHs, ONUH KOHEL KOTOPOTO JXECTKO 3aKpeILIeH,
a Apyroit KoHel CBOOOJEH M TOJTy4yaeT B HayaJabHbI MOMEHT BPEMEHU NMPOAOIb-
HblI UMITYJIBC 1.

Haitti pacnpenenenve TeMmneparypsi B cTepxHe 0 < x </ ¢ Tenno4M301MpPOBaHHOM
60KOBOH NMOBEPXHOCTBIO, €C/IH TEMIIEPATYPa ero KOHIOB MOMIEPXKHBAETCA PaBHOM
HyJI0, 2 HavasibHas TeMIepaTypa paBHa I = const.

JlaTh pelienue nepBoi kpaeBoil 3ajayu s ypaBHenus Jlarsaca BHe Kpyra.
JlaTh peuieHue BTOPOW KpaeBoii 3afauu s ypaBHeHus Jlannaca BHe Kpyra.
JlaTb penteHMe BTOPOM KpaeBoii 3anauu A ypaBHenus Jlamnaca BHYTpH Kpyra.

Jlath peieHde TpeTbeil BHyTpeHHeil kpaeBoil 3amaud A ypaBHenus Jlammaca
B KpyTe, €C/IU TPAHUYHOE yCJIOBUE 3alIUCHIBAETCS B BH/E

ou

T~ _hu|r=a = _f'

or
JlaTh peuteHue TpeTbei BHeIIHeH KpaeBOW 3aiauu A/ ypapHenus Jlanmaca ais
KpyTa.
Jlath pemtenue BHyTpeHHeH KpaeBOif 3ajauM inis ypaBHeHus Jlamuaca, eclid Ha
rpaHuile Kpyra 3aJaHo ycJ0BUe

ul,., = Asing.

r=a

JlaTb pemteHue BHyTpeHHeil KpaeBO# 3ajauyd A1 ypaBHenwus Jlaniaca, eciu Ha
rpaHuile Kpyra 3aJaHo ycJ10Bue
4 _ =Asin’ g+ B

r=a

Haiiti dyHkimMio, rapMOHHY€ECKYIO BHYTPU Kpyra paguyca R ¢ 1eHTpoM B Havaje
KOOPAUHAT U TaKYIO, 4TO

ou
1) — = Acos(o);
) ol (9)
ou
2y — = A cos(20);
) o (29)
ou
3) & =sin(0).
) ol (o)

HaiiTi cTalHOHapHOe pacipelesieHue TeMIepaTypsl u(r, @) BHyTpH 6eCKOHEUHOro
IMJMHAPA PafHyca R, eciu Ha €ro MoBEPXHOCTH MOMIEPKUBAETCS TeMIIepaTypa
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31

32.

33.

34.

35.

36.

37.

38.

39.

u|,.r = Asine.

Haiitu ¢yHKuMIO, rapMOHUYECKYIO BHYTPH €AMHHYHOTO KPYyTra ¢ LIEHTPOM B Haydale
KOODAUHAT M TaKyIo, YTO

2
1) ul,. = cos” (o)

400
2) u|r=l = Cos ((p)’

.3 .

3) ulr=l =S ((p)r

6 - .6
4) ul,., = cos” (@) +sin’ (¢).
PemuTs 3aady o kosieGanusix cTpyHbi 0 <X <! ¢ 3aKpenieHHbIMHM KOHIIAMH, €CJIH

HayaJbHbi€ CKOPOCTH TOYEK CTPYHBI PaBHBI HYJIIO, @ HAYaIbHOE OTKJIOHEHHE HMeeT
¢opMy cuHycouan

U, =Asin($), (n — uenoe).

Haiity 3aKk0H BbIpaBHHBAHHA 33laHHOIO HAYalbHOTO pacIpeneieHus TeMIepary-
pbt f(x) B IJ1aCTHHE, TPaHy KOTOpoit X =0 U X = a He NpOIyCKAoT Teria.

Jatb obmee peweHue 3afa4n 06 OXJaXAEHUH 1apa paauyca a NPy yCJIO0BUH, YTO
HavaJbHOoe paciipefesieHye TeMIepaTyphl 3alaHo

U(T,t)l =0 = f(T),
a TeMIlepaTypa [OBEPXHOCTH paBHa Hymo. PaccMorpers cityyait f(r) =T, = const.

Haiitu pacupenesiedve TeMmiepaTypbl B 1Iape paguyca @, MOBePXHOCTb KOTOPOTO,
HadMHas ¢ MOMeHTa BpeMeHH ¢ =0, uaydaeT Temso no 3akoHy HbloToHa, a Ha-
yaJibHasi TeMIlepatypa paBHa I, = const.

[nactuna TosmuHbl 2a (—a < x £ a) ¢ 3aJaHHbIM HAYaJIbHBIM paciipefeeHHueM
TemrepaTypbi #(x,0) = f(x), HauMHast C MOMEHTa BPEMEHH ! = 0, u3siy4aer Temsio
B OKPYXaIOILYIO Cpely, TeMIlepaTypa KOTopoi IIpHHUMAeTCA paBsHo#t Hyso. Cuura-
eTcA, YTO U3JiydeHue NoaunHseTcs 3akoHy Hetorona. Haittn paciipenesienue TeM-
TlepaTyphi B IJIACTHHE B IPOU3BOJIbHBIA MOMEHT BPEMEHH.

Haiitu 3aKoH KosieGaHuit CTPYHBI JUTMHOI /, pacriosioxeHHo# Ha otpeske [0,/]u 3a-
KpeIJIeHHO# Ha KOHUAX, €C/IM B HayasbHbI MOMEHT CTPYHE NpHAaHa pOopMa KpH-
Bo#t f(x)= x(/-x)/(8]), a 3saTem cTpyHa oTiyleHa 63 HAYaNILHOR CKOPOCTH.

OZXHOpOMHAs CTPYHA RJMHOH / HATstHyTa MexXay Toukamu x =0 u x = /. B Touke
X = ¢ CTPyHa OTTATMBAETCS Ha HeGOJIbIIOE PACCTOAHUE A OT MOJIOXKEHHS PABHOBE-
cusl M B MOMEHT BpeMeHH ¢ =0 oTmyckaeTcs 6e3 HauanbHoit ckopocTH. Onpene-
JIUTH OTKJIOHEHHUE U(X,t) CTPYHbI IS JIIOO0r0 MOMEHTA BPEMEHH.

Peumth 3agauy:

2
% 61:, O0<x <l t>0

=0, u(x,0)=T,.
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40. Pewuts 3a1a4y:

=—— 0O<x <l >0

_1_62u 0%u
a? ot?  oxt’

=0, u(x0)=x(-x), oul 0.

X v=l a =0

41. Peumts 3anauy Jupuxie ana ypasHenus Jlansaca B ksagpare D{0 <x <[;0 <y </}
1p# KpaeBbix yeaoBusix: u(x0) =u(x, )y =x(l-x),u(0y)=u(ly)=0.

Mpumepsbl pelieHnsa TUNOBbLIX 3aaa4

Npwumep 1. Pasnosxurs GyHknuio f(x) =x" B obobieitbiii psx @ypbe mo cobeTBeH-
HbIM (GYHKUMAM culiryjspHoii 3agaun LHItypma—Jlnysuiisa
d( »dy 2
— x|+ axfy =0,y(0)=0(1), y'(a) =0,x €0, a].
e Clre y( »y [
Pewenune. BocronbayeMest ciicteMoil aHaiuTHyecKux Bbiyucielnit Maple. 3anannm
ypaBHeHtite. [Ipu atoM, paccMoTpuM 1Ba ciydas, A # 0 A =0:
> eq=d1ff(x"2*diff(y(x).x).x)+lambda*x"2*y(x)=0;

> lambda:=0:eq0:=subs(y(x)=y0(x).eq):
> lambda:="lambda";

eq:=2x (%y(x)j+x2 (% y(x)]+ Axly(x)=0
A=0

0:=2 ‘10()+2d2 0(x) =0
eql =2x|— x X x)|=
q dx y dxt y
A=A
PaccmatpuBaem ciyvaii, korga A = 0. Haxomim obuiee pelrenve 3afaHioOro ypaBHe-
HHA:
> dsol:=dsolve(eq.y(x)):assign(dsol):

_CI sin(4/A x) ,=C2 cos(+/A x)
X

X

dsol =y(x)=

HpOBepHeM NpaBHJIbHOCTb 3TOI'0 pEIIETINA:
> simplify(value(eq)):
0=0
BI‘IZII/IM, 4YTO pelueHmne 6leET OrpaHH4YeHHbIM B Hy.J1€, €CJIU NIPUHSATb KOHCTAHTY [IpH KO-
CHHYCE paBHOH HYJIIO!
> y:=subs( C2=0.y(x));

I sin(«/xx)

X
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Haxoaum npoussoanyto:

> yl:=simplify(diffl(y.x)):

)l e _CI (~sin(4/A x) + cos(4/A x) /A x)
‘ 2
X

HoxyqaeM YPaBHEHUNE NJIA OIIPENE/IEHUA cOOCTBEHHBIX 3HAYEHU I 3alaum.

> eql:=expand(subs{x=a.yl)}/_Cl*a*2)=0;
> eql:=expand(1hs(eql)/cos(lambda™(1/2)*a})=0:

eql = —sin(ﬁa)+ cos(ﬁa)ﬁa= 0
_ sm(fa) _
cos(ﬁa) J_a

[IpeobpazosrisaeM aTo ypaBHeHUe ¥ ofpejesisieM (BYHKIWIO, HYJIAMM KOTOpOH 3ana-
10TCS COOCTBEHHDIE 3HAYEHMS:

> eql:=convert(eql.tan)s:
> f:=subs(Tambda”(1/2)*a=mu.1hs(eql)):

eql :=—tan(ﬁa)+ﬂa=0
fi=—tan(p) + p

3nech Mbi BBeN oboaHaveHne f(p) = —tg(u )+ p, mpsueM p = vAa.

Myctb w,, & =1,2, 3,... — nosioxurennHbie kopHu ypaBHenus f(p)=0. Torxa cober-
BeHHble 3HAuYeHNs 3aJauM onpenesAorcsa no dopmyne A, = (u,/a)* . CobeTBenibie
dynruun 6yayr sin(p ,x/a)/x. OnpenesseM 3TH GYHKLMH:

> y:=(x,n)->sin{{mulnl/a)*x)/x;

u, x
sin

a
yi=(x,n)—>—

CorsiacHo 06meil TeopuH, 3TH BYHKIMHK OpToroHasbHbl Ha [0,a] ¢ Becom x . Ilpose-
PHUM 3TO:

> Int(x*2%y(x.nm)*y(x.m},x=0..a):res:=value(?):
> simplify(res, {sin(mufml)=mufm]*cos(mufm]).
> sin(mufn])=muln]*cos(mulnl1)}):

B, x K, x
sin| sin dx
a a

0
a (p, cos(p,) sin(p,,) - B, sin(p, ) cos(p, ))

res = —
W, —H,

0



144 ' 3. Metoa ®ypse

BbIunC/IfieM KBafpaT HOPMBE:

> Int(x*2%y(x.n)*2.x=0..a):Norma:=simpiify(vaiue(¥)):

a

K, x ’
sinf| — | dx
a
0

1 a(cos(p,)sin(p,)—u,)
Norma = —
2 K,

YapoiaeM HoJiy4eHHBIH pe3yibTar:

> Norma:=subs(sin(mul[n])=muln]*cos(mulnl) Norma);
> Norma:=simplify(Norma.{cos(muln])*2=-sin(muln])"2+1}):

2
1 a(cos(p,) p,—H,)
Norma = —-
2 K,

1
Norma = 74 sin(p )2

TaxuM 06pa3oM, HCKOMOe PasjioxXeHHe UMeeT BUL

. X

sm(u#)

2 < a ;

x°~Cy+ ZC" —_ (3.91)
n=1 X

HCO6X_0HPIMOCT]) HyJieBoro 4ieHa C, Mbl yCTAHOBHM JaJiee.

BuiuncasieM koadduupuenTsl paanokenna C,, n=1,2,...

> Ci=Int (x*2*x*2*y(x.n),x=0..a):

H, x
c:=| x*sin dx
a

0

> c:=value(c):
> c:=subs(sin(muln])=muln]*cos(mulnl).c):

a* (-6 u,cos(p, )+ 6sin(p, )+ p."3 cos(p,)-3 unz sin(p,))

c=- 7
K,
2a*cos(p,)
cE—
K,
> C:=simplify(subs(sin(muln])=mu[n]*cos(muln]).c/Norma));
4 3
C=—3—— a
W, cos(n,)

> C:=unapply(C.n);
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3
C=n-> 4a

3
M, cos(p,)

Wrtak, met nostyuniun C, = 4a’ /[u3 cos(u, )l n=12 ...
Otnenbro nposepuM, GymeT i A =0 cOBCTBEHHBIM 3HaYEHHEM 3afa4H:

> 5010:=dsolve(eq0.y0(x)) assign(sol10);
> simplify(value(eq0)):

C2
sol0 =y x)=_CI + _T

0=0

Mui nonyunnu obiee peluenue ypaBHenus npu A =0 B Buge y,(x) =C, +C, /x. Bu-
IMM, 4TO 3TO pelllenue GyNeT OrpaHUYeHHbIM B HyJIe, ecnin C, =0, a Torna oHoO yioBJie-
TBOpSAET BTOPOMY KpaeBoMy ycJioBHIO 11pH jiobom C;. Taxum o6pa3oM, roJiyyaem, 4To
A =0 sBAsfeTCA COOCTBEHHBIM 3HAYEHMEM 3a/jaydl, KOTOPOMY OTBeYaeT Co6CTBeHHas
dbynkuus, pasnast enunune. OTCIOKA M BbiTeKaeT Heo6X0AMMOCTb HyJieBoro wieHa C,
B bopmyne (3.91).

Brruuciisiem Tenepb KoadouuuenT C, MckoMoro pasjioxeHus. [lns aToro Mel UHTer-
pripyem Boipaxenue (3.91) na [0, a] ¢ Becom x?:

> Int(x*2*y(x.n).x=0..a);:value(¥):
> simplify(subs(sin(muln])=muln]*cos(muln]).%)):

a

M, X ‘
x sin( )dx
a
0
a® (-sin(p,) + p, cos(i,))

2
Hy

0
> CO:=Int(x*4,x=0..a)/Int(x*2.x=0..a):C0:=value(CO);

a

J.x“ dx
o

J'xz dx
)

3 a?
co =

Cco =

TakuM 06pa3oM, UICKOMOE pa3I0XKeHHe UMeEeT BUJ

. (px
3a? 4a’® & sm( a J
x? - == — (3.92)
5 X ’l=1uncos(un)
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Bhimo/HMM Ternepb HeKOTOpbie YHUCJIEHHBIE PAacueThl AJii KOHKPETHOTO HHTepBaja
[0,a} Onpenemim GyHKuHIO, CTOsILyIO B 1Tpasoit yacTy (3.92), B Maple:

> g:=(x.K)->CO+sum(C(k)*y{x.k) .k=1..K):g(x.K):

K
g:=(x,K)—> CO+ [ > Clk) y(x, k)}

k=1

[T
12 | & 4a3sin—:l—
2

5 k=1 p;cos(uk)x

HOCMOTp}IM Ha pacipeixejieHue KOpHCﬁ XaPaKTEepUCTUYECKOTO ypaBHCHHA

)y =-tg(u)+u =0;
IOCTPOHM rpaduiK J1€BOI YaCTH ITOTO yPaBHEHHS:

> plot(f.mu=0. 11*Pi,-0.5..0.5.discont=true,color=black):

021

-0.21

0.41

HaiineM, Hatipiimep, MepBble CTO KOpHeH XapaKTEPHCTHYECKOTO yPaBHEHUA:

> K:=100:mu:=array(l. K):

> for 1 from 1 to K do

> mul1]:=fsolve(f=0.mu.mu=1*Pi. (i+1)*P1)
> end do.

u, = 4.493409458
u, = 7.725251837
i, = 10.90412166
i, = 14.06619391
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= 17.22075527
i, == 2037130296
W, = 23.51945250
ftg = 26.66605426
iy = 29.81159879
B o= 32.95638904

U Tak xajee. Bce nocieayomnme 3HadyeHUsA KOpHeH MBI, 1O MTOHATHBIM IPUYMHAM, Ha-
meyaraTh He MoxeM. Ho MBI MOXeM OCMOTPeTh, ckaxeM, Ha 87-i win 100-# xopHu:
> mu[87):mul100];
274.8857193
315.7268944
3agaauM Terepb KOHKPETHBE MHTEPBaJ, HA KOTOPOM Mbi XOTHM Da3/IoXUTh QyHKIHIO
x?; mycTb, HamipuMep,
> a:=3;
a:=3
TTocTpouM rpaduk 3aKaHHOM ByHKUMHK X
> pt:=
> plot(x*2,x=0. .a.style=point,symbol=circle, color=black.

> legend="3agaHHan QyHKUnA ) :
> plotsfdisplayl({pt}):

o
oﬂ
o°°°
000

0 YRR 15 2 258 13

X

000000 3anaHHan GYHKUMA

T[TocMoTpHM, KaK MITPOKCHMUPYIOT 3TY QYHKIHIO YacTH4HbIe cyMMbI psina (3.92):

> p2l:=
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> plot(g(x.21).x=0..a.1inestyle=3.color=blue.

> legend="K=21"):
> p20:=

> plot(g(x.20).x=0..a.1inestyle=4, color=brown,

> Tegend="K=20"):
> pl9:=

> plot(g(x.19).x=0..a.1inestyle=5,color=biack.

> legend="K=19"):

> piots{display]({pt.pl9}):

> plots[dispiayl({pt.p20}):

6]

44

YR 15 2 25 3

X

000000 338aHHAA PYHKUMA
K=19

> plots[display]({pt.p21}):
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o 05 1 15 2 25 3

X

BuauM, 4TO CXOAMMOCTD Psifia Xopollasi, OXHAKO OHa yXYAIaeTCH BOJIM3U CHHTYJISAD-
HOU TPaHHUIIBL

> p_21:=plot(g(x,21).x=0..a/5, 1inestyle=3 color=blue,
> Tegend="K=21"):

> p 20:=plot(g(x.20).x=0..a/5.1inestyle=4 color=brown,
> Jegend="K=20"):

> p_19:=plot(g(x,19).x=0..a/5,1inestyle=5 color=black,
> legend="K=19"):

> pt_:=plot(x"2.x=0..a/5.style=point, symbol=circle.

> color=black.legend="3agaxHas GyHKUMA ):

> plots[displayl({pt_.p_19.p_20.p_21})

———= K=19
cov 0000 3anaHHan PyHKUMA

C yBeJIM4EHHEM YUC/IA YAEPKUBAEMBIX YICHOB PAAA AITIPOKCUMALIHS YIYLIAETCA:
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> plot({g(x.,100).9(x.91).9(x.50) . x*2} ., x=0..a/5.
> color=[blue.red.black.brownl):

0.3

0.2

0.11

X

0 / g 02 03 04 05 086

Npumep 2. Haiitu cobcTBernbie 3HaYeHUs W cobcTBeHHble GyHKuuu 3anayu [Utyp-
Ma—JInyBrins:

y"+ry =0, —y'(0)+ hy(0) =0, y'(a)+ hy(a) =0, x €[0,a], h>0.
Pelwenvie. Bocrionb3yemMcs CHCTEMOH aHATUTHYECKUX BBIUMCJIEHMH Maple. 3anagum
ypasnetine. [Tpu aTom paccMoTpuM aBa ciyyas, A # 0 u A =0:

> eq:=diff(y(x).x$2)+Tambda*y(x)=0;
> lambda:=0:eq0:=subs(y(x)=y0{x).eq):lambda:="lambda":

dZ
eq == (E y(x)) +Ay(x)=0

A=0
dZ
eql = e yO(x)=0

=X
PaccmaTpuBaes cayyaii, koraa A # 0. Haxonum ofltee pelileHye 3alaHHOTO ypaBHe-
HIESL:

> gssume(a>0):assume(lambda>0) :
> dsol:=dsolve(eq.y(x)):assign(dsol):

dsol :=y(x)=_CI sin(yA~ x) + _C2 cos(y/A~ x)
> simplify(value(eq)):
0=0
BriulicnsieM 11pou3BojHylo:
> yr=y(x);yli=simplify(diffly.x));
yi=_ClI sin(f):x) + C2 cos(«/—kfx)
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yl = A~ (_CI cos(y A~ x) — _C2 sin(y/ A~ x))
[Mony4aeM ypaBHeHHe IS onpedesieHus coOCTBeHHBIX 3HayeHuit. [ aToro cocras-

JISIEM CUCTEMY ypaBHeHm‘/i 10 TPaHUYHbIM YCJIOBHUAM:

> eql:=simplify(subs(x=0,-yl+h*y))=0;
> eq2:=simp1ify(subs(x=a,yl+h*y))=0:

eql :=-JA~ Cl+h C2=0
eq2 = |A~ _CI cos(4A~ a~)~ A~ _C2 sin(4A~ a~)+ h _Cl sin(yA~ a~)+ h _C2 cos(/A~ a~)=0

®opMupyeM MaTPHUILy CUCTEMbI M HAXOAMM €€ OIPEeAeIuTe/Ib:

> A:=linalg[genmatrix]({eql.eq2}.{_Cl._C2}):
> Delta:=simplify(1inaigldet](A)):

A= A~ cos(yf A~ a~) + hsin(yf A~ a~) —yA~ sin(y A~ a~) + h cos(y A~ a~)
' —A~ h
A =2 h A~ cos(y A~ a~) + h%sin(4 A~ a~) = A~ sin(y A~ a~)
PaBeHCTBO HyJ0 omlpefdeanTens U OyAeT XapaKTepUCTU4eCKUM ypaBHeHUeM UIA

onpegeneHus cobcTBeHHbIX 3HavyeHMi 3ajayu. [IpeobpasyeM mnosnydyeHHbIH onpene-
JUTENh B ypaBHEHMeE:

> eq:=expand(Deita/cos(Tambda“(1/2)*a))=0:

2 — e -~ }\'~ —
eq:=2hﬁt+hsm(k a)_)\. sin( a~)
cos(y/ A~ a~) cos(y/ A~ a~)
> eq:=convert(eq,tan):
eq =2 h A~ + h*tan(y/ A~ a~) — A~ tan(yA~ a~) =0

YunpoctuMm HaiiieHHOe ypaBHeHUe — CHaya/la pellMM ero OTHOCUTEJbHO TaHTeHCa,
a 3aTeM BBeZleM HOBYIO IIEPEMEHHYIO:

> solve(eq.tan(lambda”(1/2)*a));

2h A~

—h? 4+ A~

JlenaeM 3ameny A = (u/a)’:
> assume(mu>0):simp1ify(subs(Tambda=(mu/a)*2.%)):

2hp~a~

TR gt p~?
Taxum o6pasoM, ynobHO BBeCTH HOBYIO IepeMeHHYyI0 1o opmyne p = Jia, npuyeM
2hap

3HAYEHUA |4 OTPEAeAITCA U3 ypaBHeHUA f(u) = tg(p)——77———2—
u:-h"a

=0. Onpenenm

sTy QyHKiumio B Maple
> fr=tan(mu)-%;

2 hp~a~
f= tan(p~)+m
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[Iycts u,, &k = 1,2, 3,... — monoxurespHble KopHU ypaBHenus f(u) =0. Toraa cober-
BeHHble 3HAYeHMs 3aa4y onpenensiorca o dopmyae A, = (u,/a)*. Onpenensiem te-
nepb coOCcTBeHHBIE (DYHKIIUM:

> (2:=solve(eql, C2);
> C2:=simp1ify(subs(lambda=(mu/a)*2._C2));

_C2:= ——W/)\_}"Cl

i~
€2 a~h .

> y:=collect(simpliify(subs(lambda=(mu/a)*2.y))._Cl): -

_CI (sin( Lo x) a~h+ p~ cos( L x))
- a~ a~
v a~h
> y:=unapply(subs(mu=muln],select(has.y.x)).x.n);

b, % P, %
y = (x,n)—>sin P a~h + p~_ cos 2

o~ i~

Takum 06pa3oM, coberBeHHble GyHKIMM GynyT
Y. (x)= ahsin[M) +H, cos(u"x).
a a

CornacHo obueil Teopun, 3t (GYHKUHMM HOKHBI ObITH OPTOTOHANBHBI Ha OTpE3Ke
[0, a]; npoBepuM 3ato

> Int(y(x.n)*y(x.m),x=0..a) :res:=value(¥).;

B~ X P~ X P~ X M~ x
sin a~h+ p~_cos sin a~h + p~_cos dx
a~ a~ a~ a~

0

res = — a~ (h* a~* p~_cos(p~, ) sin(p~ ) + p~, “"'».2 cos(p~, ) sin(p~, ) - h* a~? p~_ sin(p~,) cos(p~, )
— a~ h =, sin(pe, ) sin(pe, ) — e, e, Sin(e, ) cos(, ) + @~ b, sin(p, ) sin(~,)) /
B, =, )
YIpocTuM pe3ysibTaT € yYEeTOM XapaKTepucTHyecKoro ypasHenus f(u) = 0:
> res_cos:=solve(Delta.cos(lambda”(1/2)*2}):

ves co 1 sin(y A~ a~) (=A% + A~)
s ==
- 2 hoof A~

simp1ify(

subs(cos(mulm])=subs(1ambda=(mu(m]/a)*2, res_cos).res)):
simp1ify(subs(
cos(muln])=subs(lambda=(muln]/a)*2.res_cos).¥)):

0

vV V. V V
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Bce B mopaake. BerunciuM Tenepb HOpMy Halield CUCTEMBI cobCTBEHHDBIX (PYHKI[UI:
> Int(y(x.n)*2.x=0..a):Norma:=simplify(value(%)):

B~ x p~, x ?
sin a~h + p~_ cos dx
a~ a~

0
1 2
Norma := — a~ (a~* h* cos(p~, ) sin(pu~, ) - p~n3 - p~n2 cos(p~,) sin(p~ ) — h? a~* p~,

+2a~p~ h cos(p~n)2—2p~" a~h)/p~n

YHpOCTUM pe3yJIbTaT:
> Norma:=simplify(
subs(cos(mu{n])=subs(1ambda=(mu(nl/a)*2.res_cos).Norma)):

1
Norma = 5a (2a~h+ p~n2 + h?a-?)

IposepumM Teneps yucao A =0
> s010:=dsolve(eqd.y0(x)):assign(so10):
> simplify(value(eq0)):
sol0 =y0(x)= _Clx+ _C3
0=0
>yl 0:=diff(y0(x).x);
yl 0:=_ClI
> eql 0:=-yl_0+h*subs(x=0,y0(x));
> eq2_0:=yl_0+h*subs(x=a.y0(x));

eql 0:=—Cl+h_C3
eq2 0= Cl+h(_Cla+ _C3)

> AD:=1inalglgenmatrix]({eql_0.eq2 0}.{ _Ci1._C3}):
> Deltal:=simplify(linalg(det](A0));

-1 h
A0 =
[l+ha h:l

AO:=-2h—ah®

OnpenenuTens HE paBeH HYJIO, CAENOBATENBHO, MMEEM TOJBKO TPUBMAIBHOE pelle-
Hite. 3HauuT, yucao A =0 He ABIAeTCA COOCTBEHHBIM 3HAYyeHNEM 3afayyl.

Npumep 3. Haiitu cobcTBennble 3Havenus u coberBetiHbie GyHxuy 3apayn Utyp-
mMa—JluyBrouis:

y"+iy =0, y(a)=0, y'(b)=0, x €[ab].
Pewenue. 3afaauM ypaBHeHue. PaccMOTpuM cHavasia ciayyai A # 0:

> eq:=diff(y(x).x.x)+Tambda*y(x)=0;

d2
eq = [E y(x)] +Ay(x)=0
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Haxoaum obiee pelenve ypaBHEHHUA:
> dsolve(eq.y(x)):y:=unapply(rhs(¥).x):

y(x)= _CI sin(4/A x)+ _C2 cos(y/A x)
y=x—-_CI sin(ﬁ x)+ _C2 cos(ﬁ x)

3azaeM rpaHUYHEBIE YCIOBUS:

> assume(b>a):
> eql:=y(a)=0: eq2:=D[1](y)(b)=0:

eql = _ClI sin(ﬁ a~)+ _C2 cos(ﬁ a~)=0
eg2 = _CI cos(JA b~) A —_C2sin(4A b~)4/A =0
®opmupyem MatTpuilly K03 UIIMEHTOB M BRIYUC/IAEM ee ONPeNeJHTe b:

> linalglgenmatrix]({eql.eq2}.{_Cl1._C2}):
> Tinalg[det](%);Delta:=combine(X):

sin(ﬁ a~) cos(ﬁ a~)
cos(yA b~)4A  —sin(4/A b~) A

—sin(ﬁ a~) sin(ﬁ b~)ﬁ— cos(ﬁ a~) cos(ﬁ b~)ﬂ
A === cos(/A a~~ /A b~)

[IpupaBHUBaeM HyJ10 3TOT ONPEJEJUTENh U PellaeM MOJy4YeHHOe XapaKTepucTuie-
CKOe ypaBHEHHeE:
> Delta:=select(has.Delta.[cos]);

A= cos(ﬁ a~—ﬂb~)
> _EnvAl1Solutions:=true:

> lambda:=solve(Delta.lambda):
_ 1t2(1 + 2_ZI~)2

4 (=b~+ a~)?
> lambda:=subs( Z1="k’, Tambda):
o nf(1+2k)°
Haxonum coberBennble GyHKIMY:
s assume(k ,posint):y(x);
I 1t2(1+2k~22 I 1t2(1+2k~22x
_ClI sin (_[: +a) + _C2 cos (_[: uLad)

> C1:=solve(eql._C1):
n(l+2k)a~
c2 cos(—————
- —b~ —
Cl = 2( +a)

(n(l+2k)a~
S“‘( 2(~b~+a~) }
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> simplify(subs(_C1=Cl.y(x))):

n(l+2k)a~)  (n(1+2k)x m(1+2k)x) o (m (1 +2k) ar
—Cz(“s[ 2(=b~+a~) js‘“[z(—b~+a~))"°°s(2(—b~+a~)js'"( 2(<b~+a~) D
i £+ 2k) a~
S"‘( 2(~b~+a~) j

> combine(%):

-2b~+2a~
) (na~+2na~k~}
sinf —————

—T g~ -2 1 a~k~ -
_C2sin( Ta~+TmX T a k+21txkj

-2 b~+2a~

> Yn:=unapply(select(has.%.(x]).x.k);

¥n :=(x’k~)_)Sin(—na~+1tx—21ta~k~+2rcxk~j

-2b~+2a~
IIpoBepuM auddeperinaasHoe ypaBHEHHE:

> y:='y¥n(x.k):simplify(subs(y(x)=%.eq)):

in -ma~+nx—2na~k~+2nxk~
-2b~+2a~

0=0
[IpoBepumM rpaHuuHble YCIOBUSL:

> Yn(a.k)=0:simp1ify(D[11(Yn)(b.k))=0;

IIpoBepuM OpTOrOHAJIBLHOCTh COOCTBEHHBIX (PyHKLMIT Ha OTpe3Ke [a, b]:

> assume(n,posint):assume(m,posint):

> Int(Yn(x.n)*Yn(x.m),.x=a..b).simplify(vaiue(%)):

b~
. (-—na~+1tx—21ta~n~+21txn~) , (—na~+1tx—2na~m~+2nxm~]
sin sin dx

-2b~+2a~ -2b~+2a~

-
0

Boruncaum HOpMY cOOCTBEHHBIX (PyHKIIMIA:

> Norma:=Int(Yn(x,m)*2.x=a. .b):simplify(value(%)):

b~

2
—1ta~+1tx—21ta~n~+2nxn~] d
X

Norma = sm( b7 2ae
b~ a~
2 2
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Mo:xHo npeobpa3oBaTh apryMeHT y cOGCTBEHHBIX QyHKIMIA K 6ostee ynobHOMy BULY:

> simplify(collect(
(-Pi*a+Pi*x-2%Pi*a*k+2*Pi*x*k )/ (-2*b+2*a) . x)):
(1+2k~)n(-a~+x)
2(~b~+a~)

Takum 06pa3oM, cobGCTBeHHbIE 3HaYeHUs 3afaum byayT |

22
=@k 193
4(b-a)?
a cobcTBeHHble QYHKIIMK —
y,(c) =sin| GEFDMA=0) 4y 93
2(b-a)
PaccMoTpuM Temnepsb ciydait A =0:
> lambda:=0:eq:
A=0
& '
2 y(x)=0

> dsolve(eq.y(x)):assign(¥) :y0:=unapply(y(x).x):
yx)= Clx+_C2
y0=x—> Clx+ C2
> eq0_1:=y0(a)=0; eq0d_2:=D(y0)(b)=0:
eq0 1 = Cla+ _C2=0
eq0 2= _Cl=0

> linalg[genmatrix]({eq0 1.eq0_2}.{_Cl._C2}):
> Deltal:=1inalgldet](%):
0 1
1 a

A0 =-1

BusumM, 4TO OnpeseUTeNb OTINYEH OT HyJIS, 3HAYUT, CYWECTBYET TOJBKO TPUBUATb-
Hoe pemtenne. CirenoBarteibHo, A =0 — He ecTb cobcTBeHHOe 3HaYeHMe 3a1a4M.

Npumep 4. Pemruts 3axady o Konebanusx cTpyHs! 0 < x </ ¢ 3aKpenieHHbIMM KOHI[a-
MH, €CJIN Haya/lbHbi€ CKOPOCTH TOYEK CTPYHb! paBHbI HYJIIO, @ HayajlbHOe OTKJIOHEHKE

rMeeT (opMy CHHYCOUbI
Ul = Asm(%].
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Pewenue. JTa 3aa4a MoxeT O6bITh peireHa metonom Dypbe. MBI pekomenayeM 4nTa-
TeJI10 MOCTPOUTE pellleHne 3aa4l 3TUM MeToAOM. MOXKHO, OTHAKO, MCITOJIb30BATh JIs
pelteHus AaHHOH 3axa4yu U popMyay Janambepa. [TokaxeM, KaK 3TO CAEJATh.

HaM Heo6X0aMMO IPOMHTErpUpoOBaTh ypaBHeHMe KoeGaHWii CTPYHbI IPY Ha4yaJdbHBIX
JaHHBIX

ot

=y(x)=0,

t=0

rrxjéu
l?

U o =0(x)= Asin[—
Y NPU KPaeBbIX YCAOBUAX
ul.0=0 1, ., =0

IponomxumM dbynkiuu @(x) 1 y(x) Ha otpe3ok [—,0] HedeTHBIM 06pa3oM, a 3aTeM Ie-
puOANYECKH Ha BCIO och. B pe3ysnrare mosyuyuM QyHKINK

O(x) =Asin(¥), W(x)=0, —o0 <X <o,

coBnazaomye Ha orpeske [0,/] ¢ dyHKIMAMY o(x)n y(x).

[MoacraBiasa dynkuun O(x)u W(x)B dopmyay Jasambepa (2.91), HaxonuMm pelreHue
ypaBHeHUS KkoebaHUil B BUE

u(x, t)= %Asin [—Tl—t (x - at)} + Asin[’—lt (x + at)},

u(x,t) = Asin(%) cos (nTat)

Mpumep 5. Pemwnts 3afady fjs ypaBHEHUS TEILIONPOBOAHOCTH

2
6_u_a26_1:4=0, 0<x <l, t>0,
ot ox?

Wi

€ HayaJIbHBIMH
w(x,0)=x(l-x)
U TPaHUYHBIMH YCJIOBUAMHU )
’ u(0,t) =0, u(l,t)=0.
Pewwexue. JT1a 3afiaya Moxer ObiTh peiteHa metoaoM Dypse. Mb1 Bocrions3yeMes st
ee pelleHus cucremoit Maple.

OnpenensieM 3anayy B Maple:
> eq:=diff(u(x, t).t)-a*2*difflu(x.t).x, x)=0;0<x,x<1,t>0;

eq == (gt u(x, t)) -a° (% u(x, t)] =0

O0<x,x<l,0<t
> init_c:=u(x.0)=phi(x);
init_c¢ =u(x, 0)=d(x)
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> bound_c:=u(0.t)=0,u(1.t)=0:
bound ¢ :=u(0,¢)=0,u(l,t)=0
> phi:=sx->x*(1-x):
¢=x—->x(l-x)

BrinosHseM pasfiesieHie MepeMeHHBIX:

> res:=pdsolve(eq HINT="*");

2

res = (u(x, )= _FI1(x) _F2(t)) &where {i_FZ(t)=a2_c _F2(t),i—_Fl(x)=_c _Fi(x)}
dt 1 dxz 1

> resl:=op(l.res):res2:=op(2.res):

resl =u(x,t)=_Fl(x) _F2(¢)
—| (4 2 a
res2 = {d—t_F2(1)=a _cl_F2(t),;c—2_Fl(x)=_c,_Fl(x)}
> res2(1]):
2

_F2(1), E—_Fl(x) = _¢, _Fl(x)}

d 2
{dt _F2(t)=a" ¢, %

> sl:=op(l.res2(1]):s2:=0p(2.res2[1]):
2

d
sl :=d—x-2_Fl(x)= ¢, _Fl(x)

d
s2=— F2(t)=a®’ ¢

di- _¢, _F2(1)

Taxum 06pa3oM, Mbl MOTYYUIH ABA OOBIKHOBEHHBIX AN(bepeHIHaIbHBIX YPABHEHUA.
CdopmyupyeM Tenepb cooTBeTcTBYOWyio 3anady HItypma—JInysuuis. Mol nmeeM
ONHOPOJIHbIE YCTOBUSA MO NepeMeHHOi x. [ToaToMy paccMaTpuBaeM ypaBheHue s1, Ko-
TOpoe YAOOHO 3amucaTh B BUIE

> eql:=1hs(sl)+lambda*_F1(x):

d2
eql = (Zti __Fl(x)] + A _Fl(x)

HaxonuMm obiiee pellleHHe 3TOTO ypaBHeHUs U (pOpMHpYeM CUCTEMy OXHODOIHBIX
ypaBHEeHUH 10 IPaHNYHBIM yCJIOBUSAM:

> assume(1ambd>0) :dsolve(egl. F1(x)):

_Fl(x)=_CI sin(yA x)+ _C2 cos(/% x)

> Fl:=unapply(rhs(%).x):
> el:= F1(0)=0: e2:=_F1(1)=0:
> sist:={el.e2}:

_Fl =x— CIsin(4/A x)+ _C2 cos(4/A x)
el = C2=0
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e2:=_CI sin(/A )+ _C2 cos(4/A 1)=0
sist == {_CI sin(4/& 1)+ _C2 cos(yA 1)=0, _C2=0}
BriuucisieM onpenesnuTeNs 3TOH CUCTEMBI:
> A:=Tinalglgenmatrix](sist.{_Cl._C2}):

. [sin(ﬁl) cos(ﬁl):‘

.0 1
> Delta:=convert(linalg(det](A).trig):
A =sin(/A 1)

[IpupaBHUBaeM onpeleNuTelb HYJO — 3T0 OyfeT ypaBHEHHE [Tl OlpeseeHust cob-
CTBEHHbIX 3HaYeHUI; pelllaeM oiyyeHHOe ypaBHEHME 1 HAXONUM coOCTBEHHbIE 3HaYe-
HUSA 3374y

> _EnvAl1Solutions:= true:
> solve(Delta, lambda):

nt Z]~?
12
> indets(%) minus {1}:
{ 21~}
> subs(%[1]="k".%%):
> ev:=unapply (% .k):
s
evi=k— T 3
l

OnpenensieM Terneps COOTBETCTBYIOLINE cOOCTBeHHbE (DYHKINU:

> Fl:="_F1':assume(k.posint):

> subs(lambda=ev(k).eql):
d? n2k~* _Fl(x)
(E _Fl(x)] + ——————12

> dsolve({%. F1(0)=0, F1(1)=0}. F1(x)):

_Fl(x)=_CI sin(“ k;x)

Hopmupyem atu dynkuuu:
> rhs(%)/sqrt(int(rhs(%)*2.x=0..1)):

> simplify(¥,.radical.symbolic):
> ef :=unapply(%.(k.x)):



160 3. MeTon ®ypbe

HTtak, cobcTBeHHble 3HA4Y€HUsA M HOPMUPOBaHHble COOCTBeHHble (QYHKLMM 3azadu
HItypma—JInyBusia HalieHsl:
> ev(k):ef(k,.x);

n? k~?

YyraTe o Mbl IIPEIOCTABJISEM BO3MOXHOCTb CAaMOCTOSITEJBHO yOeUThCA B TOM, YTO
A=0 He sBasgercA coBCTBEHHBIM 3HayeHWEM paccMaTtpuBaeMoil 3azayn HlIrtyp-
Ma—JluyBus.

HaiineM teneps obitiee pelieHne BToporo augdepeHIMaJibHOrO ypaBHEHUS S2:
> eq2:=1hs(s2)+a~2%ev(k)*_F2(t):
d a*n? k-t F2(1)
2 =1 — F2 — =
eq (dt_ (t))+ 7

> dsolve(eq2, F2(t)):

F2(t)= _Cle

Pelrenue ucxoAHoM 3a7a4y MILEM B BUje paaa:

> spr:=Sum(C(k)*exp(-ev(k)*a*2*ty*ef(k.x) .k=1..infinity);
[ a2 1!2 k~2 !]
Rz T k~x
w C(k~)e sin(——) ﬁ

Z l
spr = 1/__
l

k~=1

KoaduiineHTsl 2TOro psfa onpenessieM COIIACHO TEOpPEME PasJIoXeHUs U3 Hayaslb-
HbIX ycaoBuit. Bynem nMers dopmyay nis koadduunentos Oypee:

> Ck:=Int((phi(x))*ef(k.x).x=0..1):Ck:=value(Ck);
!
k~
x(l—x)sin[n 1 xjﬁ

Ck:= dx

7

0

2Py -

Ck =
n k~?

> C:=unapply(Ck .k):
20 2 (-1 -1

n° k~°

C=k~— -

Mtak, Mbl monyuyuau ¢opMaibHOe pellleHre 3afayu:
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> sol:=spr:

{ A%%J
o | 42 -1e ? sin(nkNx)
sol == Z -

Pt 753 k~3

[Ipeobpasyem 310 pelieHHe K ApyroMy BuUny. MHaekc k 3amenuM Ha 2m+ 1:
> subs(k=2*m+1,0op(1,s01)):assume(m,integer):
[_ a2n2(2m~+ l)21

412((_1)(2m—-+l)_1)e 7 }Sin(n(2m;+l)x]

v Q2m-+1)
> simplify(%):factor(%).
{- a2n2(2m~+l)21}
2 n(2m~+1)x
8% ! sin(—-(—-l—))

v R2m-+1)
> Sum(%.m=0. .infinity):
> sotution:=subs(a='a‘'.k="k"' . 1="1"m='m' %):
a?n?(2m-+ )24
-
- | 8%
solution =
,Z:o B 2m~+1)

} . (n(2m~+ l)x)
sin| ——————

!

TaxuM 06pa3oM, Mbl OKOHYATEIBLHO TOYYHIIN PellieHue 3a1a4u B BULE

021[2 m+ 2
[‘—(72 x ‘] . (n(@2m+ 1)
8 < e sin —~12——~x
u(x,t)=—

T m=0 (2m+ 1)3

Npumep 6. PaccMoTpeTb PoAoJibHbIE KOjieGaHUsI CTEPXKHS, KOHEll KOTOporo x = 0 xe-
CTKO 3aKpelJieH, a cBOOOAHKIN KOHell x =/ MoJryyaeT B HAYaJIbHBIH MOMEHT BPEMEHH

NpOAOJIbHBIH yAapHbIi uMmnynsc P. [lo yaapa cTepxkeHb HaXOAUJICS B COCTOSIHMM MO-
KOSL

Pewenue. [TocTaBuM 3aa4y — HaiTH pelueHue ypaBHeHMs KosebaHUi

%u 1 3%
— T =0, 0<x <l t>0,
ox ve ot
MONYMHSIIONIEeCs] TPAHUYHBIM YCJIOBUSIM
ou
ul x=0 = 0’ a =0
ax x=/

W HaYaJIbHBIM YCJ/IOBHUSAM. HauanpHbie YCJIOBUSIM Mbl MOXKeM 3allUCaTbh B CJIeAYIOLIEM
BHUIE:
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0, O<x<l-¢g
u,_,=0 oul P
=07 o vy =——, l-ge<x<l
=0 peS

3aech S — miIomaab MONePeYHOro CeYeHHs CTEPXKHSA,p ~ IIJIOTHOCTb.
[ocne Toro kak pemenre chopMyIMPOBAHHON 3aaauu OyaeT MmosydeHo, Heo6XoquMo
nepenTH K npeaeny npu € — 0.
MoxHo HayanbHBIE YCIOBUA CPOPMYIUPOBATh B APYTOM BHE, HCTIONb3YIOMIEM MTOHS-
THe aenbTa-QyHKIMU Jupaka:
ou
ot

Koadpduuuent npu aensra-pyHkunu 8(x — /) Betbupaercs Tak, utobb CyMMapHbIH
UMITYJIbC, TIEPENABAEMBbIH CTEPXKHIO B MOMeHT ¢ = (), 6b1I paBeH P, To ecThb

ul =0 = Ov

p
—vo(x)—ggéi(x—l).

t=0

!
OG0 oy
'

PaccmoTpuM 06e BO3MOXHOCTH 3aJaHUsI Ha4aslbHBIX yca0BuiH. [L7Is1 pelleHust 3aaun
Bocnonb3yeMcsi Maple, Ilocrasum 3amauy — auddepenuuanbHoe ypaBHEHHe KoJjie-
GaHwuii:

> eq:=diff(u(x.t).t.t)/v*2-diff(u(x.t).x,x)=0;0<x,x<1,t>0:

2

a—tzu(X,t) )

eq :=T—[§u(x,t)]=0

O<x,x</,0<t
HauannHble ycnoBus:
> ipit_c:=u(x,0)=0.0{2](u) (x,0)=phi(x):
init ¢ :=u(x, 0)=0, D(u)(x,0)=d(x)
@Oyukuuio @(x) onpenenuM ABYMs criocobamu:
> phil:=piecewise(0<x and x<1-epsilon.0.1-epsilon<x and x<1.P/rho/epsilon/S):

0 —x<0and x—/~+e~<0
ol = P

Py —x+/~-g~<0and x-/~<0

WK
> ph12:=x->P/rho/S*Dirac(x-1):
P Dirac(x -/
02 =x—> —————( )
pS

['pannyHBle yCAOBUSL:
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> bound_c:=u(0.t)=0.D{11(u) (0. t)=0:
bound ¢ :=u(0,1)=0,D (u)(0,¢)=0
BbimoAIHMM pa3jiesienye epeMeHHbIX B yPaBHeHHH KosebaHmit:

> subs(u(x.t)=X(x)}*T(t).eq):

62

y(X(X)T(t)) )

—— | — (X(x) T(¢ =0
g [&\‘2( (x) ())]

> expand(Ths (%) /X(x)/T(t))=0:

dZ dZ
—; T(t X(:
a1 gt

T(yv?  X(x) =0

> sl:=op(1.1hs(%))=-1ambda:s2:=op(2.1hs(%%))=1ambda:

d2
S T(0)
dr-
sli=———s=-
T(t) v
& X(x)
— X(x
dx
§2 = —————=A
X(x)

TaxuM o6pasom, Mbl ITOTYUUAHA [BA OOBIKHOBEHHBIX AUD@epeHUMabHbIX ypaBHEHMSL.
CdopmynupyeM Tenepb cooTBeTcTBYIONLYI0 3aaauy Ultypma—Jluysniis. Mbi nmeem
OAHOPOJHbIE YCA0BHsI 110 1lepeMeHHoii x. [ToaToMy paccMmaTpiiBaeM ypaBHerue s2. Ha-

XO[HM 0Dlilee pertierie 9TOro ypaBHeliitsl 1 hOPMHPYeM CUCTeMY ONHOPOIHBIX ypaB-
HeHUH MO rpaHUYibIM YCIOBHSIM:

> assume(lambda>0} :dsolve{s2.X(x)):

X(x)= CIsin(4/A~ x)+ C2 cos(/A~ x)

> X:=unapply(rhs(%; x):
X=x—> Clsin(ri~x)+ C2 cos(\/k—~x)

> el:=X(0)=0: e2:=0(X)(1)=0:
> s1st-={el.e2}:

el = C2=0
e2:= Clcos(4/A~ 1) fh~ = _C2sin(/a~ 1) /A~ =0
sist =1 C2=0, CI cos(y/A~ 1) 4/A~ = _C2 sin(4/A~ 1) {2~ =0}
BorunciisieM onpejpeauresib 3T0H CHCTEMb:

> A =7inalglgenmatrix](sist.{ C1._C2}):

0 1
A'_[cos(ﬁl)Jif _sm(m/)m}
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> Delta:=convert(linalg{det](A).trig):

A= —cos(JX—~ 1) ﬁt
A= cos(1/7nT I3

IIpupaBHKMBaeM OTIPeNieUTe b HYJIO — 9T0 GyAeT ypaBHeHMe JIs onpeesieHus cob-
CTBEHHbIX 3HAa4YEHMUi1; pelllaeM T0y4eHHOe ypaBHEHHe i HAXOAHM COOCTBeHHbIe 3Haye-
HUA 3aa4u:

> Delta:=op(2,0elta):

> _EnvAl1Solutions:= true:
> solve(Delta.lambda);

(142 _ZI~)?
—p
> indets(%) minus {1};
{_ZI~}
> subs(%{1]="k".%%):
> ev:=unapply(%.k):
1r?(1+2k)

ev:=k—>4 2

OmnpenensieM Ternepb COOTBETCTBYIOLIME COOCTBEHHbIe (DYHKIIHMU:

> assume(k,posint):
> X:="X':subs(lambda=ev(k).s2):

X=X

2
£ox
a2 ) (1 g ey
X(x) 4
> dsolve( {2.X(0)=0.000) (1=0} X(x)):

X(x)=_CI sin(

n(l+2k~)x
21 )

HopmupyeM st QyHKIIMH:
> rhs(%)/sqri(int(rhs(%)*2.x=0..1));

cl Sm(“(l_”’r)_XJ 2
- 21
J_CI*1

> simp1ify(%.radical.symbolic):
> ef:=unapply(%.(k.x)):

Urtak, cobCTBeHHBle 3HauYeHHs M HOPMHMPOBaHHbie COGCTBeHHbie (PYHKUMU 3afaud
LIrypmMa—J/InyBuinst HalACHBI:

> evik):ef(k.x):
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2 (1+2k~)?
4/

Sin[M) 2
21
N

Yurareaio Mbl peKOMEH/yeM CaMOCTOSITENIbHO ybeauThesi B TOM, 4To A = () He sBJIsIeT-
cs1 cobCcTBeHHBIM 3HaYeHHeM paccMarpuBaemoit 3azaun Hltypma—J/lnysusis.

Haiinem Teneps obuiee pewenue Broporo auddepeHianbHoro ypasHenus st
> sl:=Ths(sl)=-ev(k):

d2

-3 T(1) 2 2

dr- (1 +2k~)
sl = = 3

T(t)v 4]

> dsolve({sl.T(0)=0}.T(t)):
1+ 2k~)t
T(t)= _CI sin(n—v(—t———)—j

21

31ech MBI Cpady yuJIM OHO M3 HAYAIbHbIX yCJIOBUil. Pelenue ucxoanoit sanauu 6y-
JieM CTPOUTb B BHAE pAna:

> spr:=Sum(C(k)*op(2.rhs(%))y*ef(k.x) k=1 infinity):

e s122000)
spro= Q.

k=1 «/7

Onpese/inM Tenepb HEM3BECTHbIE KOHCTAHTbI B JOpMyJie pelleHus. PaccMOTpUM nep-
BB Cayuall 3aJaHMs HAYaJIbHBIX YCJOBHi — ¢ TIpefesbHbM Nepexoaom. [Tonmaysck
COOTBETCTBYIOLIEH TeOPeMOil Pa3yioKeHHs M YYHTbIBas BTOpoe HayajbHOE yC/OBHE
(1a iponsBoaHyI0), Bysem uMeTh Gopmyy 1S KO3DPHULHEHTOB Dypre:

> assume(1>0):
> Ckl:=P/rho/epsilon/S*
> Int(ef(k.x).x=1-epsilon..1)/ev(k)}*(1/2)/v;
I~

o Sin(n(1;lz~k~)x)ﬁ
P (1+2k) Ji~

l~2

Ckl = dx

pes

-~

> Ckl:=simplify(value(Ckl});

. ~ ke~
4P.)2 l~(3/2)(-1)"~ sin| 22 ) cos| = + cos| %) sin| 22
hl 2 -~ 20~ [

peSn(1+2k~) v

OcylecTBuM Teleps NpeieibHbIA MepPexox:

> Ckl:=Limit(Ck1.epsilon=0):Ckl:=factor(value(Ck1)}):
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4P 2 1K (1) [ sin cos TR | cos 2E ) sin m ek
. 21 I~ 2~ I~
Ckl = lim

€0 peSTi(1+2k~)v

k~
o = 2 P2 (D)

n(l+2k~)pSv

PaccMOTpUM BTODOii BapHMaHT 3ajaHMsi HadaJIbHBIX YCIOBUH — C nesibTa-(pyHKUHER.
B atoM ciyyae 6ynem nmeTs dopmyity aist koapduumrentos Dypbe:

> Ck2:=Int(phi2(x)*ef(k,x).x=0..1)/ev(k)*(1/2)/v;
I~
) (1 + 2k~
\/Z P Dira(x — I~) sm(LT)—{)ﬁ
X/n2(1+2k~)2v pSAi~
I 0

> assume(epsilon>0):Ck2:=simplify(value(Ck2)):

k~
cip o 2 P2 (D)

n(l+2k~)pSv

dx

Ck2 .=

PeayanaT, KakK 4 CJenoBaJIO OKHAATh, OAUH H TOT xe!

> C:=unapply(Ck2.k);
2J1TPJ_( 1)

C=b = a2k pSv

Wrak, Mbl NIOJIy4Yuid opMaIbHOE pPelleHHe 3a/1a4H:

o | 4P (-1 sin(Tt v(12+l~2 k) t) sin(Tt U ;ik~)x)

sol = 2 n(1+2k~)pSv

k~=1

> s01:=5pr:

3T0 pellleHHe MOXHO npeo6pa30BaTb, BBeJlsl B paCCMOTpEHHE MacCy CTEPXKHsI M =pSl:
> subs(rho=M/1/S.op(1,s01)):

4P (1) Sm(nv(l+2k~)t]sin(n(l+2k~)x)

20~ 21~
T(l+2k~)Mv

> solution:=Sum(%.k=1.. infinity):

e (EV(L+2k)t Co(m(l+2k~)x
w | 4PI~(-1) sm( T sin 2=

solution = k~z=1 T (1t 2k~) My

Takum 06pa3oM, Mbl OKOHYATEIbHO MOJYYHJIM PellleHHe 3a/1a4n B BUae

(n@heD) ) (72E+1)
oY Sm( 2l J ( 2l xj

u@w =", Qk+ 1)
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Npumep 7. Haitti dyHKIMIO, TapMOHHYECKYIO BHYTPH Kpyra paanyca R u Takyio, 4to
U,.r = f(9). rne:
a2 .
1) f(@)=cos*(9), R=1;
-3
2) f(9)=sin"(9), R=1;
3) f(p) = cos® () +sin(p), R=1;
4) f(9)=cos(3¢), R=1.
Pewenue. BocrmospayeMcs roToBbIM pelileHHeM 3agaduun Jupuxne iis Kpyra ¥ peaiu-
3yeM pellieHus Haliux 3agad 8 Maple. st aToro paspaGoTtaeM rpolenypy, peanusyio-
Iy} M3BECTHOe pellieHle paccMaTpHBaeMoii 3aiaun B psiuax:
> Dirichlet:=proc(f.R)
> local a,b:
> a:=n->1/Pi*Int(f*cos(n*phi).phi=-P1..P1):
> Di=n->1/Pi*Int (f*sin(n*ph1).phi=-P1..Pi):
> a(0)/2+
> add(r*n/R*n*(a(n)*cos(n*phi)+b(n)*sin{n*phi)).
> n=1..0rder):
> RETURN(map(simplify. value(%))):end proc:

Jta npollegypa-dyHKIMS CTPOUT OTPe30K psixa /10 nopsifika Order iiM TOYHOE pelre-
e B BHJIe CPABHHUTEIbHO NMPOCTOI (POPMYJIbI, €CTH 3TO BO3MOXHO.
[TpumeniuM Haluy MporpaMMy LI pelledust TOCTaBAeHHbIX 3afad. IIpumep mepBslif:
> f.=cos(phi)*2:R:=1;
f=cos(¢)?
R:==1

> sol:=D1richlet(f .R):

11,
sol =+ ir‘ cos(2 ¢)

o

[IpoBepuM HallieHHOe pelueHMe:

> linalg{laplacian](sol.{r.ph1].coords=polar):
> simplify(subs(r=R,so1)-f);

[Ipumep BTODOIL:
> f1=5in(phi)~3:R:=1:
f:=sin(¢)*
R:=1
> 50} :=Dirichlet(f.R):

sol .—4rsm(¢)—4r sin(3 ¢)
[Tposepia:

> combine(1inalg[laplacian](sol.{r.phi].coords=polar)):
> simplify(subs(r=R sol)-f):
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[Tpumep TpeTHit:

> f:=sin(phi)*6+cos(phi)*6:R:=1;
> sol:=Dirichlet(f.R);

f:=sin($)® + cos($)®
R:=1

_3 3
sol .—8+8r cos(4 ¢)

[Tposepxa:

> Jinalg{laplacian](sol.{r.phi].coords=polar):
> simplify(subs(r=R.sol)-f):

0
[Ipumep ueTBepTHI:
> f:=cos(3*phi):R:=1:
> s01:=Dirichlet(f.R):
f:=cos(3 ¢)
R:=1

sol :==r*cos(3 ¢)

[IpoBepka:

> Tinalg{laplacian](sol.[r.phi].coords=polar);
> simplify(subs(r=R.sol)-f):
0

0

PaccMoTpUM elle TipuMepbl. 3agaauM Terepb QyHKIHIO f(@) CydailHbIM TIOJIHHO-
MOM:

> f:=randpoly({x.y1):R:=3;

f=19xy*-50°+88xy’— 53x*y+85x*y* + 49x*y’
R:=3

[TepefizieM K MOJISIPHBIM KOOPAMHATAM:

> fr=subs(x=r*cos(phi).y=r*sin(phi).r=R.f):

f:= 513 cos() sin($)? — 1350 sin(¢)* + 7128 cos(¢) sin( )’ — 12879 cos($)* sin( ¢)

+ 20655 cos()’ sin($)> + 11907 cos($)? sin( )’

> 501:=Dirichlet(f.R):

sol :=gr(803 cos( ) — 336sin(9)) + 198 r*sin(2 ¢) —%R (841 cos(3 ¢) + 790sin(3 ¢)) — 11 r*sin(4 ¢)

—i—érS(Scos(5¢)+6sin(5¢))
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[TpoBepka:

> combine(linalg{laplacian]l(sol.{r.phil.coords=polar)):
> combine(subs(r=R,sol)-f);

0
Pemnm eme oguH puMep:
> f:=phi®2+phi+1:R:=1:
f=¢"+ ¢+ 1
=1
> Order:=6:5016:=Dirichlet(f.R):
2
sol6 :=%+ 1+2r(=2cos(¢)+sin(¢)) +r* (cos(2 ¢) — sin(2 ¢))—%r3(2 cos(3 ¢) - 3sin(3 ¢))

+%r4(cos(4¢)—25in(4¢))——22§r5(2cos(5 $) - 5sin(5 ¢))+ér6(cos(6¢)—3sin(6¢))

[Tposepka:

> simplify(1inalg[laplacian](sol6.{r.phi].coords=polar)):
> err6:=simplify(subs(r=R.sol6)-f):
0

Terepb MOCMOTPUM, KaK BHILJISAMT OWKOKA P yAePKaHUM TOJIbKO IIECTH 4JIEHOB
psna:

> plot({err6].phi=-3..3.color=black):

phi

-5\/ -'2\/ RNV \//\1\//\

YyTaTeb MOXKET CAMOCTOSITENbHO TIPOBEPUTH, KaK yMEHbILACTCsI 3Ta OmHuOKa ¢ yaep-
KaHHeM H0JIbIIero Ynucia YJIeHOB Psija.



4 CneumnanbHble yHKUUN
MaremMmatnieckon ousanku

Hacrosiiiasi rnaBa nocssiiieHa OZHOMY H3 pa3je/ioB MaTe€MaTHKH, 3HaHUME KOTOpOro
TpeACTaBJIAECTCA B€CbMa CYIIECTBEHHBIM /I HAYyYHbIX pa6OTHHKOB W UH>KEeHEepOB-HC-
cnenonarenef/’[, UMEOUINX feJi0 ¢ MAaTEMAaTHYECKHMH pacye€TaMH.

B psze ciydaes, HanpuMep, Npu T0Jb30BaHNnK MeTogoM Dypbe pasjeieHUs epeMeH-
HBIX B I[MJIMHAPUYECKHX U CHEePHUECKHX KOODJAUHATaX, Mbl IPUXOAMUM K TaK Ha3biBae-
MBIM creyuanvtivm GYHKIUAM: YuruHopuueckum, chepuneckum u xp. CrneuraibHeIMU
(unu evtcuumu mpancyendenmuvimu) QYHKIUSAMH Ha3bIBalOTCS BCe He dJieMEeHTaPHbIe
dyHKuMKu. XapakrepHasi 0COOEHHOCTb 3TUX (DYHKIMA COCTOMT B TOM, YTO MHOTHE M3
HUX SIBJIAIOTCS PElIEHUSIMU YPaBHEHHI ¢ 0COOBIMM TOUKAaMH BHIA

AN _
;i;{p(x)dx} g(x)y =0,

rie xo3pguuueHT p(x) obpallaeTcs B HyJIb B OJHON HJIM HECKOJNIBKHUX TOYKaX [IPOMe-
XKYTKa U3MEHeHHUs MepeMenHoi x. PelieHust Takux ypaBHeHUIH UMeIOT pAx crelndy-
YeCKHUX CBOWCTB.

Creunanbtble PyHKIMH HaXOMST IPUMEHEH s B LIMPOKOM Kpyre 3ajau. B 310 riiase
MBI PacCMOTPMM OCHOBHBIE CBOHCTBA 1IWJIMHAPHYECKHX M chepuueckux GyHKLuH,
a TOuHee, IPOCTeHINEro ux Kiaacca — nojmHomMoB Jlexkanapa. Manoxerue sineMeHTOB
TEOpUH CTIELMAAbHBIX PYHKIHMH MBI HauHEM C OMMCAHHsA raMMa-(hYHKIMH, YTO CTAIO
yXe TPaIWIIMOHHBIM B y4eOHOH JuTeparype.

[IpuBeseM npuMepBI CIIeLMATBHbIX QYHKUHMI:

I(x)= Ie“t” dt — eamma-ynxyus,
0

2

T

Ry
2
O(x)= Je" dt — unmezpan sepoamiocmu;
0

=

. tsin y
Si(x) = ‘[—x—% dt — unmezpanvuili cunyc;
0
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Ci(x) = —_[ E(—)St—(Q dt — unmezpanvhvili KOCUHYC;

x

r dt
K =
@) !Ju-t?)u—x?t?)

— AMAUNMUNECKUL UNMEZPAN NEPEozo pooa;

2
E(x) = I Mdt — SMAUNMUNECKUL UNMEZPal 6MmOpOzo Pooa;

t*)

Hurundpuueckumu Gynxyuimu Ha3bBAIOTCS PellleHus ypasnenusn beccens

2
u” + luk{i—\%ju ={.
X x

CreluasibHble KJIacChl IWIHHAPUYECKUX (PYHKIMIT U3BECTHDI B IUTEPATYpe Kak @yHx-
yuu Becceas, v MHOTAA 3TO Ha3BaHHMe MPHCBAWUBAETCsS BCEMY KJlacCy LWJIMHApHHYE-

cxnx pyHKuMin u(x) = J, (x) — Pynxyusa Beccens unu yurundpuvecxas pyuxyus nep-
6020 pPOOA.

Chepuneckumu pynxyusmu Ha3plBAIOTCA PEIEHUs yPaBHEHUA
A-xH)u" -2’ +v(v+1Du =0,
u(x) = P, (x) — cpepuuecxas gynxyus Jlexcanopa nepeozo pooa.

Tunepeeomempuuecxasn Qynxyus u(x) = F(a,B,y,x), TAe o,f,y — MapaMeTpsl, SABJAETCA
pellieHMeM ypaBHEHUA

x(1-x)u" +[y-(a+B+Dx]u’ —aPu =0.
SiinepoBbl nHTErparnbl

JiinepoB UHTErpan nepeoro poaa

Tax HasbiBaeTcs (M0 npeyoxeHu0 Jlexkanapa) MHTerpas BUAA
1
B(x,y)=[t(1-e) " dt, (4.1)
0

x>0,y >0. Ou mpeacrapiser ¢GyHKUKIO OT AByX IEPEMEHHBIX NapaMeTpoB X U ¥:
byuxuuio B — 6ema-pynxyuo.

‘3aMeTHM, YTO ecJIM OXHOBpeMeHHo x > 1,y > 1, To B(x,y) — unTerpasn co6CTBEHHbIH.
Ecnut ke xoTs 6bl OAHO M3 3THX ABYX HEPAaBEHCTB Hapymaercs, T0 B(x,y) — HecobCT-
BenHbiii uHTerpas. [oxaxewm, uto B(x,y) cxoaurcs, ecnu ogHospemento x >0,y > 0.
Hmeem
1/2
B(x,y) = jt" tA—-e) " dt + jt‘ Y-ty dt.
1/2
PaccMOTpUM HMHTeTpaJl
1/2

Ji= [t A=y de.
0



172 4. CneumansHblie GYHKLMK MaTEMaTHYECKOM Prankm

Touxa ¢t =0 — ocobast Touka, ecaiux < 1:

fO=t""1-ty" = e Yy, npu t = 0.
Mb! 3HaeM, YTO UHTErpa
1'/'.2 dt
0 ti—x

cxoautest, ec 1 —x <1 x > 0. Urax, J, cxopurea npux >0u Vy.
PaccmoTpuM uHTerpan

1
Jo= [ A-ey e
1/2

Touka ¢t =1 — ocobas, eciu y < 1:

fO=t""A-t)y" = ;, Vx,nput —> 1.
(1-0)"™

Mb1 3HaeM, 4TO UHTETPAJ

j[ dt

p2(1-6)""
cxoautcs, ecan 1 -y <1 < y > 0. Urax, J, cxonurcs mpu y >0 u V.
OTxyna s3axiioyaeM, uto B(x,y ) cxoaurcs, eciu ogHoBpemenHo x >0,y > 0.
OTMETHM HEKOTOpbIE CBOMCTBA HeTa-pyHKIMU.

1. CpoiicTBO cuMMeTpHH:
B(x,y)=B(yx).

Joxka3zatensctBo. Caendem 3aMeny t =1-1= —dt =dt

B(x,y) = j[ 7 (1-1)""dv = B(y,x).

2. [lyctb y > 1,

<=t

1 . e Lt
B(x,y) = [(1- )" d[?)=(1—t)y 2

=0

_11
+y—1jt"(1—t)y‘2dt.
X o

t=0

x-1

MoxHo 3anucats t* =¥ —¢*7' (1-t), Torza
y_1 1 1 ]
B(x,y) =~——[J’t-““(1—t)y‘2 de -t (1-e)y " dt| =
x |3 A

= Zx‘_1 [B(x,y - 1)~ B(x,y)}.

Hrax,
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-1 -1
B(x,y) = %B(x,y ~1) —yTBu,y)

Hin

B(xy)="Y ;)f;xyl D (4.2)

Mopmyaa (4.2) 103BoOJsIeT BTOPOR apryMeHT bera-(pyHKIMY yMEHbIIUTD HA eAUHUILY.
[To cBOHCTBY CUMMETPHUH MOXHO 3aIMCaTh

(r-)Bx-1y)

B(x,y) = x>1
. x+y-1
[Iycts Tenepb y = n (1 — HaTypaJlbHOE), TOTAA
n-1 n-2 n—-3 1
B x,n)= . . . xyi ,
@) x+n-1 x+n-2 x+n-3 x+1 B 1)
HO
1
B(x,1) = J.L"‘" dt = =,
0
OTKyZAQ

(n-1)!

2(x+1).. . (x+n-1)

B(x,n) =

[lycts manee x = m(m — HaTypajbHOE), TOTAA

(n-1)! _(n-Dl(m-1)!
m(m+1)...(m+n-1) - (m+n-1)!

B(m n) =

3. lpyroe Buipaxenue ais Gera-pyHkuuy — caenaem B (4.1) sameHy, MpUHSAB

& ds

T é'1_— T+ et
Toraa

-5 L e

p (1487 A+ 8) " 1+ (1+9™*
4. OT™meTuM 6e3 10Ka3aTeNbCTBA ellle OJHO CcBOMCTBO'

T
Bx1-x)= sin(mx)

diinepoB uHTErpan BToporo poaa

IT0 HazBaHue 6bLI0 MPUCBOEHO JIeXkaHAPOM 3aMeyaTeIbHOMY WHTerpany

! [loka3aTeibCTBO MOXHO HaiTH, HanpuMep, B kuure: Quxmenzoavy I. M. Kypc anddepennn-
aJIbHOTO M WHTerpaibHoro ueuucnenus. T. 2, — M.: Musmatrus, 1962.
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I(x)= _[ e 't dt,
0

KOTOpPH# cxoauTcst npu aoboM x >0 n onpenensier gyuxyuio I' — zamma-pynxyuio.
[Moxasem, uto ['(x) cxoputest mpu x > 0. B camom xene,

w 1 o
Fx)=[e t™"de= (et de+ [ee"dt.
0 0 1

Ji J2
Paccmorpum unterpan J,. Touka ¢ =0 — ocobas, ecinx <1,

—txm - 1
f(t)ze't'”z-—é: -x——, t >0
t_‘ t‘.\/

HUHTerpaj

’I dt
0 ¢
cxoputes, ecan 1—-x <1 ¢ x >0, To ecTb J; cxonutes, ecan x > 0.
Paccmorpum unterpan J,. Jast noboro x

-l

- t
f(O)=e't"" =20 50, t > +o.
e

ITO 03HAYAET, UTO CYMIECTBYET 4nC10 b Takoe, uTo st ¢ > b Gynet, Hanpumep,

a+1
: <1

et

MO2KHO CYMTATDb, YTO ITO CTpaBeanBo aasi b > 1, a Torpa aasit > b

x-1
AP
t 2

e t

Mpb! 3HaeM, uTo
| d—,f (b>1)
t
b

CXOJIUTCS, CeN0BaTebHO, J, CXOAUTCS AJsi JII0OOTO &, a Toraa I'(x) CXOAUTCS NPy
x>0

PacemoTpum Boipakenue xI'(x):
xC(x)= xI et dt = xf e"d(i—] = Ie'[d(t" )=
0 0 x 0
=e't'|y” + J'e'[t"' dt = J'e"‘t"' dt =T(x +1).
I | 0

=0

Hrax,
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xT(x)=T(x+1). (4.3)
[Ipumenss dopmyiy (4.3) NOBTOPHO, MOTYYUM
INx+n)=T{(x+n-D+D=(x+n-DI'(x+n-1)=
=(x+n-D(x+n-2)---(x+xT(x),
B YaCTHOCTH, NpH x = 1, 6ynem uMeThb
I'(n+Y)=n(n-1)(n-2)----- 2-1-T(D),
HO
r|)= T eldt =-e|5 =1
0
IOTOMY
Fn+1)=nl (4.4)

CripaBeuiBO CJIeAyIollee COOTHOLIEHHE, CBs3bIBaoliee Mexay coboit dyHkuuu I' u B:

F(rey)
B(x,y) = ——2. 5
(x,y) Tty (4.5)
Ortcloaa, B 4aCTHOCTH, nosyyaeM, ecmn 0 <x <1,y =1-x
B(x,1—x) = — T =l"(x)l“(i—x)
sin(mx) rq)
rx)r(-x)=—>r—. (4.6)
sin(mx)

Ha puc. 4.1 npusenen rpadyx ramma-GyHKINH, 10CTpoeHHbIi B Maple:

> pl:=plots{textplot]({1.10, T (x) ].al1gn={ABOVE RIGHT}):
> p2:=plot(GAMMA(xX),x=-5..5,y=-10..10,color=black.

> Jabels=("x", "], xtickmarks=5,ytickmarks=4):

> plots[displayl({pl.p2}):

104 [0

[

i

Puc. 4.1. Namma-odpyHkuma
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JitIepoBbl HHTETPAJIBL IEPBOTO U BTOPOTO POAA ONPEAE/IAIOTCS U AJS KOMILIEKCHBIX
3HayeHUH apryMeHToB. B ciyuae xoMmIekcHbIX x ¥ i uHTerpai (4.1) cxoauTces, Koraa
Re(x) >0 u Re(y) > 0.

lFamMa-pyHxuMsA — oaHa M3 BaKHEHIUMX TPAHCLEHAEHTHBIX (HYHKLUH MaTeMaTHye-
CKOTO aHa/13a, paclpoCTpaHsolas nouatue gaxropuana z! =1-2-3-.--- z Ha cayyait
KOMILIEKCHBIX 3HaueHMH z. 3HaHHe ee CBONCTB HeOOXOAMMO AJIA U3YYEHHsT MHOTHX
APYIHX CreuuanbHelXx GyHKUMA, HANPHUMED, LIMIMHAPHYECKUX.

ITox ramma-dyHxuumeil (MK 3i1/1epOBBIM HHTETPAJIOM BTOPOTO POAA) NOHMMAETCs 3Ha-
YeHUe HHTerpajia

I'(z)= T et dt 4.7

JJ1A BCeX KOMIUIEKCHBIX 3HaY€HUH z, AJst KOTopbix Re(z) > 0 wiu ero aHanuTHYeCKoe
NPOJO/KEHHE Ha BCIO KOMITJIEKCHYI0 IJIOCKOCTD 332 UCKJII0YeHUeM Touek z = 0, -1, -2,
-3, .., —0. JTH TOYKH, B KOTOPbIX (PYHKIHS He ONpeAe/eHa, Ha3blBAIOTCA OCOBBIMU
ToukaMU. MOKHO TNOKa3aTh, 4To ramMma-byHKuMA (4.7) ABAsieTCs peryasipHoi GpyHK-
uuei oT z B noaynnaockoctH Re(z) > 0. Kpome nepeuriciieHHbIX CBOHCTB raMMa-(hyHK-
L[MH, OTMETHUM ellle cTelyIollue:

221 () I“(z + %) = Jrr(22), (4.8)

F(M%):\/EW, n=0,1,2,..,

1
r - ='\/_1
(2) i
r'(-n)=wo, n=0,1,2,...,%.

C ramMma-yHKIMEH TECHO CBsA3aHa ellle OfHa CrielabHas QYHKIUUS — ncu-PyHKYUA
WK orapudMUYecKasi IPOU3BOAHAS raMMa-pYHKIMH:
r'z)y d

¥(z) = 5 =~ hil@)} ¥ =T =y, y=05772...,

Tae y — nocTosiHHas Jilnepa-—Mackeporu

UHTerpan BeposTHOCTH

WuTerpanom BepositHocTH {(z) HasviBaeTcs YHKUMS, KOTOpas IS JIIOOBIX KOM-
AJIEKCHBIX Z ONpefesisieTcss pABEHCTBOM

2 ¢ 2
D(2)=-=[e" d, (4.9)
NET
TA€ UHTErpHpOBaHHE l'IpOPI3BO}1HTC$I IO MIPOU3BOJIBHOMY IIYTH, COEAVNHAIOIIIEMY Hada-

JIO KOODAMHAT C TOYKOI ¢ = 2. Tax Kax noAbIHTErpatbHOE BoIpaXKeHUE SBISAETCS L0
dbyHK1UMEN KOMITIEKCHOTO TIEPEMEHHOTO ¢, BUJ NYTH MHTETPUPOBAHUS HE UTPAET POJIH,
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M MOXHO CYHTaTh, YTO MHTEIPHPOBAaHHE IIPOM3BOAUTCSA BIOJIb 0Tpe3}<a npsiMoi, co-
enuHsoleit Touku t =0 u ¢t = z. B Takom ciyuae, xak M3BecTHO!, @(z) npeacTaBiasieT
Heayio QYHKLMIO, KOTOpasi MOXeT ObiTh pa3joXKeHa B CTEIEHHOH DA, CXOMAIUNCS
TIpH JIIOObIX 3HAYEHUSIX TIEPEMEHHOTO 2. JIJ1st TOro, YTOObL OYYUTh 3TO Pa3/IOKEHHE,
JOCTATOYHO MOACTAaBUTH B (4.9) cOOTBETCTBYIOUMH PAL AJIst IKCIIOHEHTB! ¥ IIPOUHTET-
pPUpOBaTh €ro MoYsIeHHO. Mbl NoMy4uM Toraa

_ z ﬂ,,( 1)kt2k ( 1)k 2k+1 "
(D(Z)_ﬁ{k;, k! ngk!(2k+1) |2l <e (4.10)

TAaK KaK MpoLecC UHTETrPUPOBAHMSI CTENEHHOTO PsAAA ABJSETCHA 3aKOHHBIM,
V3 popmysst (4.10) BuaHO, uto ®(2) — HedeTHast GYHKIHUA OT 2.

MHTerpaa BepoOATHOCTH He MOXeT ObITb BhIPAKEH uepe3 ajieMeHTapHble QYHKILNY, O~
HaKO ero NpoU3BOAHasi — djleMeHTapHas pyHKUMA

2
PR)=—1*¢"
Jn
B yacTHOCTH, IpH BellleCTBEHHBIX 3HAUYeHUAX apryMenTa z = x ¢ynkuusa O(x) npea-
crapisieT coboi BEIECTBEHHYIO MOHOTOHHO BO3pacTaollyio GyHKUHIO, TaK KaK

2 2
D(x)=-e" >0 x e(-o +o).
N
3nauenue yuxuuy npu Hysae ®(0) =0, a npu Bo3pacTaHuK x 6bICTPO NpUbMKaCTCH
K MpeaebHOMy 3HaueHuio @ (o) = 1, nbo

Te dt=J_.

Pasiuia Mexay @©(x) ¥ 5TUM npeAebHbIM 3HaUeHHeM MOXKET ObITh MpeACTaBJIeHa B
dopme

2 o 2 2 X
1-d(x)=——=|e" dt—-——= e dt—— e dt x > 0. “4.11)
Fletaleta- ]
[Tonyunm acumnToTHYECKyIo opmyJy. [lns atoro Bocnosb3yemcs dopmynoit (4.11)
u npeobpadyem BXOASIIUI B Hee HHTEIPaJl C MIOMOLIbI0 MHTETPUPOBAHUSA 110 YACTSM.
M&b! HaxoZMM TOCIEA0BATEIbHO

1 2 =00 w0 _f

2
e")=——f— +Ie dt|=
Jnj ¢ :

1-O(x)=-

2 =1
~_[-d
QJE,[t

__Lﬁ__j -
Voo ox nit? JE

1 2z

Hurerpan ¢ (z) = If(t) dt, B3aTHIN 110 IPOU3BOJIBLHOMY NYTH, NPHHAIJIEXKALIeMy OJHOCBA3HOM
a

0baacTH, B KOTOpOIT f(£) peryasipHa, eCTb peryJisipHas GpyHKuus B a0l obnacth. Cwm., HanpH-

mep, Cmupnos B. H.. Kypc seicieit matematuxu. T. 3, u. 2. — M.: Tocrexusaat, 1956.
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rue
2<x7e—l2
r(x)=-xe* J—zdt.
: L

Otuenum r(x).

o x2_

|r(x)|£xe’2j—et_7dt=j~e——5—idt(t 2x)<
pa X t

2 2 |f=

lztdt— e’ e’ 1

2
w X
<7 2
A xt 2 2x?
i =0
Takum obpasom, OyneM UMETb

1
|7 ()] ng—z.

CJIEJIOBaTGJIbHO, MOXHO 3anucaTb

_ 1 e’ 1
1—(D(x)—ﬁ . [1+O(x—2ﬂ, X — 40,

Ipaduk dpynkumu O(x) uzobpakeH Ha puc. 4.2, mocrpoeHHoM B Maple:

pl:=plots[textplot3({0.1.1.70(x) ], align={ABOVE.RIGHT}):
p2.=

plots[textplot]([3.95,0.05. x ],align={ABOVE ,RIGHT}):
p3:=

plot(erf(x).x=-4..4 color=black.labels=["". "],
xtickmarks=5. ytickmarks=8):
plots{dispiayl({pl.p2.p3}):

V V. V V V V V

1}00‘)
038

06
04
0.2

0.4
-0/4
.67
08
17

Puc. 4.2. iHTerpan BepoAaTHOCTH

WuTerpas BeposiTHOCTH BCTpedaeTcs B Pa3/IMYHbIX Pa3jiesiax MPUKIalHON MaTeMaTu-
KH, B YaCTHOCTH, B TEOPUH BEPOSTHOCTEN M TEOPUH OLIMOOK, B MAaTEMAaTUYECKOMN T€O-
PUU TEIJIONPOBOAHOCTH M B APYTMX pa3jesax MaTeMaTH4ecKoH (PU3NKH.
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dyHkuua bBeccens

MHorue 3anauy NPUBOAAT K HEOOXOAMMOCTH DelllaTh ypaBHeHHE BUAA

2
u"+1u'+(1—27)u=0. (4.12)
z z

K TaxoMy ypaBHEHHMIO MBI TIDHAEM, HAIIPUMED, IPU PELIEHHH 3a1a4 METOJOM pa3zeiie-
HUS NIepeMEHHBIX, eCIM OY/eM M0J1b30BAThCS WHIMHIPUYECKUMU (UTH TIOJISAPHBIMH)
KoOpAMHATaMH (3afada O kojebanuu Kpyrjaoit MeMOpanbl, 06 OCTBIBAHMH KPYIJIOTO
UMIMHADA U Ap.).

VYpastenne (4.12) HasbiBaeTcst ypaenenuem beccensn. Peunenusi aT0ro ypaBHeHus, He
paBHBIe TOXJAECTBEHHO HYJIIO, Ha3blBAIOTCS yuaunopuueckumu (unu Gecceneevimu)
Pynxyuamy. 31ech 2 — KOMILTIEKCHOE TIEPEMEHHOE, V — HEKOTOPbLH mapameTp, Boobue
TOBOPS, KOMITJIEKCHBIMH.

OpyH KJIacc UHAHHAPHYeCKUX BYHKIMHA Mbl IOCTPOUM ClefyiownM obpasoM. Bynem
HCKaTh pellelye ypaBHetus (4.12) B Buae 06001ieHHOTO CTeNeHHOro psiaa

u=2%a, +a,z+a,z* +...), (4.13)
rae a, = 0. Toraa
2u'=2°(a,0 + a, (6 + 1)z +a,(c +2)2° +...],
224" =2°[a,0(c -1) + a,(c + )6z + a, (6 + 1)(c+2)z* +... 1.
[Tepenuinem ypasuenue (4.12) B Buge
22u" + 2’ + (22 -vHHu =0; (4.14)

10CTABMM 3HAYEHUS U, zu', 1 2°u'' B ypaBuenHe (4.14) u cobepeM wieHs! C OAMHAKO-
BbIMH CTEIEHSIMHU Z.

2°[a,6% —a,v? ]+ 2% g, (o + 1)? —a,v? ]+ 2% [a, (6 +2)" —av' +a ..
42" [a,(c+n)? -a, v’ +a,,]+..=0.

Yrobe! psin (4.13) 6611 pemenneM ypaHenus (4.14), Heo6X0AMMO BbINOJIHEHHE pa-
BEHCTB

q, [0 -v?]=0;

a,[(c+1)? -v*]=0

a,[(c+2)* -v*]+a, =0
a,,[(c+n)2 -vl]+a,, =0

VI3 1epBOTo PaBeHCTBA HAXOAMM G = tv, TaK Kak @, # (. Boabmem ¢ =v. Toraa us sro-
poro pasenctBa naxoanm a, =0. Hanee,
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g =— %2 o T po93
" (o+n)? -vi Qv+mn’ o

OueBUAHO a,,,, =0 A/t BCeX LENBIX HeOTpHUATE IbHbIX £, 2

a. = T2 _ (-1)*a,
Uik k 2% (v k) v k1) (v RD
[Monaras
1
ay = ————
2'T(v+1)

U ucnosabayst popmynsl (4.3) u (4.4), nojayuum

_ (-1
2%V Pk + DIk +v+1)

2N

Taxum 06pa3oM, Mbl TOCTPOUIH OAHO (OpMabHOE pelneHue ypasHenus (4.12) B Buae
0600111eHHOTO CTEMEeHHOTO Psifa

2 2k+ v
D' 5
Y VA, (4.15)
u= u1 = s .
o RIT(R+v+1)
rae z — KOMIUIEKCHOe TlepeMeHHoe, MPHHaljexalee I0CKOCTH ¢ paspesoM (-, 0):
|z| < 0, | arg z| < m; v — mapamerp, KOTOPBI MOXKeT MPUHUMATb Jio6ble BeleCTBEHHbIE

WM KOMIUIEKCHBIe 3HaueHus. OTpaHUueHne, HAJIOXKEHHOE Ha z, HeoOXOAMMO ISt Of-
HO3HAYHOCTH (DyHKLHMHU z* U MOXET ObITh OTOPOLIEHO, €C/TH Vv — 1eJI0e YHCIIO.

Jloxaxewm, uto pan (4.15) cxoantes. Obo3HauuM obuiuii uieH aToro psaa

(_1);,(-2_)2’”\/
o\

u, = :
kIT(k+v+1)

2 2k+2+4v Z 2
(7) EIT(k+v+1) (—)
2 2

z

2k+v = ’
(2) (k+DIT(k+v+2) (k+D(k+v+1)

Byaem nmetn

ulz+1

(4.16)

Ly"
lim|——=4———| =0, |z] <.
kool (f+ 1) (k+v+1)

CuriepoBatenbho, mo npusHaxy /lanambepa, psn (4.15) cxomuTcst mpu J1o6bIX KOHey-
HBIX Z.
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B mockocTy ¢ paspesoM (—oo, 0) kaxaptit wieH psaga (4.15) — ogHosHaynas u pery-
7sipHas GYHKIMA KOMILJIEKCHOTO TIEPEMEHHOTO 2. JIaHHBI Psij CXOAUTCS TIpH JTI00bIX 2
u v, ipudeM B obaactu |z| < Ru |v| < N (R, N — npou3BosbHO 60/buive HUKCHPOBAH-
HblE YMCJIA) CXOAUMOCTb PAaBHOMEDHA IO OTHOLIEHHMIO K KaXAOMY M3 IEPEMEHHBIX.
JeficTBUTENbHO, HAYMHASA € AOCTATOYHO GOIBUIOrO £, OTHOLIEHHE MOAYJIEH TIOCIEAYIO-
IIETO YJIEHA PAfa K TIPeAbLAYIIEMY, pPaBHOE Ha ocHoBaHMH (4.16) BemnunHe

2
z
uk+1 — (2) < R2

u, | {(k+1)(k+v+1)| 4(k+1)(k+1-N)

He 6yeT IPeBOCXOAUTb HEKOTOPOH TPAaBHIIbHO# [TOJIOXKUTETbHOM APO6M g, HE 3aBHCS-
mweit or z 1 v. OTCI0Aa, COTJACHO M3BECTHOMY NPH3HAKY CXONMMOCTH, C/IEAYET, 4TO
PaCcCMaTPUBAEMBIii S CXOAMTCS PABHOMEDHO B yKasaHHO# obmacty'.

Tak Kak 4IeHbl psAAa IPEACTABIAIOT cob0it pery/spHble GyHKLIMU B MJIOCKOCTH € pas-
pe3oM (~0,0), To CyMMa psiZia OIIPeAEIAET HEKOTOPY IO QyHKIMIO KOMIUIEKCHOTO Tepe-
MEHHOTO 2, PEryJspHYIO B PaccMarpuBaeMoii ob6macTi. OTa (QyHKUMS Ha3blBAETCS
pynxyueii Beccens nepgozo poda ¢ undexcom v n obosnauaercsi cuMBoJIoM J, (2). Ta-

KMM 06pasoM,
2k+v
Z]
J. (@)= }:——

HIThrvr D |z| <o, |argz|<m, 4.17)

IToka’keM, YTO ITOT PAA B €ro 06JaCTH CXOAMMOCTH SBJASAETCA PAKTUYECKHM DELIEHU-
eM ypaBHeHus (4.12). Unmeem’
2 2k+v
i 2

CERIT(R+v+1)

2k+v-1
(~DF(2k + v)(ij
S RIT(k+v+1)

1 )

(DyHKlll/lOHaJIbelﬁ pAan Zuk(z) CXOJAUTCA PaBHOMEPHO B HeKOTOpOﬁ OéﬂaCTl/l, €CJIM nJ1d BCAKO-
k=1

ro z, NpyuHaajaexauero 3TOi 0baacTH U k > m, BbIIIOJIHAETCA HEPABEHCTBO

Upsy
Uy

<g<1,

e g He 3aBUCUT OT 2.
? PaBHOMepHO cXOAAMMIACA DA PEryASPHbIX (BYHKIHNI MOXKHO nMbhepeHIMPOBaTD IOWIEHHO.
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2k+v-2
(~1)*(2k +v)(2k +v - 1)(3)
- A2
u"=y
k=0 le(k+v+1)

2
v

1
YMHoKaeM (pyHKUMIO u Ha (1 - ——2—], ¢byHkimio ¥’ — Ha —, yHkuuo " —Ha 1 ¥ cxsa-
2 2

JAbIBaeEM, IMOJYUYHUM

2
Lu)=u" +1u' +(1—!7]u =
z z

+

_ 5: (=D*[2k + )2k +v—1) + 2k +v) —v? ]27+2
par] 2%V Tk +v+1)
© (_1)k22k+v

+2

D2V EIT(k+v+ 1)

Jlanee uMeeM

((2k +Vv)(2k +v —1) + (2k + V) ~v2 ] =27 k(k + V).
Torna
© _1\* 2k+v-2 © _AVk , 2k+v
L) = Z -D*k(k+Vv)z +Z (-1)*z

7 2RIy D) 25 RIT (v D) B

(_1)k22k+v-2 ® (_1)I¢Z2k+v
+2

2T D IT(htv) G2 kIT(k+v+l)

>

k=1
(k-1)—k
=_w (_1)k22k+v +i (_1)I¢Z2k+v

D2V EIT(k+v+1) 2%V RIT(R+v+1)

0.

dyHkuna Bebepa

Ilo onpeaenenuio, UMAMHAPHYecKast GYHKLMS €CTh IIPOM3BOJIbHOE pemieHne Aude-
PEHIMATBHOTO ypaBHEeHUs ‘BToporo nopsiaka (4.12), moaromy obuiee ee BbIpaxeHue
COMEPXKUTCS B opMyIe

u=2,(2)=Cu(2)+ Cyuy(2),

Ifeu, uu, — Kakue-HUOyab TMHEHHO He3aBUCHMbIE pellenus ypasHenus (4.12), C; u
C, — NOCTOSIHHbIE, SIB/ISIONIMECS, BOOGIE rOBOPSI, TPOM3BOJIbHBIMU (pyHKLIMSAMHU ITapa-
MeTpa v. JIerko nosyyuTsb obliee BhipaxkeHHe LMIMHAPUYECKOH QyHKIUK JJIS CIIyYas,
KOTZa v OTJIMYHO OT LeJIOT0 Yicaa. JlefCTBUTEbHO, AJIsk TOTO YTOObI 3aMUCATb 0611Hi
uHTerpan ypashenus (4.12), Heo6X0AMMO TOJTYYHTh BTOPOE JIMHEHHO HE3ABUCHMOE
pemretine. [lockoabKy ypasHeHue (4.12) He MeHsieTCsl TIDM 3aMEHE v Ha -V, TO QYyHK-
uns J_, (z) Taxxe siBnsieTcs penieHneM ypaBHenus (4.12), To ecTb BTOpoe peuieHue
MoXKeT 6bITh 3aIMCaHO TaK:
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(_ 1)k(i)2k-v
2 2

Uy =] ()=, T(k+ DT (k—v+ 1)

(4.18)

PaccMoTrpuM nioBeieue pyHkumii (4.17) u (4.18) B OKPECTHOCTH Hayajla KOOPAUHAT.
Ecu v He paBHO LIEJIOMY YHCITY, aCHMITTOTHYECKOE NOBEJEHUE PACCMATPUBAEMBIX pe-
wexuit mpu z — 0 6yaer

Z v
N (5)
J.(2) = T D |z| - 0. (4.19)
(E)_v
J (Z)z—z—, |z} —> 0. (4.20)
- C(~v+1)

91U HOpMyJIbl BepHbI ISl BCEX v 33 MCKITIOYeHUEeM TeX 3HayeHUH v, Koraa 3HaMeHa-
Tesb o6paimaercs B 6eCKOHEYHOCTb, TO ecTb v # —1,-2,-3, ... ana (4.19) uv # 1,2,3, ...
st (4.20). Takum obpasom, puv # +1, +2, +3, ... cipasetusbl 06e hopmyst. Janee,

2v
J,(2) =(3) M;tconst, vz0,£1,£2,...

J.L@) \2) T(v+1)
Takum obpasom, bysxuuu (4.17) u (4.18) 6yayTr JuHedHO HE3aBUCHUMBI, €CJIH
v#0,+1,£2,£3,..., To ecTb obuiee BbIpaXEHHE LWIMHAPHYECKOH (YHKUHM INpH
ycaoBum, ytov # 0,2 1,+2,+ 3, ..., 6yner takum:

u=A4,J,(2)+B,]_,(2) (4.21)

PaccMoTpuM Teneps caydai, koraav=n(n=0,1, 2, ..., ). B atoM cayuyae

2 2k+n
(2]

2)=) ———~— |z|<, n=0,1,2, ... 4.22
L@=Y a1 (4.22)

@Oyuxuusa (4.22) peryJsipHa Ha Beeil mockocTH 6es paspesa. ITo uesast GyHKUMA.

[anee
[z 2k-n W 2 2k-n
. D (—) . D (—)
Ja@=F 2
k=0 .F(k—n+1) k.,,k!I‘(k—n+1)

nockosbky I'(k ~n+ 1) = oo gyisi Bcex k =0,1,2,...,n—1. B nocneaneit cymme npounsse-
ZIEM 3aMeHy TIepEMEHHON cyMMHUpoBaHus k = s + n. [Tonyuynm

25+n
) (_1)..”(%)
J—n(z)zz =(—‘1)"J,,(Z)-

= Sl(s+n)!
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TakuM o6pasoM, GeccesneBbl GYHKIMH C 1ETbIM MHAEKCOM JIMHEHHO 3aBUCHMBI

J.@=(-D"J,(2), n=0, %1, £2, ...

[ToaroMy BbipaxkeHue (4.21) He siBisieTcst 0OLUIMM HHTErpasioM ypaBuenus (4.12) B 3ToM
cayqae. CreRoBaTeIbHO, A/ LeJbIX 77 HAJ0 NOCTPOUTD €llle OJHO pelieHHE ypaBHe-
Hus (4.12).

ByaeM mpexnosaratb, YTO v He SIBJISETCS LeIbIM. BBeneM B paccMoTpeHue QyHKIHIO
beccens BToporo poga Y, (z), KOTopyio AJist IPOM3BOJIbHBIX 2, IPHHALJIEXKAIIHX 1710C-
KOCTH C pa3pe3oM (—co, 0), onpeaesrM BoIpaskeHUEM

Jy(2)cos(vr) -], (2)

sin{vm)

u=u;, =Y, (2)= , |2] <o, |argz|< . (4.23)

ITO BbIpaXKEHWE AJs v He 1[eJIoro — HMAMHApHYecKast GYHKIMs, JUHEHHO He3aBHCH-
Mas ¢ ¢pyukimed Beccens (4.17). Oyuxius (4.23) — ywiundpuneckas gynxyus amo-
pozo poda wivt gynxyus Bebepa. B HexoTopbix paboTax, MOCBAIEHHBIX TEOPHH BYHK-
uuit Beccenst, nast o6o3HaueHust aToi GyHKuMY BMeCTO Y, (2) UCTIOIB3YeTcs] CUMBOJI
N, (z), a caMa yHKuMs HasbiBaeTcs ¢ynxyueil Heilmana.

[Ipu v, paBHOM LEJOMY YHMCJY, TIpaBast YacThb PaCCMaTPHUBAEMOIo BbipaxkeHus (4.23)
npuobpeTaeT HeompeneTeHHbI BMA, U Mbl YCJIOBUMCS NOHMMATb IO 3HaYEHHEM
(hyHKIMH B 3TOM cJyyae Tpeaesi

Y,(2) = imY, (2)

Tak kak uucanTesp ¥ 3HameHatesnb B (4.23) — wLesble GYHKIMH v, TO pacCMaTpuBae-
Mblii TIpEAES CYIIECTBYET ¥ MOXKET ObITh BBIYMCIIEH 0 NIpaBUIy Jlomurans, npuMeHe-

HMEe KOTOPOTO AAeT
n A2 .

4.24
0 ov ( )

v=n

W3 onpenenenus dbyHxuun Y, (z) ciexyer, uTo aTa GYHKUMSA PerysipHa B IUIOCKOCTH
¢ paspe3oM (~w, 0), 2 npy PUKCHPOBAHHOM Z TIpeACTaBseT coboll Lenyio hYHKIHIO
napameTpa v. Beipaskenne (4.23) yaonneTBopsier ypaBHeHuio beccens. [lokaxem, uto
dyukims Y, (2) yaosnerBopsier ypaBHeHuio beccens. meem

L(JV>EJ'L+1JL+[1—§)JV 0,
Z V4

n

0.

0

LG.y=J" + 1, +[1—§jj_v
2 Z

[IpoanddepenLiupyeM kaxaoe 13 3THX TOXxAECTB 110 v. [loayunm

8J.) 2v
Ll — -=17], =0,
[ ov J z? I,
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o) 2y
L(W) I =

YMHOXKHMM TeTepb MEPBOe COOTHOIIEHME Ha 1, a BTopoe — Ha (—1)" M BHIYTEM OAHO U3
apyroro. [loayunm

[ajj (-1y" L[‘” ] 205, — -1y, 1=0.

Pasaenum Teneps nocjejHee COOTHONIEHNE Ha T M MepeilieM K MpeAenry npu v — n.
Homyuum

L(Y,) =0,
5TO M AOKasbiBaeT, uto (ynkuus Y, (2) — peuieHue ypasueHus (4.12).
Pemenus u, =J,(z) ¥ u; =Y, (2) AuHeHO He3aBMCHUMbI Mexay coboi. [lis
v#0,11,1£2,+3, ... 3T0T pe3yabTaT SBAAETCA CIEACTBUEM JUHEHHON HE3ABUCUMOCTH
pewennii J,(2)u J_, (2). Jluneitnas vesaBucuMoctb A v =n(n =0, 1, 2, ...) BbiTe-
KaeT U3 CONMOCTABJIEHMS MOBEAEHMS paccMaTpHBaeMbIX ¢hyHKIuHA npuz — 0.
TaxuM 06pa3oM, obliee BbIpaXeHHE LMIMHAPHYeCKOH DYHKIUMH, IPUTOAHOE TIPH JIIO-
6bIx 3HaueHuUsX v, 6Gyzner
u= Zv(z) = ClJv(Z)+ CZYV(Z)'
BBeseM B paccMoTpeHMe elle Be HOBble PyHKLMHU
1 -
=HY =],(9)+iY,(2),
2 -
=H? =]J,(2)-iY,(2).
910 — YuAuHOpUYeckue GynKyuu mpemvezo poda (Gynxyuu Xankens). O4eBUIHO, ITH
GYHKLMM JMHENRHO HE3ABUCHMbI C (yHKUMEH NepBoro poaa u Mexay coboit. Onu

onmpenenedbl Ans |z| <o, |argz| < n. Bce uwnupapuyeckre GYHKUMM NPH HKCH-
POBAHHOM 2 €CTb LieJIble PYHKLMM NTApaMeTpa v.

MpeacrasneHue yHkumn Bebepa B BMAe papa

Psin anst pynknum Bebepa Y, (2), rae v — He 1ieJioe, I0Jy4aeTCA HENOCPEACTBEHHO M3
dopmya (4.17), (4.18) u (4.23). st Toro yro6bl NOTYyYUTD Pa3jioKeHHe B AL PyHK-
unu Y, (2), AOCTATOYHO BOCMOJIb30BaTbCcs HGopMyJI0# (4.24) U BBIYMCIUTD IPOHM3BOA-
Hble M0 3HAYKY v, HCXOAS M3 pasaoxeHus (4.17), mpuyeM BBUAY COOTHOMIEHHA

Y, (2)=(-1)"Y,(2), n=0,1,2,..,
ABJAIOEroCcs caeacTBueM (4.24), MOXXHO OTPaHMUMTBCS PACCMOTPEHHEM CIydas lie-
JbIx niosoxureapubix =0, 1, 2, ...

Tak kak psg (4.17) CXoOAMTCSA PABHOMEPHO T10 OTHOIIEHMIO K v, MbI MOXeM Anddepen-
LIMPOBATD €r0 NouIeHHO', oTyyas

! Tlepexon K npeneny Opy v — 7 10 3HAKOM CyMMbl 3aKOHEH, TaK KaK psj, MOJy4eHHbIH 10~
wieHHbIM JU(hepeH M poBaHHEM PABHOMEPHO CXONALIETOCS PSija PeryapHbIX (yHKLMH, Cx0-
IAUTCS PaBHOMEPHO.
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(~1)k(3)2k+n
R 2

& Rik+n)!

[(HV(Z)]
ov

[ln—;- -ylk+n+ 1)}, |

v=n

rae y(z) — norapudMuyeckas Npou3BoaHas raMmMa-GyHKLUMN. AHATOTHYHO HMEeM

2k-v
o3
0]_.(2) _ & 9 Lz )
ov _ék!r(k_v+1)[ 1112+w(k v+1):|_

Ipu k=0,12,....,n-1uv > nT(k-v+1)—> o, y(k-v+1) > 0, mosToMy nepsbie
7 4IEHOB psiia MPUHMMAIOT HeolpeleaeHHbli BuA. Bocrosb3oBaBmuch GopMyiaMu
(4.4), (4.6), monyyuM aasi Takux k

1

im——mm— =
vﬂr(k_v+1) k=nn+1,.. 0.

{O, k=01, ...,n-1

1
(k-n)!

Nmeem panee

r'(z)I(1-z) = T 1 TI'(2)sin(nz) N

sin(nz)  F(1-z) n
I'l-2z) _1 0\
——Fz(i—z) n[I‘ (2)sin(nz) + ncos (n2)[(2)] =

v(-2 _1 [T'(2)sin(nz) + mcos (nz)['(2)].
r-z) =

Byaem sznech npeanosarath, yto k£ =0,1,2,...,n~1, z=n—k. Toraa us nocienuei

(opmyisl nosydaem

vﬂ%—%:—g = 1—11 [T'(n-k)sin(n(n—~k))+ ncos(n(n—k))C(n-k)]=

0
=(-D)"*(n-k-1)!

TaxuM o6pasoM,

i YE-v+D) (“7(’2";‘,(271—1?—1)1, 1}::0, 1,2,1..., n—1;
von T(k-v+1) m =n,n+1,.., ©.
Toraa
8).,(2) _"z:—l(-—l)"'k(n_k_1)!(_1)k (_Z-)Zk-n )
ov v=n _k=0 k' 2

2k-n
L
-Z,:.—_k TCRY [ln-z- —-y(k-n+ 1):|
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8]_.(2) { (n- k DIz)*"
[ ov ] -0 [2)

2k+n
(—D"(—]
_(_1)"2__.__2_—[
2 Rkt n)!

Takum o6pa3oM, MOXHO 3anmucarh (corsacHo (4.24))

2k-n
Y,(2)=-1 % (n=k=D! 1)'[2) '

T k=0
(—1)k(£)2k+n
S 2
Z n)!

npuyeM |z| < o, |argz|<n, n=0,1,2,...

HJIN

V=,

ln% —y(k+ 1)}.

|:21n§—\y(k+n+1)—\y(k+1)}, (4.25)

-1
Ecyiv npuHATL BO BHUMaHHUE, 4T0 Z =(, TO OKOHYATEJbHBIH pe3ysIbTaT BEPEH U LIS
k=0

n =0. MoxHO TakXe 3an1carb

2k-n
Y, (2)=- Z(” i 1)'[2] +25, -

k(£)2k+n
lm 2 [w(k+n+1)+y(k+1)],
T p=0 k '(k

I[TomyyeHHbIH pe3yJbTAT NOKa3biBaeT, 4To GyHKuMs Bebepa ectb peryaspHas ¢yHk-
IMS B IUIOCKOCTH C Pa3spe3oM II0 OTpHIATeIbHON uyacTu BeulecTBeHHOH ocu. [lasee,
Y, (2) ectb peliesue, THHEHHO HE3ABUCHMOE OT peiuenus J, (z).

U3 (4.25) BbiTeKaeT, 4To 1pH 2 —> 0 CIIpaBeAIMBbI ACUMITTOTHYECKUE (POPMYIIbL

2, 2 _ (n=DINT
Yo(z)z:0;m§’ Y"(Z)z:O " [5] , 71—1,2,...,

noxasbiBaronue, yro Y, (z2) — o, korga z — 0.
OrMeTHM TaKxe HGOPMYJIBI

1(zY)"
2) = )= —|=|,n=12,...
5@ 5,1 1) 5,5
Cnegosarenbno, dbyHkuus J,(z) orpaunyeHa, korna z — 0.
. AcuMmrnrornueckoe nosefenye pyHxkuni Xaukesnst npu z — 0 Takoe:
H®(2) = iY,(2), H?(2) = -iY,(2), n=0,1,2,...
20 20

TakuM 06pa3oM, orpaHU4eHHON TIpu 2 — 0 ocTaeTcst ToabKO (yHKUMA beccens nepso-
ro poza.



188 4. CneuuansHbie OyHKLMKM MATEMATNHECKON DUINKK

PekyppeHTHble dopmynbl ana ¢yHKkuuin beccens

Bynem ucxoautb u3 npencraBnenus (4.17)

(—1)k(£)2k+v
J@ =3

, 2] < oo,
o B\C(k+v+1) |z] <, |argz|<m

YMHOXHM 3TO paBEHCTBO Ha z° ¥ NpoauddepeHuMpyeM M0 2, TOTyYHM

d y d © -1 k_2k+2v © (_1 k2 k 2k+2v-1
—2"J (@) =—2 2k+5 A -3¢ ZZV( ) =
dz dz i 2 k!F(k+v+1) =0 2 k!F(k+v+1)
2k v-1
] CE
_ vw (_1)k22k+vl(k+v) _ vw [2) L
i i k127 Tk v+ 1) B % EIT(k+v) =2J @)
Takum o6pasoM,
d _, v
P Jo@=2"},4(2) (4.26)
2
AHaJOrMYHO MOJYyYaeM
d - ~
P J.(@)=-2"],.(2). (4.27)
2
[IpoauddepeniupoBas B JeBbix yacTax (4.26) u (4.27), noayunm
d - v
ZVZ‘IV(Z)"'VZV 1JV(Z)=Z Jv-l(z)’ (428)
o d —v- v
z d_ZJV(Z)_VZ J.@)=-2"],..(2). (4.29)
Otkyzna
d
Z 1@+ 1@ =), (4.30)
2 z
d
=1 @-2J@=J.. ) (431)
2 z
CxianpiBasi ¥ BeiuuTas paBeHcrBa (4.30) u (4.31), momyunm
d
2ZJV(Z)=JV—1(Z)_JV+1(Z)' (432)
2
1@ =)@+ ] (@) (4.33)

ODyuxiuu Beccesnst BTOPOro ¥ TPETLErO pojia yAOBIETBOPAIOT TEM )K€ PEKYPPEHTHLIM
COOTHOUIEHMSAM, YTO M (PYHKLHH [IEPBOTO POJAA, TO €CTh cooTHOMeHUAM (4.26)—(4.33).
I1pH v, OTJIMYHOM OT LIEJIOTO YHCJIA, CIPABEATUBOCTb ITUX PopMyJT 18 PpyHkumi bec-
cestst Broporo poza (dynkumit Bebepa) BoiTexaer u3 onpenenesus gpyuxiny Bebepa u
COOTBETCTBYIOIMX popMyT Anst GyHKuMH nepsoro poxa. [as uenoro v tpebyeMblii
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PE3YJbTAT CJIEAYET M3 HEMPEPBIBHOCTH PACCMaTPHBaeMbix GYHKIMH MO OTHOUIEHHUIO K
MHIEKCY v, YTO MO3BOJIAET OCYLIECTBUTH B COOTHOMIEHUX (4.26)—(4.33) mpenenbHbIit
nepexod npu v — n. OtMeruM eie GhopMyJibi

(LJ 2], (2)=2"" ] (@), (4.34)
z2dz

d\" . " v
[—J 2V],@)=(-D"2""] . (). (4.35)
2dz

®opMmynbt (4.34) u (4.35) mosy4yaloTcs MyTEM IOBTOPHOTO NPHMMEHEHHS PaBEHCTB
(4.26) n (4.27). llpunsiB v =0 n3 (4.32), (4.33), nosyuum

dijo(o =] (@] (@) =], (2).
V4

UHTerpanbHblie npeacraBfieHUN
ANS UMNNHAPUYECKNX PYHKLNA

Hunuuapuueckue GyHKUMHM AOMYCKAIOT MPOCThIE HHTErpaIbHbie IPEACTABIEHHUS, KO-
TOpble OGBIBAIOT ABYX THIIOB: MHTErPAJIbI 110 HEKOTOPOMY OTPe3Ky (onpede/eHHble HH-
Terpajibl) ¥ KOHTypHbIE MHTErpasipl. KoHTypHble nHTErpasinl ynobHee, TpeGyOT MeHb-
11e OTpaHMYeHUH, HO oHu BoJiee C10XKHbI. ONpeieeHHble MHTErpabl Hanbosee acTo
BCTPEYAIOTCS B MPHIOKEHHAX, TIO3TOMY MBI OTPAHHUMMCS pacCMoTpeHHeM GopMyJt
3TOTO THIIA.

Onno 13 HauboJslee TIPOCTBHIX MHTETPATbHBIX TIpeAcTaBaeHuit Aas dyHkuuil beccens
npuHaninexuT [lyaccony. byaeM ucxonuts us dopmya (4.1) u (4.5)

1
B(x,y) = J‘.t""‘ -ty dt,
0

T (y)
Tx+y)
BosbMmeM B aTux dopmyaax x =k +1/2, y =v + 1/2. Toraa

B(x,y) =

' . I’k+1 I‘v+1
[ 3 2 2 1
'[s t(1-s) %ds= , k=0,1,2,...,0; Re(v)>—-=.
9 I'k+v+1) 2

Jlenaem 3ameny s = t° = ds = 2tdt, Toraa

. N F(k+%)l‘(v+1)
2f™ ' (1-¢%) *tde = 2
0 C(k+v+1)

Otkyza
1 2

T e efun )
2 2

1 L
[e*(—e?) 2dr.
0
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Tenepb MO>XHO 3aIINCAaTb

2k+v
V4
. (—1)"@
J@=Y

TEATGR+DTGR+vel)

& (=D (2" 2 2k
-3 (_) jt (1=12 Tds, Re(v) > -
i k1 A2 F(k+1) (v+;)

Mensiem MOpAAOK CYMMHPOBAHUA U UHTEIrPHPOBaHUs, TOTAa

2[3)\,
P 2k
J‘(l 2y Zdtz @)

I‘(v+ ) ”’°kll‘(k+ )22"
2 2

Bocnoabsayemcst ¢popmysioit (4.8), B kotopoit npuMeMm z = k + 1/2. Toraa

JW (@) =—<

2% I‘(k + %)I‘(k +1)=/nT(2k+1)
nJin

2%y (k+ )kl—J_(Qk)l

Torza u3 (4.36) Haxoaum

(~1)*(2)
— =7  {(1- t zdt .
ﬁr(w )I( ’ Z: (2k)!
2

=cos(2t)

J (@)=

OkoHYaTeNbHO noaydaeM

(3)

_\2)

JEF(V 5 1) b
2

Jo(@)=

! WL
I(i—tz) 2 cos(zt)dt, |argz| <, Re(v)>—%.

(4.36)

(4.37)

Tak kak moablHTerpadbHas GpyHkuus yetTHas, To dopMmyay (4.37) MoKHO Tepenucarhb

B BUAE

5
_\2)
N F(v + %) -1

J.(@)=

1 o1
I(l—t"’) 2 cos(2t)dt, |argz| <m, Re(v)>—%.

(4.38)
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HpI/IMeHS{lS{ K (opmye (4.38) moxcraHoBKy ¢ = cos(0), dt = —sin(0)d6, npu xKoTopo¥

(1-¢2) 2 =sin®"(8)/sin(0) u @ = mrpu ¢ =—1; @ =0 11pu £ = 1, moAyyaem

5
2—1jsin2”(6)cos (zcos 0)dt, |arg z| < m, Re(v)> —1. (4.39)
‘\/E F(V + 5) o - 2

®opmyna (4.38) wau paBHOCHIbHAS eit hopmya (4.39) — unmezparviioe npedcmas-
nenue Ilyaccona.

JV(Z)-__

OTMeTHM ellle OCHOBHbIE HHTErpajibHble MpeAcTaBieHus 111 HyHKIHE XaHkes

vri
+00

2 .
H® (2)=2— [e™" 04, Imz >0, (4.40)
1

—0

vni
+00

€ -izc -V
H®(z2)=-— Ie =h O gt Tmz <0,
ni

—o

v — doboe.

NMpumepbl UCNONL3OBAHUA UHTErpPasnbLHOro NpeacTaBneHus
MyaccoHna

[Ipumem B (4.37) v =0, 2 = x — BeulecTBeHHoe uncy0. Toraa
2 -3
Jo(@)==[(1-2%) ? cos(at)dt, ~o0 <x <. (4.41)
L

Orciona, B YaCTHOCTH, CeAyeT

1
|Jo(x)|ﬁzj.—dt—=garcsintl'0 =1.
Ty ( _ 2)

V-t n

Taxum 06pa3oM, IJisl BELECTBEHHBIX 3HAYEHUH X
[ Jo(x) s 1.
ITpumem Teneppv=n+1/2, n=0,1,2,... Torna

nel
V4 2
2(5) :

NE j(1-[2 )" cos (zt)dt.

Ortciona ciexyer, 4To GYHKIUN Beccess ¢ MOM0KUTEIBHBIM TTOJIOBHHHBIM HHAEKCOM
BRIpAXAIOTCSA Yepes aneMenTapHste pyHkuuy. Ho 3nas ¢ynkunn Beccens ¢ moaoxu-
TEJIbHBIM TI0JIOBUHHBIM MHAEKCOM, ¢ IIOMOIIbI0 PEKYPPEHTHBIX COOTHOLIEHUH Terko
NOJYYUTh ¥ (PYHKLMH ¢ OTPULATEIBHBIM IIOJIOBUHHBIM HHAEKCOM. Harpumep,

J 1(@)=

1
n+—
2
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1

j_ Icos(zt)dt =(£)2 sin(z).
m o nz

-

Jl(z)=
2

TaxuMm 0b6paszom,
L
Ji (@)= (—2—)2 sin(z).
3 nz

B xauectre YIpaXXHEeHHUs IpeajiaraeM CaMOCTOATE/IbHO IMOJYyYHTDh Cl)OpMyJIbI
1

J (@)= (3)5 cos(2),
IONE
9 \z
Y, (2)=J 1<Z>={—J cos (2),
7 3 nz

! :
2 . .
H (2) = —i (lj e, H? () = i(—z-jz e
3 nz 3 nz

JII/IyBI/IJIJICM IO0Ka3aHo, 4TO cnyqaf/'[ MOJIyLEJIOT0 MUHAEKCA AB/IAECTCA €AWHCTBEHHDIM,
Koraa HHJIHHAPHYECKHE Cl)yHKIII/II/I NPUBOIATCA K 3JIEMEHTAPHDIM.

B xauectBe elife OAHOTO npuMepa IpUMEHEeHUSA HHTErpaJIbHOro IpeACTaBACHUA I
HHJIHHAPHYECKHX Cl)yHKIIPIﬁ paccMOTpUM BbIYMC/I€EHUE HHTErpaja

I=[eJ,(bx)dx, a>0, b20. (4.42)
0

Jnst aTOro Bocnoab3yemcs gpopmynoii (4.41) n B MHTErpase ciesiaeM 3aMeHy ¢ =sing.
Bynem umers
2% :
Jo(x) == [ cos (xsin(e)) de.
0
Torma unTerpan (4.42) npumer BUA

w0 w2 w2 w0
I= Ie‘”a’x?— j'cos(bxsin(tp))dm _2 J.dtp_.'e“‘” cos (bxsin(p))dx.
L) Ty o

0

Bocniosnsayemcs ussectHoit (hopmynoit

{e"‘" cos(bx)a’x=a2 sz, a>0, b>0.
Torza
1=2_“"/f_—d“’ =@T 1 do _
n ja’+bisin®(e) my a b sin® (¢)
sin’ (@)

(nenaeM 3aMeHy ctg @ =¢)
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2af dt _g"j’ d(at)
nla® +b* +a’t? my

2

1 at )\ 1
———arctg| ——— S S—
nya® +b? [\/a2+b2]0 a’ + b*

Uraxk,
1

e Jo(bx)dx = e

St— 8

AcuMmnTtoTu4eckue npeacTas/ieHUsa
BunuHaApuvyeckux GyHKUMn
Anga 6onblUMX 3HAYeHU aprymeHTa

Hunusapuyeckue GpyHKUHK O6GIAZAIOT NPOCTBIMH aCHMMITOTHYECKMMHU IPEACTaBJie-
HUSIMM, yAOOHBIMU IUIS armpOKCHMMauuK 3THX (GYHKIMHA U 6OJIbIIMX 1O MOAYJIO
3HaueHHAX z ¥ (PUKCHPOBAHHOM 3HaYeHWH MHIeKca v. [JaBHbIe YneHbl 9THX HopMy
MOXHO NMOJAY4UTh, HCXOAS U3 AnddepeHHaNbHbIX YPaBHEHHUI, KOTOPBIM YAOBJIETBO-
pAIOT paccMarpuBaeMble yHKUHM. Bosiee TOuHbIe BbIpaXeHHsl MOXHO IOJTy4UTb HC-
XOISl M3 MHTErPaJIbHBIX pefcTaBienuit. Mbl 31ech He GyxeM paccMaTpUBaTh CTPOrMi
BBIBOJZL ACUMIITOTHYECKHX IPeACTaBIeHHH, a OTpaHHYHUMCA CJIEAYIOIHMU HHTYHTHEB-
HBIMU COOBpaskeHHSIMH.

PaccmotpuM ypasrenue beccens (4.12)

2
u"+1u’ +(1—V—,ju =0.

2

CresnaeM IOACTAaHOBKY

Ypasnenue Beccenst npuMer BUA .
1

.._._V2
4
22

w" + |1+

w =0. (4.43)

Ecy v OrpaHuueHo, |z| —> ©, TO BMeCTO ypaBHeHHUs (4.43) MOXHO paccMaTpUBaTh
ypaBHEHHE

w" +w = 0.
OTkyna
w = Acos(z)+ Bsin(z) = Ce” + De™ =

Acos(2) + Bsin(2) _ Ce” + De™®
% %

u=

, 2| > .



194 4. CneumanbHble GYHKUMN MaTeMaTUYeCKOM Gusnkm

Koagpduuuentst A, B, C, D 3aBUCAT OT HHAEKCA V, @ TAKXKE OT BUJA PacCMaTpHBaeMou
IUIUHAPHYECKOH (YHKIHH.

MoXHO NOIYIUTh CHAENYIONHe aCHMITOTHYeCcKHe (opmMyJsl [15]:

9 i(z-(zvn)f] 1
H® ()= ,[—e 40 ,
o Z o 1)
i z=(2v+1 z
HP(2) = 2, ( )"J+O L
Ve EE

Tpy 3TOM | 2| - w, | arg z| < n — 8, v orpaHnueHo.

W3 onpenenenus ¢pyHkuui XaHkess caenyer

) ) (1) _g®
HOQHHIE) y () HP@-HIG)

Jv(z)=‘/—2- cos[z—(2v+1)5]+o L (4.44)
nz 4 | 2| ¥
2 . ( n) ( 1 J
Y. () = /_sm 2—@v+ ) +0l —L |, (4.45)
2z 4 |z|¥*

Taxkum 06pasoM, eciv GyHKIMKM XaHKeIs Ha 6eCKOHEYHOCTH HMEIOT 9KCITOHEHLHaIb-
HbIH xapakTep, To PpyHKIMH J,(2) ¥ Y, (2) Ha 6ECKOHEYHOCTH ONHKCHIBAIOTCS (HOPMY-
namu (4.44) u (4.45). B uactHOCTH, 17151 BeIleCTBEHHBIX Z =x UV =0

Jo(x) = \[—gcos(x —g)+ O(x—tﬁ]

Hanee J,(x) =-J;(x), cnenoBaTebHO, HynH GyHKIHUH J, () COBIAAIOT C 3KCTPEMY-
mamH pyHKUMU Jo(x). Otciona, B YaCTHOCTH, BBITEKAET, YTO ypaBHEHUE Jo(x)=0
UMeeT becurceHHOe MHOXecTBO KopHeit. Ha puc. 4.3 npencrasiens rpaguku becce-
NIEBBIX (PYHKLHH, noayyeHHbe B Maple.

J.(2)=

Torzna

> pl:=

> plots[textplot]([1.1.7J[0](x). ].align={ABOVE .RIGHT}):
> pl:=

> plots[textplot]([5.1.7J[1](x)." 1.align={ABOVE, ,RIGHT}):
> p:=plots[textplot]([23.5.0.05, x"].align={ABOVE .RIGHT}):
> pp:=

> plot(Besseld(0.x),x=-4..25,color=black.labels=["". "1,
> tickmarks=[10,10].7egend="J[0](x) ):

> ppl:=plot(BesselJ(1l.x).x=-4..25 color=blue,linestyle=4,
> Jabels=["". "], tickmarks=(10,10].legend="J[11(x)"):

> plots[display]({p.p0.pl.pp0.ppi}):
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J[0]0. I )00,

\ N

--------- a0
— Joi)

Puc. 4.3. Beccenesbl GpyHxunu Jo(x), Ji(x)

Ha puc. 4.4 npencrapsiesa mOBEPXHOCTD Z = f(x,v) = ], (x), KOTOpasi IOKA3bIBAET, KAK
H3MeHAITCA GyHKUUH ], (), €cu HenpepbiBHO H3MEHSITh IIEPEMEHHBIE X U V.

> plot3d(BesselJ(nu,x) . nu=0..150.x=0. .25, numpoints=1200):

Puc. 4.4. NosepxHOCTb Z = f(x, V) = J,(X)

Jlns v =0 dynxuus J,(x) pasHa exunuue npu x =0. 3TO eIMHCTBEHHAs $pyHxuua
Beccesisi, umeroluasi Ipu x =0 KOHEYHOe 3HaueHHe, He pasHoe Hyso. [lisi v >0 Bce
dynximu J, (x) papHbl Hyo npux =0.

MoauduumpoBaHHbie uuauiapuyeckme GyHKUUn

PaccMOTpHM ypaBHEHHE

2

u"+lu'— 1+v—2]u=0, 0<x <o, (4.46)
x x
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CnenaeM 3aMeHy NlepeMeHHOH 2 = ix, TOTZAA
du du d*u _d*u 2
& & A A
¥ ypaBHeHue (4.46) mpuMeT BUA

d*u 1du v2
au 1-Y_ |y <o,
dz? +zdz [ ]u

2?
Takum 06pa3om, MBI NpHULIM K ypaBHeHHUIO Beccens. Otkyna
u=AJ, (2)+BH®(2) = Ajv[xe'E j + BHg”[xeiE j (4.47)

Takuwm obpasom, ypaHenHe (4.46) UHTErpupyeTcs Yyepes UMIHHAPUYECKHE (YHKIMH
MHHMMoro apryMenta, OHAKO [0JIb30BAThCA peliesrneM B popme (4.47) HeynoOHO, Tak
KaK IpPH BellecTBeHHOM Vv (hyHKUHS (4.47) siBsieTCS KOMILUIEKCHOH.

Bpoasitcs B paccMoTpeHHe pyHKUHU

I(x)=¢ 2 2J [ _,] (4.48)

K (x)- Te 2H<‘>[xe 2} (4.49)

KOTODbIE HA3BIBAIOTCH MOOUQPUUUPOBAHHBIMU YUAUHOPUYECKUMU QYnKyuimy; PyHK-
uust (4.49) HasviBaeTcs ynxyuer Maxdonarsoa. Obiee pemedue ypapHeHus (4.46)
Terepb MOXeT ObITh 3aMCAHO B BHIE

u(x)=Al (x)+ BK, (x).
PaccMoTpuM BKpaTile TeOpHIo 3THX PYHKIMIL.
N3 popmyn (4.17) u (4.48) cnenyer
(x]zluv
2
L(x)= Z

,,,okll’(k+v+1)

Takum ob6pasom, I (x) BeutecTBeHHo, Koraa x >0, v BemectBenHo. [lonyyum Bcriomo-
ratenbHyio hopmyiy (6yaem moka cuurtarth, ytov =0, +1,£2,. )

HO(2) =, () +iY, ()= ], () 1120 T @)

0<x <.

sin(vn)
L Te ] @] ()
sin(vn)

CnemoBaTesibHo,
K (2)_' (T s €I e (0 =il () -L,(0)
sin{vm) 2sin(vn)
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Hrax,
K ()= HL0) L))
2sin(vm)

(4.50)

npuueM 0 <x <o, v 0,+1, 2 ...

Orciona caexyer, uto K (x) BemecTBEHHO, ecaiit v BemecTBeHHO. [TokaxkeM, uto (4.50)
npuobpeTaeT Heomnpeae/IeHHbIN BUA, €CJIM V CTPEMUTCS K 1ieJioMy Yncay. [leicTBuTe sHO,

uMeeM _ . . _ ‘
J_,,[er ] =(-1)" j,,[xe3 ] = eT_]_"[xJ ] = e—7j,,[xe"E }

=1, (x) =1,(2)
Taxim ob6pazom, '

I, (x)=1,(x), n=0,1,2,...,

¥ cieaoBaTesbHO, popMyiia (4.50) obpamaeTcs B HEONDPEAEIEHHOCTD IPH LEJ10M HH-
JIEKCe V.

JloonpesemM pyHKnuio MaknoHaibaa st LeIblX MHIEKCOB No GopMyJie

K (x) = limK (x) = "D [31_v(x)] _[alé(x)]
von . »

2 ov
K. (x) =K (x),
10 ecTh (PYHKIMsT MakIoHabAa ecTh YeTHas HYHKLMS HHAEKCA V.

, n=0,12,...

v=n

W3 popmyJibt (4.50) cienyer

Jlis MOAMMUUMPOBAHHBIX LIMIMHAPUYECKUX (PYHKIMIA CYUIECTBYIOT MHTErpajibHble
Ipe/ICTAB/IEHHUS, AHATIOTMYHbIE TIPEACTABICHUAM IMAMHAPHIeCKHX QyHKumit. Tax, Ha-
rpuMep, ucxons us popmyast (4.37)

J (2)=———Tj(1—t2)v_§ cos(zt)dt, |argz|<m, Re(v)>—%,
0

HaxoauM
e 22 f) e? ) K
I(x)= 2 (=) cos(iya,
\/;I"[v+—) 0
2
WIH
(3)
I,(x)= j(1-z2) 2 ch(at)dt.
i}

U3 popmynst (4.40)



198 4. CneuunanbHble QYHKUMU MareMaT4YeCKon GU3nku

vri

H"(2) = Iemh“) “dt, Imz >0
n —o0
HAXOUM
inv +o0
ni o~ e ? _ -
K (x)=—e? — Ie wh (O gy =
2

Ie'“h(t) Ydt = Ie_mh(l)Ch(Vt)dt x >0,

-0

Tak KaK e~ = ch(vt)—sh(vt). Takum ob6pasom,
K,(x)= % _[e"” chi-ve gy — Ie"‘ DO chve)dt, x>0,
—o0 i}

v — Ja1boe.

OTMeTHM pexyppeHTHBble (POPMYJIbl, KOTOPBIE JIErKO MOAy4aloTcs U3 opmyna (4.32)
n (4.33),
5 dl, (x)
dx

2—“I @) =1, (@)1, (x).

= Iv—l (x) + Iv+l (x)’

AHaJIOTHYHO

_2% = Kv—l (x)+Kv+l(x)r

2K, =Koy () -K o (@),
OTMeTHM TaKkKe aCHMITOTHYecKHe (popMyibl
gl
% Fie

nostoMy GyHKUHA I, (x) orpaHuyena npu v 2 0;

I(x)= , K (x)= ‘/7

Ha puc. 4.5 npuenenn rpaduku dbynkumit K, (x) u 1, (x), nonysenssie B Maple.

I (x

, X 50 lin(}Kv(x)zoo,

> q0:=

plots[textplot]([0.2.5.5."K[01(x). ].a1ign={ABOVE.RIGHT}):
> ql:=
plots[textplot]([0.7.5.5, 1[01(x), " J.align={ABOVE.RIGHT}):
> p:=plots[textplot]([2.9.0.3. x 1.align={ABOVE ,RIGHT}):
> qq0:=

> plot(BesselK(0.x),x=0..3.color=black, labels={"", "1,
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> tickmarks=[5,5].1egend="K[0](x) ):

> qql:=

> plot(Bessell(0,x).x=0..3.color=black,linestyle=3,
> labels=[ . "].tickmarks=[5.5].1egend="1[0](x)"):
> plots{display]({p.q0.q1.qq0.qql}):

KIOI0), 10160

K[0)(x)
-------- )
Puc. 4.5. MoanduumuposaHHbie unnuHapuieckue yHKunmn

3apauva Wrypma—Jinyeunna, cea3aHHas
C UMAMHAPUYECKNMU PYHKLUAMU

PaccMOTpHM CIeRyIOlLyI0 3a1ady Ha COGCTBEHHbIE 3HAYEHUs

;r(r%)+krR 0, 0<r<a, (4.51)
Rl,o=0(1), Rl,.,=0, ' (4.52)

aubo
Rl 0(1) +hR =0, h20. (4.53)

Y106bI 3anucaTh OOIMI HHTErpal YPaBHEHHUS (4 51), caenaeM 3aMeHy IepeMEHHOI
d 2 d R
x=vhr= @ = —Rf d R ST

YpasHenue (4.51) npuMeT BUA
d’R 1dR
_—
dx* x dx
YpasHenue (4.54) — ypasnenue Beccenst HysieBoro nopsiaka (v = 0). Obumwuit unre-
rpajl 9TOr0 ypaBHEHUS UMeeT BUI
R=AJ,(x)+ BYy(x), A =0,
CJielOBATENbHO, 061Kt MHTerpas ypaBreHus (4.51) 6yneT nmetsb BUI

+R=0. (4.54)
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R(r)=AJ,(NAr)+ BY,(NAr), A =0.
MzI 3HaeMm, uTo

lim Jo(VAr) =1 lim Y, (VAr) =,

C/IeIOBATENbHO, B CUJIY OrpaHHYeHHOCTH (PYHKUHMH B HyJIe, B =0.
Takum 06pa3oM, At yCIOBHil epBoro poxa 6yaem UMeTh
Jo(Wra)=0(A=0), (4.55)
a Uil YCIOBHIA TPETbero poaa
ha],(Nha)-~Aa],(Nha)=0(A = 0). (4.56)

JIoxaxeM, uTO TNoJiy4eHHbIe ypaBHeHUs (4.55) u (4.56) uMeror becuncieHHOe MHOXe-
CTBO pewenuit. Byaem cuuTarh, 4To A BelecTBeHHOe ¥ A — oo. Bocmosinayemces acum-
NTOTHYeCKUMU (popMysIaMHu

J.(x)= \/zcos(x ~-(2v+ 1)E)+ O(J—), X —> o0,
n 4 x¥?

Torzaa B ciyyae ycIOBHiT IepBoOro poaa

2 T 1
Jia) = cos(ﬁa——)+0(——), A > .
JO ( ) n‘\/x a 4 x 3/2
Buznum, uto npu moctatoudo 6oabmHx A QyHKIUSL JO(\/—}:a) UMeeT KosiebaTenbHbIN

XapakTep, U, CIeIOBaTebHO, OHa GECKOHEUHOe YMCJIO0 pa3 obpalaercs B HyJib, TO €CTh
uMeeT BeCKOHEeYHOe YHC/IO0 KOpHel.

B cayuae ycnoBHii TpeTbero poxa 6yaem UMeTh

- ha |2 _mof L-
haJ,(Vxa)-JxaJ, (VAa) = ha 5 cos(w/Xa 4]+O(X3/4)

-vAa 2 cos(ﬁa—f—z)+0(i]=
nwia 2 4 A

LD 3n 1
= ~(1a)? \/; cos[ﬁa ——4—] + O[;J/—‘)

Buaum, 4TO M B 3TOM Ciydae IIPU AOCTATOYHO GOJBIINX A paccMaTpuBaeMas (GpyHKLMsA
MMeeT KoJiebaTeIbHbIi XapakTep, TO €CTh HMeeT HECKOHEUHOe YHCIO KOPHEH.

[Tokaxkem, 49TO BCe COBCTBEHHbie 3HAUEHUA BeUIeCTBEHHBL. [IpeAnosioxkuM, 4to
A = o + iT — cOBCTBEHHOE 3HaYeHHe U eMy oTBeuaer cobcTBenHas pyHkuus R = A +iB.
Toraa BCIEICTBHE BEIIECTBEHHOCTH (BYHKIMH M KOHCTAHT, BXOASWINX B Auddepen-
uuaibHoe ypaBHenue (4.51) u rpanuunbie ycnosus (4.52) u (4.53), cymecrsyeTr cob-
CTBEHHOE 3HayeHMe A = G — iT, KOTOPOMY OTBedYaeT coOcTBenHast (PyHKLHUSA R =A-iB.
MoskHo 3anucaTh

(rR'Y + ArR =0,
(rR')Y + AR =0.
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[lepBoe cooTHOLEHHE YMHOXUM Ha R, a Bropoe — Ha R 1 BbIYTEM OIHO U3 APYroro,
MOy YHM

R(R'Y —RUR'Y +(A-1)rRR =0.
YyuteiBas jeTKo NpoBepsieMoe COOTHOLIEHHE

R(R'Y -R(:R'Y = Ed; [#(RR -RR")],

bynem uMeThb
%[r(RR' —RR"]+(A=2)rRR =0.

[IpoutTerpupoBaB nocaeaHee cooTHoweHue Ha [0, a], mosyuum

[(RR - RRHYZe + (A - X)f rRRdr =0.

0
BHeuHTerpaibHblil YieH paBeH HYJIO, C1e0BaTebHO,
(x—i)f rRRdr =0 = 2irfr(A2 +B*)dr=0=1=0.
0 0

CJIC}IOBaTC.TIbHO, A = 0 — BellleCTBEHHOE YUCJIIO.

JlokaxceM Telephb, YTO BCe cOOCTBEHHbIE 3HAYEHUs! HeOTpULATe IbHbL. [LONyCTUM, YTO
A = o — cobcTBeHHOe 3navenue, npuyem o < 0. Toraa ans yciaoBuii nepBoro poaa 6y-

€M MeThb
Jo(ra) = Iy (iylola) =1, ({lola).

Tlocnenuee BbIpakeHHe 3aB€IOMO TIOJIOXKHUTEJIbHO, TAK KaK

2k
(f
Ld
2 )
Iy(x)= Z
o (B1)?
CnenoBareinsHo, J,(iy|ol|a) # 0 u orpuuaressHsIx cobCTBEHHBIX 3HaueHHH ObITh He
MOXeT.

> 0.

B cyuae ycioBui TpeTbero pona bynem uMerh

haJo(\/—}‘:a) _\/—}‘:aL (\/—-}"a) = han(\/ma) + \/mall (\/I_o—|a) >0,

2k+1
x*
3

I,(x):ék!(k+1)!>0

CrnepoBaTesbHO, oTpULAaTeJIbHBIX cobCcTBEeHHBIX 3HAUeHUH He CyIeCTBY€T.

TaK KakK

[lokaxceM, HAKOHeL, YTO CIIEKTp 3aAavyd JUCKPETHBIA. JTo BBITEKAET U3 TOTO, 4TO
(YHKIIMH, CTOSIIME B JIEBbIX YaCTAX ypaBHeHui (4.55) u (4.56), ecTs uebie PyHKUNHU
oT A. D11 PyHKUUH He PaBHbI HYJIIO TOXAECTBEHHO, C/I€A0BATENbHO, HX HYIH — U30-
TMpPOBAaHHBIE TOUKH. TakuM 06pa3oM, CreKTp 3aia4yu AUCKPETHBII.
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YnobHo npuHsaTe B ypaBHeHusix (4.55) u (4.56) JAa =7, Torna 6yzem umers ans
yCJI0BHH nepBoro poaa

Jo() =0, (4.57)

a JUUIsL yCJIOBUH TPeThero poja
haJo(¥)-v], (¥) =0. (4.58)
Tak xak A >0, To Y — BenlecTBeHHbIe; 3TO TIO3BOJIAET HAXOAMTh KOPHM yDaBHEHMI
(4.57) u (4.58) rpadpuyecku. IIyctb v, Y5, Y3, «or Yus .. — TIOJNOKUTENBHBIE KOPHU

ypaBHeHwmii (4.57) unu (4.58), Toraa cobcTBeHHble 3HaUeHust 6y 1y T

2 2 2 2
Y :(L) A, =(Y_2] Ay =(_Yi] e A =(11J (4.59)
a a a a

a cofbcrBerHble BYHKUMK OYAYT UMETh BUI

r r r
RO =512} RO=L(n 2} R =T{n ] @
a a a
PaccMmoTpuM otaeisHo cnyvait A =0. B atoM cinyyae ypaBHeHne UMeEET BUA
i(rﬁ)=0, O<r<a
dr\ dr
Orkyna
R=A+Blnr.

B ciyuae ycsioBuii IepBoro ¥ TPETbero pozia, Kak Jerko BUIeTh, 6ynem numers A =0,
B = 0 (h # 0); Takum obpasom, A =0 He stBIsteTcst COOCTBEHHbIM 3HAYEHMEM 3alauH.
B ciyuae ycnosuit Broporo poaa R'(a) =0 (h =0), u mbi 6ynem umers A = A, = 0 cob-
cTBeHHOe 3Hayenue; R = R (r) = 1 — coorsercTByomas cobcrpeHHas GyHKIMS.

Pa3noxenue ¢yHKuum B paabl Pypbe—beccens
n OuHu

PaCCMOTpHM Caeayonyro 3aaady Ha cobcTBeHHbIE 3HAYEHUS

%(r%—?)+krR=Q O<r<a (4.61)
er:o = 0(1), er:a = 01 (462)
nubo
RI,=0 =0(1), ? + hR|,=a =0, h=0. (4.63)
r

2
Ilycts A, =[Y—"] o n=1,2,...— cobcTBeHHble 3HaYeHUs, R, =j0[y”r], n=12,..—
a a

cobcrBennbie GyHKIUHU sanaum (4.61)—(4.63), npuyem y, — TOJIOXUTENbHbIE KOPHH
ypaBHeHUH

Jo(1) =0
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B CJIyYae YCJOBHH IepBOTO poaa

haJ,(v)-v],(¥)=0

B CJIy4yae yCJOBHIi TPETbETO PoAa.
Jokaxem, yTo cobcTBeHHble PYHKUMM OpToroHabHbI Ha [0, a] ¢ Becom 7. Mmeem

(rR,)Y + r,rR, =0,
(R, Y + AR, =0.

IlepBoe cooTHOLIEHWE YMHOXKUM Ha R, , a Bropoe — Ha R, U BBIYTEM OLHO U3 APYTOTO,
HOJIY4YUM

R,(rR)Y -R,(rR,,)) + (A, -1, )TR, R, =0=
%[r(RmR; “R.R.)]+(h, =h, )RR, =0,
IIpounrerpupyeM nocienHee cootHowenue Ha [0, a], nonyyum
MRy R, = Ry Ry )T + Oy =1 )| R, Ry dr =0
0
BHenHTerpajibHeie YjleHbl paBHBL HYJIO, CJIEI0BATENbHO,
A, X, ).a[ rR,R,dr =0.
0
OTkyzna nojiyvyaem, eciu m # 1,
j’ rR,R,dr =0,
0

4TO U TpebOBAJIOCh A0KA3ATh.
[Tocseanee COOTHOWEHHE MOXKHO 3a1MCaTh B BHJE

j’rjo(y"r) JO(Y—"’;r)dr =0, m= n
o a

B masibHelileM HaM oHaAo6UTCs HopMma coBCTBEHHBIX GYHKUMI, TO ecTh Heobxonu-
MO YMETh BBIYUCISATD HHTETpall

j'era'r =|R,|". (4.64)

0

Jlnst BoiBoza pOPMYJIHI BRIYMCTIEHUS uHTerpasia (4.64) ynobHo BBecTu obosHaueHHUst
Ry (r)=]Jo(NAar), R (1) =], (ﬁr). Toraa MoXxHO 3anucaTh

(rRy) + MR, =0,
(rR,) +prR, =0.

Hanee, noBTOpsii BCe PacCyKAeHUs, KaKk U IPU NOKa3aTeNbCTBE OPTOrOHAIBHOCTH
co6CTBEHHBIX (DYHKIMIA, MBI IIPHIEM K COOTHOILEHHUIO
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[r(R, R, -R,R )% + (A —p)j rRR, dr=0=
0

(A-p)[ 7R, R, dr = -a|R,(a)R;(a)- R, (a)R,(a)].

NmeeMm panee

R.(r)=—], (VAr),
R (r)=-Ju],(Jur).

Ortkyna
Fr ol o (Wirydr = Ao, (D) - Sy (ha) (o)
2 ’ (A—n) '

[lepeiinem Tereps K npemesy B nocjeqHeM PaBEHCTBE IIPH A —> [; HEOIIPEIENEHHOCTh
packpoeM 110 npasuny Jlonurans. [Ipn atom Bocrosnb3yemest hopmyamMmu

d d
Ex.ll (X) =XJ0(.I'), ;,;Jo(x) = _Jl(x)-

bynem nmers

frﬁ,(ﬁr)dr=[‘Io<ﬁa>vﬁajo(ﬁa>,i+V@'aJ1<JEa>JI<JEa>-?F =
0 2\/; 2

2
a ..
=5 shay+ JiGua)l
Ilpumem B nocsiepHeM paBeHCTBe \/;a =y, n=12... Torpa

T"Jé(-“jdr:%uéwmmynn. (4.65)
0 .

a

31ech ¥, — I10JI0KUTEIbHBIE KOPHH YpaBHEHHI

Jo(¥) =0,

B CJIy4yae YCJIOBHI IIepBOIO poaa H

x ha],(y)~v]J,(¥)=0

B CJlydyae yCJIOBHI TpeTbero poaa.
Taxim ob6pazom, Mbl HMeeM
a v 7 vy 7 0, m# n,
rJo| == |Jo| == |dr =5 a* 2
'([ ( a a 7[]0(Yﬂ)+Jl(Yn)]‘ m=n.
[Iycte Temeps 3amaHa HexoTopas dyukius f(r), onpeaenennas na [0,a]. Ipeaitoo-
MM, 4TO 9Ta PYHKI[HSA AONYCKAET pa3jioKeHWe B Psj CJEAYIOLero Biaa

f(r)= iC"JO(Y"rJ, O<r<a

a
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Y"rJa'r
a

%[Jﬁm )+ J2 ()]

Torna Mbl MOXeM 3anucarhb

irf(r)Jo(Y;r)dr jrf(r)Jo(

2
Yn?
Jo
a
IMonyuenHsie TakuM obpasom psiabl HasbiBaOTCs padamu Junu. Psupt InHu cBA3aHsbl
C rpaHUYHBIMY YCIIOBUSIMU TPEThero poja. YacTHeIM CyyaeM, OTBEYAIOIUM IPaHIY-

HBIM YCJIOBUAM TIEPBOTO Poaa, siBsercst pad Pypve—beccens [lns aToro 4acTHoro
cayyast GymeM UMeThb

n

f(r>=icnjo(y"§j, O<r<a

C 24
" J(Ynjf(u( ]

[TonyueHtbie psiasl Hocsit popMasbHbiii XapakTep. CopMyaUpyeM yCIOBHUS, IPH KO-
TOPbIX 3TU Psifibl CIIPABEAJIUBHL:

1) f(r)— kycouHo-HenpepriBHa Ha (0, ) n UMeeT KOHEYHOE YHUCI0 MAKCUMYMOB U MU~
HumyMoB Ha mobom [a,B] < (0,a).

2) j\/; | ()| dr cymecrByer.
0

Yenosue 2 monyckaer obpaietue GpyHxuuu f(r) B 6eckoHeuHocTb nipu r — 0.

Tpu chopmyIHpoBaHHBIX YCIOBUSX (yHKLMst f(r) pasnaraercst B psia {uHu npu Jio-
6oM r € (0,a). YcI0BUs ABJIAIOTCS JOCTaTOYHbIMU. B TOuKax paspbiBa Oynem UMeTh

[0+ [0 3 (17
S0 S, i)

MpunoXxexHus LUIMHAPUYECKUX PYHKUUNA
B Maremarudyeckon pusuke

Kax yxke ynoMuHanoch, IMIMHAPHIECKHe GYHKLMM MMEIOT BEChbMa IUHMPOKYIO 06/1acTp
npUMeHeHus B MaTeMaTHyecKod ¢usuke 1 TexHuke. Hactrosuuil naparpag nocpsieH
NPUTIOKEHUAM LIMIMHAPUYECKUX QYHKLUMIT K HEKOTOPBIM 3a/lauyaM MaTeMaTH4ecKoil
(U3NKH, TpHYeM BBIOOD 33124 PacCYUTaH [IaBHBIM 06Pa30M Ha TO, UTOObI UILTIOCTPHU-
pOBATh Pa3U4YHbIE CTOPOHDI IPUMEHEHUS aNapaTa UMIMHAPHYECKUX QYHKLMHA.

3apaua 0 KkonebGaHMaAX Kpyrnoin memoOpaHbl

PaccmMoTpuM Masibie konebaHusi Kpyrioii MeMOpaHbl paauyca 4, 3aKpervIeHHOH 1o
KoHTYpy. ByneM npeanonarath KoiebaHust OCECUMMETPUYHBIMHU, TO €CTb U =u(r,t).
W3yyeHue Takux KonebaHuil CBOAUTCA K pelleHHIo CIeayolled 3a1ayum:
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2
13(7‘@.)__1__6_“ :_'0, 0<r<a t>0,
ror\_ or) o* ot?
U, =0(1), ul,.,=0; (4.66)
ou
U,o=0(r), — =v().
1o = 0(7) 3l w(r)
Nimem peruenne B Buae
CRY _ T
u=RNT(t)=» —+=——=-
(NT@O)= =

Takum 06pa3oM, NMPUXOAUM K ABYM OObIKHOBEHHBbIM AuddepeHlHalbHbIM ypaBHe-
HUAM

(rR'Y + MR =0, (4.67)
T" + AT =0. (4.68)

B cuny rpaHnyHbIX ycaoBuii (4.66) 6yaeM uMetsb
Rl,,,=0(), R, =0. (4.69)

Takum obpasom, noayuunu sagavy Utypma—Jluysunns (4.67), (4.69). Mbi 3HaeM,
4TO COBCTBEHHBIMU 3HAYEHUSAMH 3TOM 3azauu OynyT yncna (4.59)

2 2 2 2
M =(Y_*j Ay =(IAJ Ay =(13—] s Ay =(Y—"]
a a a a
a cobcrBenHble GyHKUUYM 6yayT uMets BUI (4.60)

R(P) =Jo(y, —2] Ry (1) =Jo(72 2) Rn(r>=Jo[vn g)

TZe Y, — MOJ0KUTeNbHble KOPHU ypaBHeHus J,(y) =0.
Teneps ypaBheHue (4.68) npumer Bun

2
" +Y—'502T =0.
a

Ortkyna

T=T,=C, cos(y—"zi tJ +D, sin(y—"zi tj.
a a

Taxum 0bpasoM, Mbl IIOIYYUIH COBOKYTTHOCTb YAaCTHBIX pelIeHUiH

u=u, ={C,, cos(wt)+D,l sin(y"v tﬂjo(y—"r} n=1,2,3..
a a a

Yro66l yNOBNETBOPUTH HAYAJIBHBIM YCJIOBUAM, BOCIOJIb3YyEMCS [IPUHIIUIIOM CyIIeprIo-
3ULHMH U COCTABUM Psili

u = i[c,, cos(y—"zi t) +D, sin(y"v tﬂjo(y—" r).
n=1 a a a
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Byzaem cuutarh, YTO Psi CXOAUTCS TAK, YTO €T0 MOXHO AuddepeHnnpoBarh, 1 nepe-
XOIUTb K Ipeaesy rnox sHakoMm cymmbl. Torna 6yaem umeThb

U, o=0(r)= ZCJ( ),0<r<a.

n=}

ou
o

t=0

=W(T)=ZDnM—JO(hrj, 0<r<a.
n=1 a a

Otkyna

2
C——— dr=¢,.
GaPOT <y">£ re(ly ( ) e

D, 1Y - i ( )d—,,
a QJ(Y)I[ T

Takum 06pa3oM, oKoHYaTeNbHO (POPMATIbHOE PEIleHHE 3a1auu Oyzmer 1UMeTb BUL

u= Z|:(Pn cos(y—"Zi t)+ ? v, sin(y"v tﬂjo(h r).
n=1 a Y.0 a a

Paccmorpum nmpumep. [lycTs HayasibHbie yCTIOBUSt UMEIOT B

2
u|t=0 =¢(r)=u, (1 _IT), a_u
a

=y(r)=0.

=0

ot

Torna oueBuaHO v, =0,

_2”0"_12_&_
%_ﬁmnA@aJd{aqﬂ (“479)

Jlnst BoraucaeHus uHTerpasia B (4.70) yno6HO BOCIIONB30BATHCA ypaBHeHueM beccenst

() () i)
s(ple{e i) e

Tocne noactaHoBKH (4.71) B (4.70) UHTerpupoBaHue IPOU3BONM N0 yacTsM. Pasbu-

BaTh MHTETPAJ Ha [Ba MHTErpaja He Cledyer:
2 % a' r
= I r? = - a'r =
S

a 7‘

Otkyna

r=a

| L ad N (W
=gl @) w e T

e )
Tranae| T

—2Irj0(yn L)a'r =
; a
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r=a

__8“_0_"_ _J( ]
via®Ji(y,)vh dr e

__8Bug v (Y _r_)'=" 8u,
i) a '\

r=0 ) Yng (Yn )
_ 8Buy
2], (1)

OxoHYaTeNbHO pemieHre 3afavyyd NpuMeT BUA

ozjg(yn rJCOS(an t)_

Ji(va) a

TakuM obpasom,

¢, =

PeweHue 3apaun Oupunxne anga unnunHapa

BaxHBIi KJ1acC 3afay MaTeMaTuyeckoil GU3NKU COCTaBISAIOT KpaeBble 3alayl TEOPUH
NOTEeHIMAIa, KOTOPbIE 3AKJIOYAIOTCS B OnpeleneHUH (QyHKUUW 4, FapMOHM4€CKOH
B HEKOTOPOH TpexXMepHOit obsacTH 1, yNOBJETBOPSAIONie Ha ee IPaHMUE YCIOBUIO
OIHOTO M3 TpeX THUIIOB

O u,=f a2 =7 amy P, =
onl, on

Te f — 3agaHHast QPYHKUMsS TOUKU Ha TOBEPXHOCTH G, 7 — BHELIHsS HOPMaJb K T0-
BEPXHOCTH.

B KkayecTBe NMpOCTOTO NpPUMEPa PACCMOTPHM 3aayy 06 OTBICKAHWH CTalMOHAPHOro
pacripeaesieHust TEMNepaTypel B Telle, KOTOpoe uMeeT (popMy LUINHAIPA, 10 H3BECTHO-
MY pacripe/leJIeHUI0 TEMIIEpaTypbl Ha ero MoBepXHOCTH. JTa 3ajjaya HKBUBAIEHTHA
TepBoii KpaeBoii 3a1ave, COOTBeTCTBYIomeil ycnosuio Buaa (I). Takast kpaeBas 3anaqa
MoseT BpITh pelieHa MpH MIOMOIIM MeToa pasaesleHus NEPEMEHHbIX, eC/IU TIPEeANono-
XKHUTh, YTO HYHKIMS PaBHa HYJI0 Ha 60KOBOH MOBEPXHOCTH MJIM Ha TOPUAX LHIHHAPA.
O6umii cryyait MPOU3BOJBHBIX TPAHHYHBIX YCIOBUH I1EPBOrO POJIa MOXeT ObIThb CBe-
IeH K 3TUM 4aCTHBIM CJIy4yasiM NyTeM pa3/ioKeHUs 3alady Ha JBe BCIIOMOTaTeJbHbIE,
C rpaHUYHBIMU YCIOBHSIMH YKa3aHHOTO CHELHaIbHOIO BUAA.

BBezneM cucTeMy LMJIMHAPMYECKUX KOOPIAUHAT (7, @,Z), OCh Z KOTOPOH COBNANAET C OChIO
LATHH/IPA, A HAaYaJlo KOOPAMHAT JIEXHUT B IVIOCKOCTH OJHOTO U3 Topuos. B coorserct-
BUU C 3aMedaHueM, cleJaHHbIM paHee, JOCTATOYHO OTPAHUYUTBCS PACCMOTPEHHEM IBYX
YaCTHBIX CJ1y4YaeB, KOrAa TPAHUYHBIE YCIOBUS UMEIOT BUA

ul rea = 0’ ulz:O = fO’ ul 2=l = fl; (4723)
u,.,=F u,,=0 4,,=0. (4.726)
JI.TIH yNpoueHust NPeAarnoaoXuM, YTO TpPaHUYHbIE YCJIOBUA He coaepxkar HCpCMCHHOﬁ

¢, To ectb fy = fo(r), f; = f,(r), F = F(z). Uckomas pyHKIUSA 1 TOTAA TAKXKe He Oyner
3aBHCETh OT ¢, ITOITOMY YacTHble pelleHus ypaBHeHus Jlarmaca moryT 6uiTh npea-
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craBjieHbl B (popMme u = R(r)Z(z), TAe MHOXKUTENU — UHTErpaibl AU GepeHIIUATBHBIX
ypaBHeHUH

(RY +MR=0, Z" —3.Z =0

Beinonuus UHTEIrpupoOBaHue, HAXOOUM

R(ry=AJ,(NAr)+ BY (NAr), A =0, (4.73)
Z(2) = Cch(v/Az) + Dsh(vAz) =
= Csh(vA(I - 2)) + Dsh(+Az), % #0. (4.74)

IIpeanonoxum, yTo rpaHUYHBIE YCA0BUS UMetoT Bux (4.72a). B cuny orpaHuyeHHOCTH
pelIeHHMs Ha OCH LIMJIUHAPA Mbl JOJKHBL NPUHATL B =0. A Torza qomycTHMbIMU 3Ha-
YeHHsIMU TapameTpa A 6yayT uucia

2 2 2 2
A, =(1'~) LA, =(Y—2) Y =(Y—3) Ve A, =(Y—")
a a a a

ey, — IOJ0XUTesbHble KOpHU ypaBHeHust (4.57): J,(y) = 0. Takum obpasoM, nomny-
yaeM CJEeYIONYI0 COBOKYIMHOCTh YaCTHbIX pellieHui ypaBHeHus Jlannaca

u=u, =[Mnsh(y—‘:-(l—z))+N" sh(y—‘:—zﬂjo(%r} n=1,2,.., (475)

M3 KOTODBIX TIyTEM HX CYNEPIIO3ULIMU MOXeT OBITh TIOCTPOEHO pellieHre PACCMATpPH-
BaeMoii 3afauu. [leficTBUTENBHO, IPEATIONOKUM, YTO Kaxkaas us GyHkuuil f (1), f,(r)
MoxeT 6biTh paznoxeHa B psag Oypee—Dbeccens

fo(r)=ifo,n Jo(%rj’ fO,n =

a

Tn o \d
J(v)f ()J( r)r

=5 110 ( r} fin = Jz( )gf,mj( j

M PacCMOTPHUM psil

. sh(y—"(l —z)) (L'- z) _
u=7y fo,,.a—+f1n— Jo(b-r} (4.76)
= sh(% l] sh( " l) a4

cocTaBJIeHHBIT U3 uieHoB Buaa (4.75). Torna rpaHuyuHbie ycioBUst 6yayT ya0OBJIETBO-
peHsl, U psj (4.76) naet popMasbHoe pelieHUe ITOCTaBJIEHHOH 3ajayun.

B ciyuae rpaHuuHBIX ycnoBuil tTuna (4.726) ansi toro, yTobsl yAOBJIETBOPUTE ONHO-
POZIHBIM TPAHUYHbIM YCI0BUAM, Heobxomumo npuHsaTtbh C = 0 u Beibpath A <0, TO ecTb
VA 6ymer uncTo MHMMBIM uKCIOM, paBHEIM innt/l, n=1,2, ... iHTerpaisi ypaBHeHUi
(4.73), (4.74) npHHUMAIOT B 3TOM CJlyyae BUA
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)

B cuny orpaHuveHHOCTH (PYHKUUM B HyJe cleayeT NpUHATL B =0; ciexoBarennHto,
TOAXOAANAsA CUCTEMA YAaCTHBIX pelueHuii ypaBHenus Jlamnaca 6yner

u=u, =Mn10(n—;c}) sin(n—lnz]; n=1,2,..

Mckomoe peltieHHue MOXeT ObITh TOCTpoeHO B opMe psaa

nw
- Io(—l— r)
u=YF, —" < sin(f’lf z], (4.77)

e

rae F, — xoadduunentsl Oypre B pasnoxenun GyHkuuu F(z) B pan 110 cuHycam

R(r) = Alo(ﬁl’-‘ r) + BKO(@ r], Z(z)=D sm(flf z).

) )
Peurenue KpaeBbIX 3a7a4 C 'PaHUYHBIMH YCJIOBUAMU APYTHX THIIOB ITOJIy4Yae€TCA aHa-

JIOTUYHBIM 06pasoM, Npu4yeM NOAXOASANMIMM allapatoM, 3aMensiomuM psagsl Dy-
poe—beccens, ABAAOTCS B 9TOM cayyae psiabi JuHu.

i
F, =2 [F(2) sin(f—"i)dz.
0

HeckosnbKO CNOB O CXOAMMOCTM pAnoB (4.76) v (4.77)

B ofoux ciyyasx Mbl MMeeM DasioxeHue o Kosnebmommmcs pyHkuusam. Cxoau-
MOCTb psiaa (4.76) ornpenesnsieTcss COOTHOWEHUAMU

h| Yo - -
) (a" Z’) e
_— ‘ we =€ , N —> oo,
sh(hz)
a

Y
sh) & 2z 2 1 (1)
a Yn[;‘;] Yo"
S S —e " a
shf Yo g
a
TaxuM 06pa3oM, BUIUM, YTO MHOXUTEU B hopmyJe (4.76) ybrIBaloT 110 9KCIOHEHTe,

TIOKa z He CaUILKoM 6113ko k 0 u [
Jlns psana (4.77) bynem umersb

1| M
0 l a n—ln(r—-a) a —-"[—"(a—r)
— 2|2 = |=e , N — .
nn r r
I, Ta

Psan cxoguTcst 3KCNOHEHITUAJIBHO B obsactu <r < (l
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Taxum obpasom, paasl (4.76) 1 (4.77) cXoaaTCA 1710X0 OKOJIO TEX YYACTKOB rpatis1ibl,
TJie YCJIOBHUS HEeOAHODOAHBIE.

O6wWmiA cnyyai NPomM3BONbHBIX MPAHNYHBIX YCNOBWUIA NEPBOrO POAa

TIpeactaBuM QYHKIHIO U B BUAE U = U, + i, DyHKumio u, Oynem OnpenessTs 13 cle-
AYIOUMMX YCIIOBHM:

Aul = 0’ u1|z=0 = fO(r)’ u] |z=l = fl(r)’ u1|r—>0 = 0(1)’ ulll:u = 0‘
a QYHKIHIO 4, — H3 YCJIOBUH
Auy =0, |, =0 uyl, =0, Uyl o = O(), uyl,., = F(2).
Dyukumsa u, yaosnersopsercs gopmynoii (4.76), a dynkuus u, — dopmyoit (4.77).

Taxum ob6pasoM, o0lias 3afaya CBOAMTCH K PACCMOTPEHHLIM CJy4yasM (4.72a) u
(4.726).

Cdepuueckne byHkuun. MonuHomsl Jiexanapa

Copepuueckumur GynxyUAMY 11a3BIBAIOTCS Pellelnis JTMHEHHOIO Ai(depeniiallbioro
YpaBHEHUSA

[(1-zH)u'] + v(v+1)—1H u=0 (4.78)
-z

rie z — KOMILJIGKCHOe TlepeMeHHOoe, 1 1 v — [dpaMeTphbl, KOTOpPbi€ MOIVT HPIIHHMATH
nobble BEUIECTBEHHbIE HJIN KOMIJIEKCHbI€ 3Ha4Yel .

Vpasnenne (4.78) BcTpedaercst B MaTeMaTHYeCKO# (u3MKe B CBA3Il ¢ HHTErPIpO-
BaHMeM ypaBHeHMs Jlansaca B CNELMaJbHbIX CHCTEMAX OPTOrOHAJIbIILIX KPHBO/M-
HEHHbIX KoOpAMHAaT — cdeprueckux, ChepoHAaIbHBIX, TOPOHAAIbIBIX W APYIHX,
KOTOpbIE TTPHMEHSIOTCS TIPH PaCCMOTPEHUH KPaeBbIX 3anat A5 ob.1acteli COOTBETCT-
Bytolero Buaa. Ilpocreffinmu cpen HUX ABJISIOTCA KpaeBble 3afadit 114 chepit-
yeckoil 061aCTH, YTO CJYKHT OCHOBAITUEM sl TOTO, YTOOBI 11a3bIBATD PACCMaTpIIBae-
MbIil KJI4CC QYHKIMIA cepuueckuMu WU wUaPOSHIMU YIKUUIMIL. B arom ciuyuae
riepeMeHHast z IPUHMMAeT BELIECTBEHHble 3HAUYEIA U3 TPOMERYTKA (-1,1), a napa-
METPBI I M V HMEIOT LieJIbIe MOJIOKHTe IbHbIE 3HAYEHHUA.

Ipocreitumii kaace cdepruyeckux QyHKUNIT COCTABNAIOT NOAUNOMbI Jexcandpa, xoro-
phi€ SIB/IAIOTCA pelleHHsaMH ypasienns (4.78) npi p =0 ¥ HesbIX 110/10KHTE/IbHBIX
v=n(n=0,1,2 3, ..). Crenyomuii 1o CTeNeH: CJAOKHOCTH KJIACC CHEPHHECKIX
(pyHKIMit 00pasyioT cgpepuueckue pynxyuu Jlexcandpa, KOTopbie HPEACTABIAIOT c0boil
petrerinsa ypasHenns (4.78) mpu p =0 1 MPOM3BOJIBUOM BEIIECTBEIHOM I KOM-
fJIEKCHOM V.

PaccMoTpuM ypasretue (4.78) B npeanosioxeHuy, 4ro z =x e [-1, iu=0v=n=
=0,1,2,...,00, TO €CTh ypaBlieHHE

[(A=x®)u'] + n(n+ Du =0. (4.79)
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[TocTpoum muTerpasns! ypaBHeHus (4.79). Ilokaxem, 4TO 0HUM U3 HHTETPAJOB ypaB-
HeHus (4.79) sBasercs dyHKUMS
1
=u =P (x)=—
u ul n( ) ‘ dX'n
Oyukunn (4.80) HasbiBaloTcs noaunomamu Jexcandpa, a dopmyna (4.80) — gpopmy-
noti Podpuza nns nonudomos JlexaHapa.

L& -1, n=0,1,2,... (4.80)

O60o3HaunM
W=(x*-1)".
Torzma
W =n(x? -1)""2x = 22"‘" W,
x p—
HIN
(1-x)W' +2mxW =0. (4.81)

[Mponnddepenurpyem pasernctso (4.81) (n+1) pas. [Tonyuum
[A=xHW D 1 20 (W)™ =0
Inddepenunpobanme MOXKHO BHITOJIHUTE N0 Gopmysie Jleb6HUIA
(UV)('") U™y 4+ 1‘U(m Dy’ 4 m(’; 1)U(m Dyt LV (4.82)
ITpumem B (4.82) st nepgoro caaraemoro U = W',V =(1-x*), m=n+ 1; ans BTopo-

ro cnaraemoroU =W,V =x, m=n+1.
Bynem nmets

(1 _xZ )W(n+2) + (n1+' 1)w(n+1)(_2x) W(n)( 2)+

(n+n
21
r oWy 42, P Dy _g
11

HJIH
A-xHW™D _2xW ™D L n(n+ YW =0. (4.83)

Ymuoxum (4.83) Ha 5 ! . MOJIYIUM
n!

(1-x2)P(x)-2xP.(x)+n(n+1)P,(x) =0,
WJIH, YTO TO JKe CaMOe,
[1-x*)P.(x)] +n(n+1)P,(x) =0.

Wrtak, MBI NTOKa3aly, YTO HOAMHOMB JIexaHpa yAOBIeTBOPAIOT YpaBHeHHIo (4.79).

Haitnem BTopoe peierne ypasaenus (4.79), koropoe 6110 6Bl JTMHEHHO HE3aBUCHMO
ot pewtenus u, = P,(x). Ilyctb u, nu, — pemenns ypasnenus (4.79). Torna
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[A=-x®)u ] +n(n+1u, =0,
[A-x®)uy ] + n(n+1)u, =0.

YMHOXHM TTepBoe ypaBHeHUe Ha U, , BTOpOe — Ha %4, W BbIYTeM OfHO U3 apyroro. [o-
JIy9HM

o[ ]~ [(A-x2)ty ] =0 &
{;[a—xﬁxulu; —uyul )] =0,

[IpounTterpupyeM nmojyueHHOE TOXIECTBO!

3 _ 1 C
’ 122 Y(uuy —uyu =C=const:>(u'u2 'u2u1)=
( Yy —uyu;) " T
dfwy__ C
de\u, ) ul(1-x%)
b= I%+D, D = const =
U u (1-x°)
dx
u, =Cu | ————+Du,. 4.84
2 ln[uf(l__xj) 1 ( )

Takum 06pasoM, eciin 4, MU, — peileHns ypasHeHus (4.79), To OHM CBSI3aHbI COOTHO-
wenuneM (4.84), 8 koropom C u D moryt 6bith siobsiMu. Eciu C # 0, Tou, Mu, 1unei-
HO He3aBUCUMBL. BosbMeM B kauectBe u, nosuHoMsl Jlexanznpa: u, = P, (x). Torna na
ocHoBaHuu (4.84) GyneM umerthb

dx
u, =C,P(x)|—————+D,P,(x)=0Q,(x).
2 ( )j(l_xQ)P:(x) (x) = Q,(x)
3neck Q, (x) — nuHeiHo HesaBucumast GyHkuuA ¢ P, (x). Oyukuns Q, (x) HasbiBaeT-
st pynxyueti Jlexwcanopa emopoeo poda (C, = 0).

[ycts n=0. Torpa

Py(x)=1,
dx C 1 1
Q@ =Cf 5 D= Sy Jér D
Cy 1
=—iln—t£+D0.
2 1-x

Bosemem C, =1, D, =0. Toraa

1, 1+x
:_l —_—
Qy(x) 5 n1__

[lycte n = 1. Torza
P(x)=x,
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dx
Q1(x)=c1xjm+Dx—§ln1_x—L

3nech koHcrantol C; u D, BbiGpanbl Hamlexamum obpasom. 1 Boobiue,

Q.0)="2m 2@

rae [, (x)=0, f,(x) =0, f,, (x) — nonuHoM cTemenu (n —1).
Boinuiem riepsbie Heckobko ynkuuit P (x)un Q, (x):

1n1+x
1-x

Py(x)=1 Qy(x)=
P(x)=x, Ql(x)=—1.1+—x—1
-X
P,(x) =2 (3c* -1, Q2<x>————1n——§x,

Py(x) = 5(5x3 -3x), Qy(x)= xT_ln—l-———Ex

I
8
+
w8

Tak xak dynkuun P, (x) u Q,(x) mnuHeiiHO He3aBUCHMBI, TO oblllee peleHue ypasHe-
Hus (4.79) MoxeT 6bITh 3aMUCAHO B BHIE

wx)=C, P, (x)+C,Q,(x), xe[-11], n=0,12,..,00
rae C, 1 C, — NpOU3BOJIbHbBIE KOHCTAHTHI.

NPUMEYHAHWE

Ypasneuue (4.79) naswisaetcs ypasieliuem Jlexanipa; ono uMeeT ocobsie Toukux = —1u x = 1.
IMonunombr Jlexanapa P,(x) sBisiorcess coberBeHHbiMi QYHKUMAME sl ypaBHeHus (4.79)
B poMesxyTke [—1, 1], orpanyuenbiMu B 0cobbix TouKax X = t1, To ecTb B,(x)|, _,+; — OTpaHuye-
Hb1. OueBHatio, Q,(x) — o, x — =1,

Mpounssoasuwan pyHKLUNA
anga nosimHomoBs JlexauHapa

Oynaknuus

W, 2) = b (4.85)

1-2xz + 22
ABJISETCS POM3BOAsedt A moanHomos Jlexanapa, To ecTb IOAMHOMBI JlexaH-

apa — KoaQ UUMEHTH! pasokKeHHs 3TOH QYHKIIMY B PAL 1O NOJIOKHUTE/IbHBIM CTene-
HSIM 2

V1—2.iz+z g A @5

3nech z — KOMILJIEKCHAsI TiepeMeHHas, ¥ € [-1,+1], ¥ — napamerp.

i
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Joxaxem opmyny (4.86). Vimeem W(x,0) =1. Ocobrie ToukH (KPUTHUYECKHE TOYKU
WM TOYKM pasBeTBeHus1) GpyHkimu (4.85) — KopHM ypaBHEHHA

22 2%z +1=0,
TO ecThb

2, =xxNx? ~1=xtivi-x?, |z,|=1

CrenoBaTenpHO, 0COObe TOUKH JIeXKaT Ha Kpyre pauuyca 1; z; 1 z, — ocobbie TOUKH
byukunn W(x,z) (puc. 4.6).

+1

NsY

-t

Puc. 4.6. Ocobsle Toukn W(x,z)

BHyTpu kpyra| 2| < 10cobbix Touek Her. Dynxuus W(x,z) — peryisipHast PyHKuUKsA Te-
PEMEHHOTO 2, | z| < 1. CenoBatesibHO, BHYTPH KpyTa| z| < 1 dynkuuns W(x, z) nomyckaet
passioxenue B psia Teitnopa. Taxum 06pasoM, MOXKHO 34lHCATh

! =5:an", lz]<1, x e[-1,1].

J1-2xz+2>  n=0

KoadpduumenTts! pasnoxenus C, ONpenessiOTCs pPaBeHCTBOM

(m
c =W (x,O),

n

n=012,..
n!

WM, B CHay MHTerpasia Tnna Komy,
C. = 1 § 1 dz
" 2ni s 122z + 27 2"
Hamomuum, 4To K03ddHImenTs pasnoxennst Gynkuuu f(z) B pan Teitnopa

f2)=3Coz-ay

n=0

(4.87)

BBIYKCJISAIOTCA IO GopmyTie

A C)
n!

’

a B cusly uHTerpana tvna Komwu 6ynem nmetsb

(n) _ n_' f(&)d&
f"@y=— f——(ﬁ—a)"” . (4.88)
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B kauectse xoHtypa I’ B dropmyse (4.87) MOXKHO B3sAThb JiF0OOOM 3AMKHYTBIH KOHTYD,
JIEKAUIM [IeJTMKOM B Ipenesax Kpyra |z| <1 u oxsaTeiBatomuii Touxy (0,0). Bbrumc-
JuM vHTerpan (4.87) ¢ moMoubio NOACTAHOBKH Jitiepa. Mimeem

1-2x2+22 =1-zu=
1-2xz+2° =1-2zu+2%u’ =
2w -1)=2w-x)=

z=2u_x.
u? -1

Taxum 06pasoM,

— 2_
(——“‘—-1_212+22 —1-% u-x _ _u 2ux+1,

u? -1 u® -1
2 _ _ 2 _
dz=2(u 1)2 (u2x)2udu=_2—___u 22ux:1a'u.
W -1 W -1
Orkyza
2 _ 2 _ 2 qyn+t 2 _q\n
] =_1_§ W -1)2(u 22wc4;1)(u 1) du =_1__1_ J- " -1 du

2mi{ (u? - 2ux + D@ -1)*2" (u -x) *** 2" 2mi S(u - x)"™!

3neck [7 — 3aMKHYTHIH KOHTYP BOKPYF TOUKM X B IUIOCKOCTH U, COOTBETCTBYIOMHIL
3aMKHyTOMY KOHTYDY ' Boxpyr touku ((0,0) B mnockoctu z (puc. 4.7).

. ©

»

Puc. 4.7. KomnnekcHas nnockocTe U: ocobas Touka x

0'

Mo>kHO 3anmucaTs B COOTBETCTBUM ¢ dopMyoit (4.88)
| I 1 d .,
C, = — @ - = x° =1)" =P (x)
" 2"n!du"( ) 2"n!dx"( V=R

OxkoHuaTeJbHO 6yll(‘3M HMETH

W(x,z)=> P,(x)z".
n=0
PaccMOTPHUM HEKOTOpbIE IPHUMEpPbI IPUMEHEHNsI NPOM3BOAAIIET DYHKIIUH:
W(1,2) =1—1— =S Pz =327 7)<,
-2 n=0 n=0

OTKYJla HaXO[1M
P(1)=1n=0,1,2,..;



PexyppeHTHbie GOopMynb ANs NONMHOMOB JlexaHapa

217

o

W(-1,2) = 1712 - 2};(—1)2" =S (=12, [2]<t,

n=0

OTKYZa HaXo#uM
P (-D)=(-1)"

W(-x2) =W(x2)= 3 P,(-x)(=2)" =3 P,(x)2",
OTKYI[a HaXO0InM
P (=x)=(-1)"P,(x), n=0,1,2, ...

W3 nocnexneit dopmysnsl, B YacTHOCTH, clenyet, uto P,, , (0) =0.

PekyppeHTHble ¢popmynbl
AN NoNMHOMOB JlexaHapa

Hcxons 13 npousBogsiieid GyHKIMY, JeTKO MOJYIUTh peKypPeHTHbIE COOTHOIIEHHU

Mexny nonuHomamu Jlexxanzapa.
Nmeem

L 3P
1-2x2+22 =0

[Tpoanddepennmpyem (4.85) no z, noayInmM

_6__W_=__ 1 —2x +22 ¥
0z 1-z+2' 9f1-2m+2? 1-22+2°
HIHN .
(1—2xz+22)é-vz+(z—-x)W=0.
0z
OTtkyna

(1-2az + 2° )i nP (x)z"" +(z —-x)i P(x)z" =0=>

© on=0

n=0

{ZnP,,(x)z"'1 —i2nxPn(x)z" + inP,,(x)z"+1 +
n=0 n=0

+i P (x)z™' - ixP,, (x)z" =0=

n=0 n=0

i P,,(x)nz""' —i(2n+1)xPn(x)z" + i(”+1)P,,(x)2"“ —0=

((n1=1)) (n+1on)
n-1-on

S P (x)n+1)2" =3 @n+ D)aP,(x)2" + 3 nP, (x)2" =0.

n=0

(4.89)
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O6benHNM B OiHY CYMMY B TIOC/IEHEM COOTHOLIEHMH CJIEBA, NOJTYYHM
[P, (%) —xPy(x)]2" +
Z [(n+DP,,, (x)-Cn+1)xP,(x)+nP,_  (x)]2" =0. (4.90)
n={

PageHcrBo (4.90) BO3MOXKHO JMIUb TOL/AA, KOTA KO3@OHIIMEHTDI [IPH CTENeHAX 2 PaB-
Hbl Hy10. OTKyAa

P (x)-xPy(x) =0,
Tak Kak P (x) =x, Py(x) =1,
(n+DP,,, (x)-2n+DxP,(x)+nP,_(x)=0, n=1,2,3,... (4.91)
Dopmya (4.91) — tpebyeMoe pekyppeHTHOe COOTHOLIEHHE.
[Tosyuyum, BTOpOE peKyppeHTHOE COOTHOLIeHHe. PaccMOTPHM NPOM3BOAHYIO

(x -2)? (a-x3H)w
—[(z~-x)W +W witl- = . (492
[(2 W= (- x) [ 1-22+2% | 1-2x2+2° (492)
C npyroii cTOPOHbD!,
w_ (493)
o (1 -2z + 2* )«/ 2xz + 2° (1 29‘2+2)
Cpasnusas (4.92) u (4.93), nonyunm
16W 1
= —[(z-x W)=
zox  (1-x? )8[( W
(1-—x2)aW—z——[(2 —XW]=>
ax
2 oW
(1-x )——=z(z—x)——+zW. (4.94)
Ox 0z

[Moxcrasum (4.89) B (4.94), MoIyyrM 1ETTOYKY PaBEHCTB

8

(1-x? ) Pl(x)z" =2(z~ x)ZP(x)nz 1+ziP,,(x)z" =

8

ZP (x)nz™! ZJ(P,l (x)nz" + ZP,,(Jc)z"+1 =

= Z(n+1)P,l(x)z”"1 —inxP,,(x)z" =

=! n=0
(n+1-n)

i P (22 = S, ()" = S nlP, ()= 2B, (D))"
(nl) n=1

OTkyza noJsyyaeM BTOPOe PEKyPPEHTHOE COOTHOIIEHHE

(1-x*)P(x)=nP, (x)-nxP,(x), n=1,2,3,...
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3apaua Wrypma—JinyBunna, cea3aHHan
¢ nonuHomamm JlexaHapa

PaccMOTpUM ClleAyIOLIYIO 3a4ady:

[(1-x*)X'(x)] + 2 X(x) =0, (4.95)
X(x), s =0 (4.96)

Jlokaxkem, 4TO
A=A, =n(n+1), n=0,1,2,... (4.97)

— cobcTBeHHbBIE 3HAYEHMS,
X(x)=X,(x)=P,(x)

— cobcreennple Gynknun 3agaqyu (4.95), (4.96).
[Monctasnm (4.97) B ypasHenue (4.95); nomyunm ypassenue Jlexanapa

[(1-x*)X'T +(n+ 1HnX =0. (4.98)
O6uuit nurerpan (4.98), kax 6bI710 yCTaHOBJIEHO PaHee, UMEET BHJ
X(x)=X,(x)=AP,(x)+ BQ,(x). (4.99)

Umeem
P(x) o5 =0, Q, (X, uy = @

Creposatensho, B (4.99) neobxomumo mpussats B =0, 4tobsl ynoBneTBoputh (4.96).
Taxum obpasom, aeiictsutenbto, X(x) =X, (x) =P,(x) — cobcrpennbie QYHKIUN
sagaun (4.95), (4.96), a A=1, =n(n+1),n=0,1,2,... — cobcTBenHbie 3HAYEHUS
3TOU 3aJa4U.

Bonee monHas Teopus yCTAHABJAMBAET, YTO APYrHX COOCTBEHHbIX QYHKIMHA U cobcT-
BEHHDIX 3HaueHUH HerT.

JlokaxxeM, 4To mosuHOMbI JIexaHapa 06pa3yioT OPTOrOHANbHYIO cHcTeMY (DYHKIHH Ha
orpeske [—1,1]. JeiicTBuTeNbHO, HMEEM

[A-x*)P.] +(n+1)nP, =0,
[1-x*)P.] +(m+1)mP, =0.

TlepBoe cooTHOlEHVEe yMHOXKaeM Ha P, (x), a BTopoe — Ha P, (x) ¥ BbIuMTaEM OAMO 113
APYroro, HoJIyYaeM

Pi1-x)P.Y =P, [(1-x*)P,) + [(m+ )m—(n+)n]P,P, =0=
%(1 -x)[P,P., -P,P.]+[(m+1)ym—(n+1)n]P,P, =0.
MpounTerpupyem nocjaeaHee COOTHOLIEHHE Ha oTpeske [-1,1], nonyuum
x=-1

A-x®)[P,P, - P, P Vi +[(m+ )ym—(n+ l)n]j'P,,P,,, dx =0.

OTKyna HaXoAuM
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jppdx 0, m#n.

n m
Taxum obpasom, cripasepiiBa Gopmya

TPM(x)P,.(x)abc={I

m#n,

P,

Bbluncnenue HOPMbI ANA NOZIMHOMOB J'Ie)KaHn,pa
Bocro/ib3yemMcst peKyppeHTHbIM cooTHolIeHHeM (4.91) 1 3aMeH1M B 3TOM COOTHOLLe-
HuM n ua (n-1). Byzem umetsb

nP (x)-(2n-1)xP,_ (x)+(n-DP,_,(x)=0, n=2,3, (4.100)

YmHoxuM cootHowenue (4.91) na (2n—1)P, ,, a coornowenue (4.100) —na (2n + 1)P,
W 3aTeM BbluTeM 0ZHO U3 aApyroro. [Toayunm
Cn-)(n+1)P,_ P, , +(2n 1)nP?,
-@2n+ )nP! -Cn+H(n-HP,P, , =0, n=2,3,. (4.101)

[pounrerpupyem (4.101) Ha otpesxe [-1,1]; y4nTbIBAS OPTOTOHATBHOCTb NIOJIHHOMOB,
NOJYYUM

(2n- 1)nj P2 dx - (2n+1)njpdx 0, n=2,3,.

Ortkyla HaXOAHM

+1
IPnde 27’! 1
2n+1’

-1

[p2 dx, n=2,3,. (4.102)

Nmeem

TPOde - Tl-dx =2
et |
TPfdx = szdx ==
o1 il

nanee o dopmye (4.102)

+1 +1 2
[Plde = |Pldx =2,
-1 -1 5
+1 +1
J'Pfdx=§IP22dx=g,
’ 7°, 7
u Tak panee. Takum 06pasoM,
+1 2
P = [ PX(x)dx = ,n=0,123 ...
|P, ()] J () de =

ﬂOKaBaTeIIbCTBO 3aBepuIaeTCA NepexoAoM NOo MHAYKIHH.
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Hrak, MOXHO 3anucarhb

+ 0, m#n,
[P, (x)P,(x)dx =4 2
-1

, m=n.
2n+1

PaccMoTpuM Temeph BOIPOC O pa3iodKeHWUM NPOU3BOABHOM (YHKIMK B pAd 110 MO-
auHoMam Jlexxanapa. [Tycrb 3amana ¢yHkuus f(x), x € (-1,1). MoxHo dbopmaibHo
NPEANOOXKHUTD, YTO

Fx)=3CP(x), ~1<x <+1 (4.103)
n=0
Toraa
+1
[f@rmds
c -3 B@f 2 [f@P,@ds

Copaseasiisa caepyionias TeopeMa pasaoKeHHs.

TEOPEMA. [Tycmb f(x), x € (—1,1) makas, umo

1) f(x)kycouno-nenpepwena na (—1,1) u umeem xoneunoe YUCI0 MAKCUMYMOB U MUNU-
mymoe na mobom [o,p] < (-1,1);

Toz0a pao (4.103) cxedumcs x Pynxyuu f(x) 60 6cex moukax, ede f(x) nenpepviéna.

B mouxax paspviea pad cxo0umcs K noAyCyMme 3Ha4eHuil pynKyuy cnpasa u cieed om
paspuiea, mo ecmbv K qUciy

+1
2) unmeezpan '[ — ozpanuuen.
-1

flx+0)+ f(x-0)
5 .

Ycnosusi TeopeMsl 1 U 2 SBASIIOTCS JOCTATOUHBIMMU.

Mpumep. Paznoxuts GyHkmmo x° B pag Mo nosvHomam Jlexanapa.
Nmeem

f(x)=x2 =iC,,Pn(x)zCOPO(x)+C1P,(x)+C2P2(x)
. n=0

HJIH

2_
x2=C0+C1x+C23x 1.

CpaBHuBasA K03¢hOUIIMEHTB IPU OAMHAKOBBIX CTENEHX X, II0AYYUM

1 2
Co=g € =0.C =%

Takum obpaszom, 6yaeM UMETDb

1 2
x2 =—§P0(x)+§P2(x).
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MpunoxeHune nosMHoMoB JlexaHapa

B MaremMarundyeckou dpusuke

B kauyectse npobToro IIpUMepa PacCMOTPHM 3azayy 06 o6TekaHHMH 11apa MOTOKOM
HAeaNbHON XUAKOCTH.

Kak u3BecTHO U3 T'MAPOAMHAMHUKH, NoTeHUMas ckopocredl U maeanbHOM KUAKOCTH
yIAOBJETBOPsieT ypaBHeHMI0 Jlamnaca

AU =0, 7=V,

rae v — BEKTOP CKOPOCTH YaCTHIIBI XXUAKOCTHU.

[TycTh KHAKOCTH ABUXKETCS OTHOCUTEIBHO 1lIapa PafiMyca a co CKOPOCTbIO ¥ B HaNpaB-
JIEHUU oTpHLATENbHOI ocu z (puc. 4.8).

W14

M(r,0)

228

Puc. 4.8. O6Ttekanne wapa NOTOKOM XWAKOCTH

[To onpeaeneHuio nmoreHiManta ckopocti U, HopMajpHasi KOMIIOHEHTa CKOPOCTH U,
npuerawonied K MOBEPXHOCTH [Iapa YACTHIIBI XXKUAKOCTH €CThb

_oU
"
BBenem cdepuueckyio cucteMy Koopauiar no gopmynam
x = rsin(0)cos(¢),.
y = rsin(6)sin(¢),
z =rcos(6).
[TpeacraBuM noTeHuMan ckopocreil B BUIEC CYyMMBI
u=U, +U,,
rae U, — noreHuuas noToka npyu orcyrcTsuy mwapa, U, — moTeHIMan Bo3MyLIEHHOTO
noroxa. flcHo, uto
U, =-uz = —urcos(8),
IJle 7 — PafMyC-BEKTOP TOUKH, § — MepUIMOHAbHBII yron. Jlas notentuana U, 6ynem
MMeTb CJIeaYIOILYIO 3aady:
AU, =0, r>a, (4.104)
_ov,
or

oU,
or

= =ucos(8), U,|,,. =0(1) (4.105)

r—owx

r=a r=a
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Ypapnenue Jlannaca B cpepryeckux KoopaMHaTax uMeeT BUI
2
i(rz Qgi)+ 1 i(sin(e)aU2)+ 12U, (4.106)
or or sin(0) 00 oo sin®(0) Jp

3anaua (4.104), (4.105) saBasiercst sHewHe# 3anaveil HeiimMana ans ypasHeHus Jlanna-
ca, 3alIMCaHHOM B cepHyeckoit cucteMe koopauHar. M3 coobpaxennit cuMmmeTpum
sicHO, 4to U, He 3aBUcHUT OT yri1a ¢, 10 ectb U, =U,(7,0). [Toatomy MoxHO 0TOpOCUTD
nocnenHee caaraeMoe B (4.106) cyeBa u HcKaTh pellleHWe 3ala4d B BUAE

U,(r,0)= R(r)V(0).
[TepeMennsie B (4.106) pasgensiorcst, U Mbl [TOJIy4yaeM ABa ypaBHEeHUst
V" +ctgbV' + AV =0, (4.107)
r*R"+2rR' - AR =0. (4.108)

Ypasuenue (4.108) orHocuTca K TNy ypaBHeHu# Jfnepa. Muem ero pemenue B
suze R(r) = r*; Torna xapaxrepucTHueckoe ypasHeHHe HMeET BUL

k(k+1)-1=0. (4.109)
C apyroii cTOpoHBI, pellleHUsIMU ypaBHeHus (4.107) ssisitoTes noauHoMsl Jlesxanapa
V(8) = P, (cos(8)),

¥ IpH 5TOM MMeeM A = A, = n(n+ 1). [leficTBuTeNbHO, CAETaEM 3aMeHy He3aBUCHMOM
nepeMeHHoi# B (4.107) no dopmyre x = cos(0), —1 < x <1, u obosnaunm y(x) =V(8).
Torga

dv dy dx . dy
—— =2 = = —5in(0)==;
do  dx do sind )dr
S Eé(-sm(e)a) = —cos(6)— - ~sin(8)~ 5 = =

dy 2.4y 4Y
= —cos(0)—= +sin" (8)—=.
os(O) 5, TS (O75
TaxuMm o6pasoM, BMecto (4.107) 6yaeM nMerb
. d*y dy
sin® (0)—Z —2cos(8)—Z< + Ay =0,
(6) o (6) M
WIH, yuuThiBas, 4to sin’(8) = 1-x2, cos(8) = x,

(1-xH)y" -2xy’ + Ay =0. (4.110)

Ypasuenue (4.110) — ypasHenue Jlexanapa; ero pellieHUsIMH, OrPaHHUEHHBIMU B TOY-
Kax x = 11, sBastiorest nosuHoMsl Jlexannpa P, (x), npuueM A =n(n+ 1).
CrenoBatesnbHo, U3 (4.109) no reopeme Buera HaxomuM k, =n, k, = —(n+1).
Peurenyie BHELIHEN 3aayH, orpaHUuYeHHOe Ha 6eCKOHeYHOCTH, UILETCS B BUe psina

U,(r,08) = i D,r "V P (cos(8)).
n=0

NoxcraBum atot psix B (4.105)
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oU,
or

r=a

= 3D, (-n-1)a" " P, (cos(8)) = u cos(B).
n=0

YuursiBas, yto P, (cos(0)) = cos(0), NpuxoauMm K BbIBOLY
3
D, =—“—‘;—; D, =0, n#1.

[TosToMy HCKOMOE Te4yeHHe ONpeAeseTcsa IOTEHINalIoM CKOPOCTH
_ua3 cos(8)
2t
TaxuM o6pasoM, NoTeHIINAT 06TeKaHUs Wapa MOCTyNaTe1bHbIM II0TOKOM

3

a
U = -u| r+ — |cos(0).
2r? )

U, =

3aMeTuM, YTO U3 BUAa rpaHHyHOro ycaosust (4.105) u 3HaYeHUs 1epBOro MoJUHOMa
JlexxaHapa MOXHO Ob1JI0 Cpa3y AOTaAaThCA, YTO pellleHHe NMEeT BUI

U, = R(r)cos(0).
[Toapo6Hoe ucc/enoBaHKe MIPOBEAEHO C LETbIO BHIPAGOTKM HABBIKOB PelIeHNs 3ajay
¢ 6oJiee CIOKHBIMU TPAHUYHBIMU YCJAOBUSMH B CEPUYECKON CHCTEME KOOPAMHAT.

\

Bonpocsl K rnase 4

1. Kakue pyHKIMHM Ha3bIBAIOTCA CrelaibHbIMU GyHKUMsaMU? [Ipusenure npumeps
CIIEIMATbHBIX (HYHKIHUH.

2. Cchopmynupyiite onpenenenue 6eTa-pyHKUMN € TOMOLIbIO HecoBCTBEHHOTO MHTe-
rpaja.

3. Ilepeuncaurte ocHOBHbIE CBOHCTBA 6eTa-HyHKLIMM.

-~

CdopMynupyiite onpeaesenne raMMa-QyHKIUK ¢ TOMOLIBIO HEecOOCTBEHHOTO MH-
Terpasa.

Samnumre GopMyy, BHPAKAIOLLYIO CBS3b MeXy 6eTa- 1 raMMa-QpYHKUHAMU.
ITepeuncnute OCHOBHbIE CBOMCTBA raMMa-(YHKIMH.

3amumure ypaBHeHue Beccens nHaexcav.

Kak MOHO NOCTPOMTD YacTHoe pelieHue ypasnenus Beccens?

© o N oW

KakoBa 06J1acTh CXOAMMOCTH psizia, onpeaesioliero 6ecceneny GpyHKIMIO IEPBOTo
poxa? A
10. KaxoB BuA oblero pemeHns ypasHenus Beccens?

11. TToyeMy BO3HMKJIa HEO6XOAMMOCTb BBeeHHs GecceneBblx (GYHKUMIT BTOPOro pona?

12. YcraHOBUTE 3aBUCHMOCTD, CYLIECTBYOLIYIO Mexay ¢ynkumsmu beccens un-
IeKca ny —n.

13. Ccopmyaupyiite onpenenenne dynkuuu Bebepa.
14. Kak onpegensiorcs HiMHaprdeckie QYHKIMN TPEThero pona (PyHKIMM XaHnkens)?
15. Tloayuure mpeacrasienye ¢pyHkuun Bebepa ¢ uesbiM HHAEKCOM B BUAE P,
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16.
17.
18.
19.
20.

21.
22.

23.

24,
25.
26.

27.

28.

29.
30.

31
32.
33.

34.
35.

36.
37.
38.

39.

40.

41.
42.

[Mony4ure pexyppenTHble GopMyJIbl Wik GpYHKUUN Beccens.

IMonyyure unTerpaNbHoe NpeacrabieHue s GyHkuuu Beccens.

IIpusenuTe NpUMephl HCIONH30BAHNS HHTErPabHOTO mpeacrasaenus [lyaccona.
Kakue u3s numsapideckux $HYHKIMA BBIPAXKAIOTCS Yepe3 djleMeHTapHble (DYHKLMU?

Kakue ¢yHKuMM acCMMNTOTHYECKH ONpeAeNsioT HUAMHAPUYECKHEe (DYHKLUHU IIpU
GOJBIINX [0 MOAYJIO 3HAYEHUSAX apTyMeHTa?

Yro rakoe MoAHGHIHMPOBAHHbIE LUAUHAPHYECKHe DYHKIMU?

Hanumure ypaBHeHHe, pellieHUAMN KOTOPOro SIBASIOTCA MOAUGMUIIMPOBAHHbIE LIU-
JUHApUYECKUE DYHKIHH.

Cdopmymupyiite 3agauy LITypma—JIuyBunis, CBA3aHHYIO ¢ LMJIMHIPUYECKUMU
byHKUMAMM.

YTto BBI MOXeETe CKa3aTh 00 OPTOrOHAILHOCTH CHCTEMBI GecceneBbIX (yHKIHIH?
Hafite Bo1BoA GOpMyYJIBL ISl HOPMBL GecceieBbIX QYHKINI € HyJeBHIM HHAEKCOM.

3anummre psn Pypoe—beccenst pyHKuun f(x) ¥ BoIpaXkeHUs ero KoadduieH-
ToB. C KAaKMMH I'DAaHUUYHBIMH YCJIOBHUSAMY cBsiaH psaj Dypbe—DBeccens?

anumure psag JuHy GyHKuuM f(x) 4 BBIpakenus ero koapduiunenros. C kaku-
MU I'PaHUYHBIMH YCJOBUSMHU CBSI3aH psia JuHu?

Cdopmynupyiite ycaoBus, NpH KOTOPHIX crpaBefausbl psaasl Pypoe—DBeccens
u Jdunu.

Hatite pemenue 3afayy o koaeBaHUAKX KPYIJIOH MeMOpansbl,

[atite perenne 3agaun Jupuxsie 1as QuAMHAPa. YTo MOXKHO CKa3aTh O XapakTepe
CXOAMMOCTH IOJYYaIoUUXCsA PAAOB?

Kakue criennanbHble ¢hyHKUNY Ha3blBAlOTCS CHEPUIECKUMHU GYHKLUAMU?
Hanumure ypaBHeHue, pelIeHUsIMH KOTOPOTO SIBJISIOTCS MTOJMHOMBI Jlexkanapa.

Hannuunre ypasHenye, penieHMSIMH KOTOPOTrO SIBJISIIOTCS CepUYECKHE (DYHKIUU
Jlexxangpa.

Hanuumure dopmyny Poxpura ans monuHomos Jlexanapa.

Kak cBasansl Mexay coboit no6sle aBa pewenus ypaBHenus Jlexanapa? Hanu-
wute Gopmy.y.

Kax onpenensercs ¢pyukuus Jlexanapa sroporo pona? Hanuumre gopmy.ry.
Kakos Bua obuiero peliienus ypasHenus Jlexanapa?

Kax BexyT ce6st mommHoMsl Jlexanapa 1 pyHkuMH Jlexanapa BTOporo poja B 0co-
ObIX TOUKax?

Kakas ¢ynxuns sisnsercs npoussoasuedl GyHKIMER A8 CUCTEMBI MTOJHHOMOB
Jlexxangpa?

IIpuBeauTe npriMepsl NpUMEHEHUs NPOU3BOAALLEN GYHKIUH A/1a Moa1MHOMOB Jle-
KaHAPA.

IMonyuuTe pexyppeHTHBIEe GOPMYJIBL A1 MOAMHOMOB Jlexanapa.

Cdopmynupyiite sapauy lItypma—/Iuysunisg, cBssannyio ¢ oanmHoMamu JleskaH-
apa.
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43. Yto BbI MOXETe CKas3aTh 00 OPTOrOHAIBHOCTH CUCTEMBL MOJMHOMOB JlexaHnapa?
44, Jlaitte BHIBOA (hOPMYJIBI AJIsI HOPMBI NI0JAHHOMOB JlexaHnzapa.

45. Cdopmynupyiite TeopeMy pa3ioXeHUsi QYHKIMY B Psifl o nojauHoMaM Jlesxanapa.
46. [laiite perrenue 3aaauu o6 o6TekaHUM 11apa MOTOKOM HAEAIbHON MUAKOCTH.

3apayuu ¢ npyuMmepamMu pewieHusa’

1. Bocnonb3oBaBmIMCh ypaBHEHUEM s QYHKIMU J (), BBIYMCAHTH MHTErpajibl
X X
3
Ixjo(.x)dx, '[x Jo(x)dx.
] ]

2. BoruncauThb (BbIpa3uTh Yepe3 a1eMEHTapHbie (hyHKIIMHN)
I11/2 (x), Kyjp(x), Yﬂ/z (x), Hi‘1>2 ) Hizl/)z , J3/2 (x), Jgo(x)

3. Boiuucauts no ¢popmyae Poapura P, (x)npun=4,567.
4. 3amucatb obuiee pelneHue ypaBHeHU

'y ay +(xf -9y =0,
2y +ay +(x? -4)y =0

1 3
iy 1-—2 |y =0.
vy [ szjy

5. HanucaTb ypaBHEHME, PEIIEHUAMU KOTOPOTO ObLIH 6b1 GYHKILMU

\/z sin(x), \/z cos(x).
1o T

6. Hamucarb uHrerpajibHoe npexacrasienne [Iyaccona ¢pyHkuuM J_, (x).

7. Haiitu TemmepaTypy Kpyrioro 6eCKOHeYHOTO HMAMHAPA paauyca @ IpHu yCa0BUH,
YTO 1ia €ro NOBEPXHOCTH MOAAEPKUBAETCS TeMIlepaTypa, paBHas HYJIIO, a HaYalb-
Has TeMIlepaTypa paBHa

2
r

u|[=0 =U0 1———2— .
a

8. Usyuuts ocecumMmeTpuuHbie KonebaHus Kpyrnoi MemOpanbl paanyca a, BbI3BaH-
Hble yAAPHbIM UMITY1bCOM P, NpuloKeHHBIM B MOMEHT ¢t = () M pacnipeeleHHbIM 110
IUIOaay Kpyra paanyca €.

Vkasanue: HadanbHblE YCAOBUS 3a4aY¥ UMET BUA (p — MOBEPXHOCTHAA IJIOTHOCTH
MeMBpansl)

' Yacrb 332y, Tpeby0ILAX HIPHMeHEHHS clleudanbHbIx GyHKIHA, NoMelllena B KoHue r1as 5 i 6.
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A

ou
ot

, O0<r<g

14} =
- = 1% :
U, =0, ne’p

=0 0, e<r<a

9. Harb obuiee penieHue 3a1auu 0 KoJebaHHSIX KOJIbLEBOH MeMOPaHsl, 3aKpeTLIeHHOI
10 OKPYXHOCTAM 7' = g M 7 = b, IIpH IPOM3BO/IbHbIX HAYAIBHBIX YCIOBHAX

ou

u‘t:() :f(r)' AL

ot

10. Mccneposath cBOGOAHBIE YIIPYTile OTIEPeYHbie KOAeBAHNA KPYTIIOH IIJIUThI PaIHy-
€a @ ¢ XECTKO 3aKpeljieHHbIM KpaeM [IpH IPOU3BOJBHBIX HaYa/ldbHbIX YCJOBHAX

Ju
U o= (1), —|-
at =0
11. Ha kpyriyio meMOpaHy, 3aKpelljieHHY10 110 Kpaio, AeHCTBYeT BHELIHAS rapMoHUye-
ckag cuia g(x,t) = Apsin(wt), HempepbIBHO paclpefeseHHas Mo Bcell fi1oimany

MeMGpaHbl. [IpoBEPHTH, YTO BhIHYMXIeEliHbie KolefaHuss MeMOpaHbl BblpaKaioTCs
paBeHcTBOM (R — paguyc MeMGpanbi)

4 J"(%rJ

u=—|——=%—1{sin(wr).
4ne
v

12. PaznoxuTs B pag 1o coberBeHHbM dynkuMaM 3agaun Ll typma—Jluysusis

d{({ dyY
ort et B A‘ly =0’ y|_\‘=a :0’ y|x=0 = 0(1)
dx\  dx
crenyonme dynxmun: a) f(x)=1; 6) f(x)=a’ —x°
13. HaitTi 3aK0oH BbipaBHMBailHsi 3a1aHHOTO OCECHMMETPHYHOTO HAYaJIbHOTO paciipe-
AeneHus temnepatypsl u(r,0) = f(r) B GeckoneuHoM LUIMHApe paxuyca r = a, 6o-
KOBasi TOBEPXHOCTh KOTOPOTO He MPOIYCKAET TEILIO.

=g(r).

=0

=g(r).

14. UwauHzap paaityca a HarpeT 1o TeMnepaTyphi Ty U OXJIaXKAA€TCA ¢ IOBEPXHOCTH Ta-
KMM 06pa3oM, 4TO ee TeMIlepaTypa, HayuHas ¢ MOMeHTa BpeMenH ¢ = 0, moauepxu-
BaeTcs MOCTOSIHHOM H paBHOM Hy/ii0. HaiiTh 3aKoH oXJlaXKAeHHsT IMJIMHAPA, CYUTAS,
YTO pacnpeneeHie TeMiepaTypbl BO BCEX MOMEPEUHbBIX CEUEHIISIX OAUHAKOBO.

15. Haiitu Temnepatypy Kpyrioro 6eCKOHEYHOr0 IMW/IMHAPA PafHyca d IIPU YCl10BU,
YTO Ha €ro [10BEPXIOCTH MPOUCXOIUT KOHBEKTUBHbIi Ter1oo6MeH co cpefol, TeM-
fiepaTypa KOTOpOii paBHa HYJIO, a HaualbHas TemIeparypa pasHa ul_, = f(7),
0 <7 < a. PaccMOTpeTh, B YaCTHOCTH, cayuait, koraa f(7) =U, = const.

16. Luaunap ¢ pamiycoM R ¥ BHICOTOH h MMeeT BO Bce BPEMS OllbITa TEMMepaTypy
HMYKHEro OCHOBaHUS M G0KOBOIT nosepxHocTH, paBHyio 0°C, a TeMniepaTypa Bepx-
HETO OCHOBaHIA eCcTh onpenejeHHas dyHKuus ot . HallTi craumnonapHyo TeMrre-
paTypy BHYTPEHHHX TOYEK LWJIMHApA.

Ykasanue: nia peileHus 3ana4v HeoOXOAHMMO OTBICKAThb Tako# MHTerpan ypaBHe-
nua Jlannaca, xoTophii yaosnersopsn 6ul ycaosusm |, , = O(1), 4|, , =0,
U, =f(r),0<r<Rul, =0
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17. Pemwuts 3agauy 16 B mpeamonoxenuu, uto GoKoBast MOBEPXHOCTb LMJIMHApPA MO~
KPbITa HEIIPOHULIAEMBIM JJISI TEIJIOTHI YEXJIOM.

Yxasanue: Tpertbe M3 MOTPAHWYHBIX YCJIOBMIL, YKa3aHHBIX B 3amave 16, 3aMeHUTb
crenyoumm: — =0
Tir=R
18. Pewnts 3azauy 16 B npearnosokeHny, yto GOKOBAsA MOBEPXHOCTb LIMANMHAPA CBO-
GOIHO OXJTIAXAAETCS B BO3AYX, MMeomui TeMmeparypy 0 °C.
Ykasanue: norpannyHoe ycnosue Ha 60KOBOU 1IOBEPXHOCTH MMEET BUA YCJIOBUI
TpeThero popa — + hu| =0
ar r=R
19. Ilenrp kpyrio# memOpaHsl oTkjaoHeH mpu ¢ = 0 Ha Manyio Beicoty A HavasnbHbie
CKOPOCTH Touek MeMOpaHbl paBHbl HyJ110. Mccaenosarb konebanust MeMOpaHbi,

r’ ) éu
Yxasanue: nayanbHble YCAOBUS UMEIOT BUA Y|, o = h| 1 - — |, —

=0.
a’®) ot

(=0

20. HumuHap, paquyc OCHOBAHUSE KOTOPOro R u BbicoTa /i MMeeT TeMIepatypy oGoHxX
ocHoBaHuil, paBHylo 0°C, a Temneparypa GOKOBOM ITOBEPXHOCTH €CThb HaHHas
dyHkius ot z. HaliTu craloHapHyio TeMIIepaTypy BHYTPEHHUX TOYEK LUJIMHApA.

21. Paznoxurs pynkuuio f(x)Ha unrepsaie (-1, 1) 8 pag Mypbe no nonavHomam Jle-
JKaHZApa, ecu

-1, -1<x <0,

1, O<x<i

f) ={

Mpumepsbl pewieHns TUNOBLIX 3apay
2
Mpumep 1. Paznoxute dyHximo f(x)=1 —;—2 Ha orpe3ke [0,b] B psix mo cobersen-

o,x

HbIM QYHKIMAM ¥, (x) = JO( ], rae o, — n—i 1o BeJuYnHe HyJIb PYHKIMH J,(x).

o,x

Pewenve, OyHkuuu y,(x) = Jo[ j ABNAIOTCA COOCTBEHHBIMY (DYHKIMSAMM Kpae-

Bo# 3azauu (4.51)—(4.52), paccMoTpeHHOH B paszaene «3axada Ultypma—JInysuias,

CBSI3aHHASA ¢ MUIMHAPUYECKUMU QYHKIMAMU». ITH (YHKIMM OPTOrOHAJIBHBI Ha 0T-
pe3ke [0, 5] ¢ BecoM p(x) = x, mpuuemM, Kak Mbl 3HaeM, KBapaT HOPMBI

o,x
Jo| =
b
Haxoaum koadduimeHTs! pa3ioKenns

_ _iz ] a,x
f@)=1-% ZCHJO( b]

2y 2
. 2 anx _é__ 2
—{x]o[ ) ]dx— 5 Ji(a,).

n=1
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b o
€. = g /) Jo[

x
]dx
b* ]t ( X
Vaterpaj, crosiuuii cpasa B nocjeaneit opmyJie, MBI ke BoIMUCAAAU (pa3gen «3a-

Aava o KojaebaHuAx Kpyrioi meM6panbl», bopmyna (4.70) u nanee). Takum o6pasom,
6yneM UMeTh

8
all ()

o,x
oo )

b* "=la’:‘]1(an).

n =

H, CJ1€10BATEABHO,

[TponeMoHCTpHpYeM, Kak 3TOT npuMep pelaerca B Maple. 3agaeM ypaBHEHUE:
> eq:=diff(x*diff(y(x).x).x)+lambda*x*y(x)=0;

d d?
eq = (E y(x)] + X (E y(x)] +Axy(x)=0

HaxoauMm obuiee pelieHne 3Toro ypasHeHUs:

> res:=dsolve(eq.y(x)):
res =y(x)= _CI BesselJ(0, ﬁ x)+ _C2 BesselY(0, ﬁ X)
Tax xak orpaHU4eHHOH B HYJIe SBJSIETCS TOJIbKO pyHKIMsa Beccens nepsoro pona, To
noJjlaraeM B HaiigenHoM peuweHun C2=0

> subs(_C2=0,rhs(res)):
_CI Bessel)(0, ﬁx)

Takum 06pazoM, ypaBHeHUE A7s onpeaeselus coOCTBEHHbIX 3HaueHui OyaeT TakuM

> eql:=%/_Ci=0:
eql = Bessel)(0, ﬁx) =0

HyCTb o, n= 1, 2, ... — IocjaenoBaTe€JabHble IIOJIOXHUTE/AbHBIE KODHU YPaBHEHUA
2

Jo(x) =0, roraa cobcrsennsie 3HayeHus OyayT A, =[ab" ] ,n=1,2,... Takum obpa-

30M, OCHOBHOE YpaBHEHUE AJIS ONPERENeHUsi COOCTBEHHBIX 3HAYeHHI By peT:
> eql:=subs(Tambda*(1/2)*x=alpha.eql).
eql := BesselJ(0,a) =0
Onpenensiem Teneps coOcTBeHHble GYHKINU:

> Yn:=(x.n)->BesselJ(0,alpha[n]*x/b):

o X
=(x, n)—> Bessell} 0, 5
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Caenaem tposepky. I1posepsieM auddepeHMaibHOE ypaBHEHHE:

> yi="y"Yn{x.n):
> s1mplify(subs{lambda=(alphaln]/b)*2.y(x)=%.eq)):

y=y
o, x
BesselJ| 0
essell] 0, b
0=0

[TpoBepsieM rpanHYHOE yCIOBHE:
> subs(alpha=alphal[n]l.eql):simplify(¥Yn(b.n) {%})=0;
BesselJ(0, a0, )= 0

0=0
Bce B mopsinke.

ITpoBepnM OpTOroHaIbHOCTS cobCTBeHHbIX ByHKIMIT Ha oTpeske [0, b] ¢ BecoM p(x) = x:

> assume(n,posint):assume(m,posint):
> IntOcAFYn(x.m)*Yn(x.m), x=0..b):
> intd:=simplify(value(%)):

b

o x o, x
x Bessel]| 0, 5 Bessel]| 0, 5 dx

0

b? (o, Bessell(0, a ) Bessell(1,a )- o, Bessell(1, o ) Bessell(0,a ))

2 2
- +

n—- -~

intJ =

yl’IpOCTHM PE3IYJILTAT € YUYETOM XdPAKTCPUCTHYECCKOI'0 YPABHEHUA:

> el:=subs(alpha=alphaln].eql):
> e2:=subs(alpha=alphalm].eql):simplify(intJ.{el.e2}):

el = Bessell(0, ¢, _)=0
e2 = BesselJ(0,a _)=0
0
BoruncasieM HOpMy cOOGCTBEHHBIX (DYHKLHM:

> Norma:=Int(x*Yn(x.n)*2.x=0..b):
> Norma:=simpiify(value(Norma).{el}):

b

o, x
Norma = | x Bessel]| 0, dx

0

1 2
Norma = 2 b? Bessel)( 1, a )
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[IpucTyIIUM Temnepb K Pas/iokelnio saganio dyukuuu Ha orpeske [0,6]. Onpenenim
dynkumio B Maple:

> fi=x->1-x"2/b*2;

xZ

=x—o1l-—
f=x b2

Boruncanm koaphuitienTsl pa3/ioKeHus:

> Cn:=Int (x*f(x)*Yn(x.n).x=0. .b)/Norma:
b

2 X ’ an~ X
Cn = ol (1 - —,J Besselli 0, dx
b?Bessell(1, 0. ) b* b

n~

[N]

0
> Cn:=simplify(value(Cn). {el});

8
Cn =

Bessell(1, o, ) oc”f

> C:=unapply(Cn.n):
8

C=n— 3
Bessell(l, o )a,_

U, HakoHell, 3anuuweM GOPMYJIy Pa3jioXKeHHs B Blie CyMMbl 1iepBbix N Y/I€HOB PSAR:
> F:=(x,N.alpha)->sum(C{(n)*Yn(x.,n) n=1. N):

N

F:=(x,N,a)—> z C(n) Yn(x, n)

n=1
[IpoBepUM Ha YMCJIEHHOM TIpUMepe IMOJy4YeHHbill pe3ybTaT. BbiunciinM, Harpiumep,
nepBbie AeCATh KopHel ¢ynkuun beccens:

> N:=10:aipha:=array(l..N):
> s:=BesseldZeros(0, 1..N):evalf(s):
> seq(alphal1]=%{i].1=1. .N);assign(%):

o, = 2.404825558 0, = 5.520078110, = 8.653727913, a, = 11.79153444, a, = 14.93091771,
a, = 18.07106397, o, = 21.21163663, 0, = 24.35247153, 0, = 2749347913, a,, = 30.63460647

3agaguM UHTEPBAJ Pa3oXkKeHUs, Harpumep,

> b:=3;

[ToctpouM rpaduxu GyHKUUH:

\

pl:=plot(f(x).x=0..b.color=black.legend="gyHxuna f(x) ):
p2:=plot(F(x.N.alpha).x=0..b.color=black.style=point.
legend=cat( cymma npu N=",convert(N string))):

> plots{display]({pl.p2}):

v

v
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0.81
EI.EJ
0.4

024

0" "5 1 15 2 25 3
X

¢ eooeo cymmanpu N=10
Byrrayun f(x)

Npumep 2. Pewntb ypaBHeHune KosebaHUH KPyTioH MeMOpaHbl
1 0’u 0w 1ou 1 0'u
B R R S
v° ot or ror r° oo
IpH KpaeBOM yCJIoBHM (MeMOpaHa 3aKkpelieHa 1o KOHTYPY)

u|r=b =0

r2
=0

PeweHue. KpaeBbIe U HavYaJbHbIE YCJAOBUSI HE 3aBUCAT OT (¢, MOXHO OXHUIAATb, YTO

W HadaJIbHBIX YCJOBUSAX

ou

= 07 —
ot

Lo

u pelnenue He OGymer 3aBuceTh oT ¢ . [loaToMy Oynem MckaThb pelneHue B BUIE
u(r,t) = R(r)T(t). Oyuxuun R(r) ABASIOTCS NPU ITOM COOCTBEHHBIMU (DYHKLMAMU
KpaeBoO#l 3agauu

2
AR, AR 3R=0, RO)=0(1), R(b)=0.
dr dr

Kakx 6bl10 HalimeHo B 3agaue (4.51)-(4.52), paccMoTpeHHOH B pasmene <«3ajaya
lItypma—JInyBUIS, CBSI3aHHASE € LMIHHAPUYECKUMY (DYHKUMUSAMU>, COOCTBEHHbBIE
3HavYeHus U cobcTBeHHble hyHKIUMK OyayT

2
o a,r
A, =( b") , R,,(r)=jo( b" ), n=1,2,..,

e o, — n-# MOJOXUTEeNbHbIA KOpeHb YypaBHEHU S x)=0.
n 0

r

DOyukius T(t) ynoBieTBOpsieT ypaBHEHUIO

d’T 2
—+ A0 T(t)=0
7 ()

npu A = A_, oblliee pellieHHe KOTOPOTO UMeeT BUI
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T.(t)=A4, cos(al:” t) +B, sin( a;” t).

OueBuaHo, A, =0, Vn, Tak Kak npu ¢ = 0 go/xHO 6bITb u(7,0) = 0. Takum o6paszoM, mo-
JlyyaeM penieHue 3aa4y B BUAE

u(r,t) = iBn sin( ab,,v t)]o(al:r),

n=1

npuyeM Ko3(pPUIIHEHTBI pasioxkeHns BBIYUCSIOTCS 1o opMye (cM. ipumep 1)

b A r? a,r b 8
B = |rl1-— "y = — ————.
[o,r ZJ; b Jo( b ) va, o) (e,)
an JO b

TaxuM 06pazoM, OKOHYATEJIBHO MONyYaeM

wry=2$ 1 sin(ab"v z)Jo[a;’).

4
v oo, Ji(2,)

Npumep 3. B xauecTBe MpuMepa NPUIOKEHUS] TOTHHOMOB JlexxaHApa pacCMOTPUM 3a-
Kauy o KoJebaHusIX OMHOPOAHON CTPYHBI IIHHON [, 3aKpenieHHON OHUM CBOUM KOH-
1(OM Ha HeTIOABHKHON onope M Moryiieil cBO60AHO BpAILATHCS OKOJIO TOYKH onopsi [13,
c. 205 u nanee]. Eciu MBI ipeHebpeskeM CUIION TSIKECTH W CONPOTUBJIEHUEM BO3NyXa,
TO MOJIOKEeHHe PaBHOBECUS CTPYHBI GyIeT H300paxkaTbCsl NPAMOi JMHUeH, Bpallao-
1efiCst B IVIOCKOCTH, MPOXOASAIIEH Yepe3 TOUKY ONOPBI, C MOCTOSAHHOM YIJI0BOiM CKOPO-
crbio o (puc. 4.9).

Puc. 4.9. Bpawawwancs cTpyHa

CrpyHa MOXeT KoJebaTbCst OKOJIO ITOTO TIOJIOKEHUs paBHOBECUS., €C/M OHa GyneT u3
HeTo BbIBeZeHa. IIpu u3ydyeHU! Kone6aHMH MBI MOXEeM OTBJIEYbCS! OT PaBHOMEPHOTO
ABVKeHUS IMHMU paBHOBECHS M PaCcCMaTPUBATh TOJNBKO CMelLieHUs ¥ CTPYHBI OT JIM-
Hun paBHoBecusi. CMelleHye sSBIsieTc GyHKLMEH BpeMeHH [ 1 PaCCTOSHUS OT TOUKM
onops! x: u = u(x,t). [Ipu 3TOM ByneM CUUTATD, YTO U TIEPIEHAUKYJISPHO K IVIOCKOCTH
BpalljeHUst CTpyHbl (rapasesbHo ock 0z).

B ciryyae Bpalnaolieiicst CTpyHbl Mbl IOJIKHBI HAUTH yCKOPEHHUE TOUKH, NIPEACTaB/IeH-
HOEe CyMMOI! IByX BEKTOPOB: OHOTO TIOCTOSIHHOM JUIMHBL X U APYTOro (MeprneHauKy-
JISIPHOTO K X) TlepeMeHHOH AJMHEL 4. O6a 3TH BeKTOpa BPALLRIOTCS € YI/IOBOM CKOpO-
CTBIO . YcKOpeHue Touku 6yner —w’x BA0Jb ock Ox n 8*u/ot? Bronnb ocu Ou. Cuna,
AEACTBYIOIAS HA DIeMEHT AJ/IMHbI dX CTPYHBI Ha PACCTOSHUHU X OT HENOABUKHOI o1o-
phi, paBHa pdx - @’ X, Te p — IJIOTHOCTD CTPYHBL.
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HatsxeHue B Touke x OyaeT ONpeiensThCss CYMMOH CHJ, JeACTBYIOMIKX Ha BCe dJle-
MEHTbI CTPYHBI OT TOYKH X A0 Hapy’KHOTO €€ KoHUa:

! 2
T(x)= Ipmzxdx =—F%(l2 -x%).

OTcioga HeTPyAHO TOAYYHTh M ypaBHeHHe CBOOOAHBIX Kosebanuil Bpamiaiomieics

CTPYHBI, a UMeHHO
2 2 2
dxa—?= PO 2 _XZ)QE _|PY (2 _x2)a_“
o | 2 ax)l |2 ox ||

2
:p_(;)—ili([‘)' _xz)gﬁjldx
ox ox

HJIH
Pu 5 8[,0 a20u] o
S =0t (P -xt) |, 0 = (4.111)
ot ox ox 2
MBI pelliiM [OCTaB/IEHHYIO 33124y O MaJIbiX KOJle0aHUAX BPAlaoLelcst CTPYHBI, eClld
Hailgem pewenve ypaBHeHUs (4.111), ynosieTsopsioliee rpaHHYHOMY yCIOBUIO
u[»\_zo =0 (4.112)
W Haya/bHbIM yCJIOBHAM

= F(x). (4.113)

=0

ou
ull=0 —_—f(X). E

ByzeM 1ickaTh YacTiibie pewenns ypapHenus (4.111) B Buue
w(x,t) = X(x)T(¢).
[MopcraBass nocnentiono Gopmyny B (4.111), imeeM
T -x?)X]
OT X
O60o31auas 06e YaCTH HOC/IEAHEr0 PABEHCTBA Yepe3 —A, MOJIYYHM B2 O0bIKHOBEHHBIX
audgepenialbiblX ypaBHeHUs
[(1* -x)X'] +2X =0, (4.114)
T" + 2T =0. (4.115)
Y0610 nepeiiTn k 6e3paaMephbiM koopauiatam. [Tonaras x = (&, npeobpasyem ypas-
Henue (4.114) x Buny

ey dX ) ax =
d&,[(l 3 )dé}m 0, (4.116)

Ypasretue (4.116) ectb ypaBienne Jlexanapa.

[To ¢u3myecKoMy CMbICAy CMelleHHe CTPyHbi u(X,¢) AOJIKHO OCTaBaTbCs OTPAaHH-
yeHnbiM B uHTepBae [0,/]. Mbi 3HaeM, uTo npu A = n(n+1), rae n — LeJ0€ TI0T0XKH-
TesbHOE YMCTI0, ypaBHeHMe JlexaHnpa (4.116) B untepsane [—1,1] nmeeT pellenne,
orpaHHYeHHOe B TouKax & = +1. DT0 pelenne ecTh noauuom Jlexanapa P (&). Caeno-
BaTeJIbHO, BO3BPAILASACH K NEPEMEHHON X, Mbl MOXEM yTBEPKAATb, YTO
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X(x) = Pn(flj

ecTb pelleHue ypaBHeHHus (4.114), orpaHnyeHHOe B TOUKax X = =/ 1ipu A = n(n+ 1a).
Yaosaersopsist ycnosuio (4.112), nonydum

P (0)=0.
IMocnenHee BO3MOXKHO, Korna n = 2k — 1, e k — Les10€ [T0JI0KUTENbHOE YUCITIO.

TaxuM 06pa3oM, HeTpUBUAIbHbIE pelileHus ypaBHeHust (4.114) npu rpaHUUHbIX yC-
noBusix X(0)=0, X(/)=0(1) BO3MOXHBl JHIIb NpH 3HaueHUSX A, =2k(2k-1),
k=1,2,3,... OTuM cOOCTBEHHBIM YMCIaM COOTBETCTBYIOT COOCTBeHHbIe DYyHKLUU

X,(x) = Py, (ﬂ

KOTOpble 06pa3yloT OPTOTOHANBHYIO crcTeMy (dyHKunit Ha orpeske [0, /].
IIpu A = A, ofuee pelreHue ypaBHeHus (4.115) uMeer BUI

T,(t) = A, cos (\2k 2k — Tyvt) + B, sin(/2k (2k - 1) vt).

TakuM 06pa3oM, COBOKYNMHOCTb YacTHBIX pellleHuil McxomHoro ypaHenus (4.111)
HUMeeT BUX

u,(x,t) = [A, cos (\2k 2k — 1) vt) + B, sin(y2k (2k - 1)vt)| Py (Elj

Kaxcaas M3 9TUX yHKUMI yAoBIeTBOpsieT ypaBHeHUIO (4.111) n rpanuyHOMYy ycJi0-
Bu1o (4.112) npu s10661x A, u B,. L1151 pellleHUst 3a1a4n COCTaBJIsieM PSil

u(x,t) = Z[A cos (/2k (2k — V) vt) + B, sin(yJ2k (2k — 1) vt)] Py, 1( j (4.117)
1 TpebyeM, YTOObI BHIMOJHSUICh Haua bHble ycnoBus (4.113)

u(x,0) = ZA Pz,,,(j f(x), (4.118)
a“(xo) Z,/Zk(zk 1)vB, qu( ) F(x).

llpeanonaras, 4ro psx (4.1 18) cXOmUTCst paBHOMEPHO, Mbl MOKEM OIpelesuTh Ko3d-

(uLnenHTsl pasioxeHust A,, yMHOXHB obe yacTu paseHcTBa (4.118) Ha Pz,,_,(§) U

npounTterpuposas o uxrepsany [0,/]. Toraa, npuiHumast Bo BHUMaHHe OPTOTOHA/Ib-
HOCTb COBCTBEHHbIX (PYHKUUH, MOTyYUM

! ! A, ! 1A
{f(x)Pm (-’;]dx = A,,{Pzi-i (%jdx =5t J Pl (®de =t

Otkyna
4y =2 1Jf( o3 ). (4.119)

AHaJIOTHYHO HalimeM
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4k -1
B .
TR GET If( x) 2,,_( j (4.120)

Takum obpasom, penteHue 3agauy gaercst psaoM (4.117), rae koapduuunents: A, u B,
onpezneasiiorcest popmynamu (4.119) u (4.120).

Ilepenucas pemenne (4.117) B Buge
u(x,t) = iAk sin(y2k 2k - V) vt + 9, )Py, , (flj
k=1 .

MBI BHIMM, YTO Majble KoJeOaHUs Bpailfaioileficst CTPYHBI CIaTaloTCs U3 rapMOHMYe-
ckux kxosiebanuit. Yacrora konebanuil w, k-ro obeprona Bripaxaercst HopMyJIoit

@, =2k 2k -1)v = Jk(2k-1) w.

Orcioaa cneayert, YTo YacTOThl KonebaHuil 3aBUCST OT YII0BOH CKOPOCTH @ M He 3aBH-
CSAT OT JJIMHBL CTPYHBI 1 ee IJIOTHOCTH, NTOKA MVIOTHOCTD ocTosinHa. [Ipu yBennvyenun
JJIMHBI IJIM TJIOTHOCTH YBEJIMYUBAETCS MACcca CTPYHBI, KOTOPas CTPEMUTCS] TOHU3UTh
4acTOTy KoJieDaHWil; IpU 3TOM TaKXKe YBEJHNUUBAETCH HaTSXKeHHE, UTO JOJIKHO BbI-
3BaTh MOBBILIEHHE YaCTOThL. JTH ABa (aKTOpa KOMINEHCUPYIOT APYT ApyTa.

Npumep 4. Mccnenosars ynpyrie nolepeyHsle xonebaHus Kpyraod MIXTHI paanyca a
C 3aKpellJIeHHbIM KpaeM TpHu l'IpOI/IBBO.HbeIX HayaJbHBIX YCJIOBMAX

W, =f(r), - =8

=0

at

Pewenne. 3ajaua CBOIMTCA K UHTEIPUPOBAHUIO ypaBHEHUs! KOJeOanuil IINThl B 110-
JISPHBIX KOOpAHHaTaX

2
16 r,a_ l.a_(r@.) +__1__6_g 0, b=—l—)—,05r<a,t>0,
ror| or|lror\ or bt ot ph

C 3aJaHHBIMH HAaYaJIbHBIMH YCJIOBUSAMHU U C KpaeBbIMHU yCJIOBUSIMHU

ulr=a =0’ E)
{4 P

3I[€Cb D— IMJINHApUYECKad XKECTKOCTb IVIMTBI, p — IJIOTHOCTDb MaTepUasia IJINThI, h—
TOJIMHA NJIMTHI.

Jnst pelileHUst 3a1a44 UCTIOIb3YeM CUCTEMY Maple.
> restart:with(1linalg):

3anaeM ypaBHeHHe MONEPeYHbIX KoaeOaHMil IJIUThL B MOJISPHBIX KOOpAUHATaX

> eq:=collect
> (laplacian(laplacian(u(r.t),[r.phi].coords=polar).
> [r,phil.coords=polar) . r)+diff(u(r.t).t ,t)/b*4=0;

3 2
9 u(r, t)] zu(r,t) 2u(r t) 0 u(r, 1)

4 ( 3 2 ’ 2
eq:=(a u(r, t)) r - o & 2 ~0

ort r? r b?
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3amaeM Haya/bHble ¥ TPAHUYHbBIE YCIOBUA
> init_c:=u(r.0)=f(r).DL21(u) (r.0)=g(r):
init_c¢ =u(r, 0)=f(r), D(u)(r, 0)=g(r)
> bound_c:=ufa.t) = 0.D{11(u)(a.t)=0:
bound ¢ :=u(a,t)=0,D,(u)(a,t)=0
> icl:=rhs(init_c{1]):ic2:=rhs(init_c[2]).dp:=rhs(eq):

icl =1(r)
ic2:=g(r)
dp =0

PaSI[eJISIeM nepeMeHHble B UICXOAHOM ypaBHEHUH

> pde_sol:=pdsolve(eq.u(r.t) . HINT=R(r)*T(t)):
pde_sol .= (u(r,t)=R(r) T(t)) &where

d* d* d
F R(r)) r- [m R(r)) r+ (; R(r))

r}

d 4

ET(t):—T(t)b c
> eql:=op(1l,op(1.0p(2.pde_so01))):
> eq2:=op(2.0p(1,0p(2.pde_so1))):

d’ d? d
5 2(;;110)) rZ—(ER(r)]H(d—rR(r))
eql :=—4R(r)=R(r) R 3
dr

r

- a
,FR(r)=R(r) < -

d2
eq2 :=?T(t) =-T(t) b* _c,

DopmMyaupyeM cooTBeTcTBYIONIYIO 3anaydy IHrypma—Jinysuns
> eql:=subs(_c[1]=1ambda.eql):sl:=R(a)=0:52:=D(R)(a)=0:

d’ d’ d
2 2[?110)) rZ—[ER(r)]r+(d—rR(r'))

eql :=WR(r)=R(r)7»—-

i
sl =R(a)=0
s2 =D(R)(a)=0

Pemaem 5Ty 3anady. CHauana HaxomuM obluee pelienne ypasHenus ltypma—JIny-
BUJLIIS

> assume(lambda>0):resl:=dsolve(eql .R(r)):
resl ==R(r)=_CI Bessel(0, A~"" r)+ _C2 BesselY(0, A~
+ _C4 BesselK(0, A~""" r)

BrifbupaeM orpaHuuyeHHoe B HyJle pellieHHe

(1/4) (1/4)

ry+ _C3 Bessell(0, A~ ' r)

> R:=unapply(subs(_C2=0, C4=0.rhs(resl)).r):
R:=r— CI Bessell(0,A~""" r)+ _C3 Bessell(0, A~""" r)
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DopMupyem cucTeMy NOrPAHUYHBIX YPaBHEHUN U HAXOAUM ee ONpelesuTeNb
> sist:={sl,s2}:
sist = {_CI Besseld(0, A~ a) + C3 Bessell(0, A~
— Cl Bessely(1, A~
> genmatrix(sist.{ C1, _C3}):
“Bessell(1, A~"" a~) A~

(1/4)
a

)=0,

(1/4) (1/4) (1/4)

)a) A~ '+ C3 Bessell(1, A~ a) i 0}

(1/4) \/4y

Bessell( 1, A " a~) 3t
BesselJ(0, A" am ) Bessell( 0, A a~)
> Delta:=det(%):

A = -BesselJ( 1, A

a~) At Bessell( 0, g

~)
(1/4) (1/4)
a

— Bessell(1, =~ a~) a~""" Bessell(0, A~ a~)

ITycTb p, TONOXKHATENbHbIE KOPHHU ypaBHennst A = 0. Haitaem coorseTcTBytomue cob-
CTBeHHble (PYHKIIUH

> sist[1]: C3:=solve(sist{1]._C3):

_Cl Bessell(0, A~'""" a) + _C3 Bessell(0, A~

_Cl Bessell(0, A~'"" a)

Bessell(0, A~ a)

(1/4)
a

)=0

_C3 ==

> simplify(-R(r)):
CI (=Bessel)(0, =" r) Bessell(0, A~ @) + Bessell(0, A~ a) Besseli(0, A~'"" r))

Bessell( 0, i~"" a)
> subs(Tambda™(1/4)=mulk]/a.op(2.%)):

u,r M, r
—Bessell| 0, —— | Bessell(0, p, ) + BesselJ(0, y1, ) Bessell 0, -
a

TakuM 06pazoM, coOCTBeHHbIE (hYHKIHK U COOCTBeHHble 3HaueHus 3axaqu 1ITypma—
JInyBuIs ecTh

> ef:=unapply(-% k.r):ev:=k->(mufk]/a)"4:

M, r B ?
ef:=(k,r)—> Bessel]} 0, e Bessell(0, p, ) — BesselJ(0, p, ) Bessell 0, o

4
Hy
ev:=k—)—4—
a

OnpenesinM HOpMy cOOCTBEHHBIX (BYHKIHIA

> gssume(a>0):
> Norma:=int(r*ef(k.r)*2.r=0..a):

a~
2

Me 7 M v
Norma = r| Bessel)l 0, — ! Bessell(0, p, ) — BesselJ(0, u, ) Besselll 0, — | | dr
aN

0
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K coxaneHuto, Maple He cripaBusicsi ¢ BoIYMC/IEHHeM 3Toro uHTerpana. ITonpoGyem
YIIPOCTUTD HaIllK BhIYKC/IEHNUS. Pazo6beM NoabIHTerpabHyIo QYHKIHUIO Ha OT/Ae bHbIE
caraeMble ¥ MONBITaeMCS BBIYUCJUTD UHTErPajbl OT 3TUX ClaraeMbiX 110 OTA€JIbHO-
cTH. BbinimeM XapakTepUCTHYeCKOe ypaBHeHHe (C ero MOMOLIbI0 Mbi Byaem ynpo-
IATh BHIYUCJIEHUSA)

> subs(lambda*(1/4)=mu[k]/a.Delta):
> ql:=simplify(-%*a/mufk])=0:

Bessel)(1, u, ) i, Bessell(0, u, )  Bessell(1, u, ) 1, BesselJ(0, p,)

a~ a~

g/ = Bessell(1, p, ) Bessell(0, w, ) + Bessell(1, u,) BesselJ(0, n,)=0
PackpbiBaeM Tenepb BBIpaXKEHUE JUISL KBaApaTa COOCTBEHHOM (yHKLIUH

> z:=expand(ef(k.r)*2):

2
BT 2 Bt W, r
z := Bessell| 0, o Bessell(0, u, ) — 2 Bessel]| 0, g Bessell(0, 1, ) Bessell(0, ) Besselll 0, s
2 wr
+ Bessell(0, 11, ) Bessell| 0, -a——

Boruncasiem HHTErpajbl OT MOJYyUY€HHDIX TPEX cJjaraeMbix 1o OTAeJbHOCTH

> Nl:=int(r*op(l.z).r=0..2):
> N2:=int(r*op(2.z).r=0..3):
> N3:=int(r*op(3,z).r=0..a):

1 a~? Bessell(0, K, )2 (ﬁ pkz BesselJ( 0, pk)2 + ﬁ pkz Bessell( 1, pk-)z)

NI=3 sz =
N2:=]| -2r Bessel]{o, %) Bessell(0, p, ) Bessell(0, p, ) BesselI[O, %"}) dr
0
%1 a~? Bessell( 0, pk)z (J/n u, Bessell(0, pk)z -4/ p, Besseli(1, pk)z 15
N3 =

e

BTopoit uHTErpas onsThb He YAaJ0Ch BBIYMCAUTD. Y IPOCTUM TIOJIyYeHHble HHTerpaibl
¢ y4eTOM XapaKTepUCTHYECKOro ypaBHEHUS

> N1:=simplify(N1,{ql}):
1
2
> N3:=simp1ify(N3.{ql}):

1
NI = = Bessell(0, 1, )" a~? Besseli(0, )" + 5 a~* Bessell(1, u, )’ Bessell(0, 1, )"

1 1
N3 1= 3 Bessell(0, y, )’ a~? Bessell(0, 1, )"~ >~ Bessell(1, p, )” Bessell(0, )’

> simplify(N1+N3.{ql}):
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Bessell(0, p, )2 a~* BesselJ(0, p, )2

> N2:=simplify(N2/Bessell(0.mufk])/Bessel(0.mulk])/2):

a~

ur u,r
N2 =~ r Bessel O’a— Bessel O’T dr

0

Bropoii uHTerpan no-npexHeMy Hen3secTeH. MOXHO [I0OKa3aTh, YTO 3TOT HHTETPA]
6ynet paseH Hy/o. Takum 06pa3soM, HOpMa OIpenesteTcsl Mo GopMyie
> Norma:=simplify(N1+N3.{ql}):
Norma := Bessell( 0, pk)2 a~* BesselJ( 0, pk)2
PelraeM Tenepb BTOpOe ypaBHeHue

> subs(_c{11=1ambda.eq2):

d2
— T(t)y=-T(t) b* A~
e (1) (1)

v

res2:=dsoive(%.T(t));
res2 :=T(t)=_ClI sin(y A~ b2t) + _C2 cos(4f A~ b21)
> T:=unapply(
> subs(lambda*(1/2)=(mufk]/a)*2.
_C1=C1(k)._C2=C2(k).rhs(res2)) .k.t):

pkzbzt u:bzt
T:=(k,t)—> Cl(k)sin + C2(k) cos 5

v

TaxuM 06pa3oM, peliieHye Hallleil 331241 CTPOUM B BUE psila

> spr:=Sum(T(k.t)*ef(k,r).k=1..infinity):

2 2
= b*t b*t
spr= Y, (Cl(k) sin[ & 5 ] + C2(k) cos[ M > ]]

k=1 ~ ~

T B r
—Bessell| 0, e Bessell(0, y1, ) + BesselJ(0, p, ) Bessell) 0, o

Jas onpenenenust ko3 PHUMEHTOB PasToKeHUs MBI UMeeM 3a1a4y

> el:=value(subs(t=0,spr))=icl:

< e r B 7
el = Z C2(k)| —Bessell| 0, o Bessell(0, |1, ) + Bessel3(0, p, ) Besselll 0, 1= f(r)

k=1

> diff(spr.t):e2:=value(subs(t=0.%))=ic2;

2 P P'/‘ r “k r
» Cl(k)u, b?|-Besselll 0, —— | Bessell(0, yt, ) + Besseld(0, p, ) Bessell) O,
k a~ & k a

e2 = Z -

k=1 a~

=g(r)

Ortkyna HaXO0MHM
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> (2:=unapply(int(icl*r*ef(k.r).r=0..a)/Norma.k).
1
a~* Bessell(0, 11, ) Bessell(0, 1,)’

C2=k—

a~

u,r s
f(r) r| —Bessel] 0, o Bessell( 0, pt, ) + Bessell(0, p, ) Bessell| 0, dr
~ a~

0

> Cl:=unapply(
> int(ic2*r*ef(k.r).r=0..a)*a*2/b*2/mulk]*2/Norma. k):

1
b*p,” Bessell(0, 1, )’ Bessell(0, )’

Cl=k—

a~

M ¥ e ¥
g(r) r|{ —Bessell| 0, —— | Bessell(0, p, ) + BesselJ(0, p, ) Bessell| 0, dr
a~ a~
[i]

OxoHuaTebHO oJIydaeM

. [uf bzf}
w sin 2
sol = Z a

{1 b? " Bessell(0, ;)" Bessell(0, )’

> 50l =spr;

a~

(T Bt
g(r) r| -Bessell] 0, — | Bessell(0, 1, ) + Bessell(0, p, ) Bessell 0, - dr+
a~ ~

pkz b*t
cos >
a~

a~* Bessell( 0, H, )2 BesselJ(0, p, )2

a~

T TH
f(r)r [—Bessel!(o, _i~j Bessell(0, p, ) + BesselJ(0, ) BesselI[O, —;—D dr
a~ ~

He ! wr
—Bessell| 0, e Bessell(0, u, ) + Bessell(0, p, ) Bessell| 0, p

HTtak, pellerHye Halled 3afaytl UMeeT BUIL

_te R.C n, bt
RN T ){OS{ % ]jrf(r)R“ e
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at . (uib’t) ¢
+—2b_28m[ua2 Irg(r)R“n(r)a’r ,

n 0

Rn,.(r) =Ip(u, )Jo[pnrJ_Jo(Hn )IO(P«,,T)’

a a

rjae p, — HOJIOXKHUTEJbHbIE KODHU YpaBHEHUS

L]+ J )l w)=0.

TTokaxeM Tenepp, Kak MOXKHO HallTH HopMy cobCTBeHHBIX GYHKUUN. 3HaueHNe HHTe-
rpaia

a

J'er” (r)dr

0
MOKeT ObITh Hal/[eHO U3 COOTHOILIEHUS

a s [(a?R Y d d
J'rR: (rydr =% R,| R, dj1d r—R“" -
. 4 dr? dr dr|\rdrl dr

1 dRPn d2'Rlln dRPn d3R“n
n, dr dr? dr dr’

x

a

KOTOPO€ IPUHUMAET BUL
2
a [ dzR“
2 _a _ 272 2
[rRS (rydr == — | =a ) Tolky).
0 r
YkasaHHOe COOTHOIIeHHEe MOoXKeT ObiTh IOJy4yeHO C HCIOJb30BAaHMEM YPaBHEHUS,
KOTOPOMY Y/OBJETBOPSIOT (YHKLMM, TOYHO Tak e, kak Oblra moiyyeHa ¢opMyna
(4.65). Yurareno Mpl IPelOCTaBJISAEM BO3MOXHOCTb IpojesaTb BCe HeobxoaMele
BLIKJAAKH camocToATeabHo. OTMETHM, 4TO, HAllpUMep, B CUCTeMe aHaJIWTUYeCKUX
BbIuncJennit Mathematica 4 HopMa HawuXx coOCTBEHHBIX DYHKLHM BBIYUCIAETCS.



5 HeopHopopagHbie 3apa4n
MaremMmarnyeckom epusnku

Jlo cux Top MBI pacCMaTpPUBAIHU 001:0po0itbie 3adaui MaTeMaTUIeCKo# (DU3HKHU C pa3-
NeTIAMUMUCA TlepeMeHHbIMU: OCHOBHOE pa3peliaioiee ypaBHeHHe 3agadu U 00s3a-
TeBHO AOTIONMHUTE bHBIE YCIOBUS (HauyaibHble MM TPaHUUHBIE YCJIOBUS) IO OAHOM
13 NlepeMeHHBIX OBLIU OLHOPOLHBIMU.

B 3Tolt rJiaBe Mbl IPUCTYIIaeM K M3yYeHUIO METOMOB pelleHUss HeoOHopodHbix 3aday
MaTeMaTuuecKod pU3UKU ¢ pasneasomuMucs repeMeHHbIMU.

HeopHopoxHble 3agaud XapaKTepHbl TeM, YTO OHH OIMUCBHIBAIOTCA HEOJHOPONHBIM
ypaBHEHHEM U HEONHOPOAHBIMU AOIOJIHUTENbHBIMU YCIOBUAMU — IPaHUUHBIMH HJIU
HaYaIbHBIMU YCJIOBUSIMU. JTO O3HayaeT, YTO TIPaBbie YaCTU YpPaBHEHUI — He HyJH,
a 3a7aHHble GYHKUUU. JleBble YacTU ypaBHEHUH COXpaHSAIOT CTPYKTYPY OAHOPOAHON
sagaud. ScHo, yTo K TakuMm 3agavuam MeTon Dypbe pasneneHus nepeMeHHBIX HENPU-
MEHUM.

IIJIE[ peuleinss HeOAHOPOAHDBIX 3aAaY CJYXKAT ABa METoda:

O MeTon MpuBeleHUs] K ONHOPOAHOI! 3afaye;
QO Mmerton punbepra, uiu MeTon KOHEYHbIX UHTErPANbHBIX MpeobpasoBaHuil.

MeToa npuBeaeHNs K OOHOPOAHON 3agauve

PaccMoTpuM rpuMeHeHde MeTO/la IIPUBeAEHUS] K OJHOPOLHOMN 3amaye Ha IpUMepax.
CymHOCTb MeTOfa 3aKJI0YaeTCsi B TOM, YTO UCKoMasi (yHKIUS NIPeACTABJIAETCA B
BUJle CYMMBI ABYX QYHKUUM 4 =1, +u,, IpUYeM ofiHa U3 HUX MOoAOUpaeTCs TakK, YTO-
6bl ypaBHeHUe LA He U rPaHUYHbIE yCIOBUS 110 OAHON U3 IepeMeHHbIX ObLIN OfHO-
POOHBIMU. DTOT MeToA TpebyeT MpuUMeHeHUs] UCKYCCTBEHHBIX fpuemMoB. Ero ueseco-
06pa3to MCIOJIb30BaTh B IIPOCTHIX CJIy4asX, KOUAa JIerKo ObIBaeT BbIAEIUTDb YacTHOe
pellieHHe. :
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5. HeogHOpPOAHbIE 3aa4 MaTeMaTUIeCKon GU3nku

3apava o pacnpegeneHuu Temneparypbl
B OeCKOHe4YHOM nnacTtuHe

PacecMoTpuM 6ecKOHEUHYIO 0 KOOPAWHATAM i W Z IIACTHHY TOJILIMHBE @ (puc. 5.1).

A

7

Puc. 5.1. 3apaja 0 pacnpegensHun TeMnepaTypb! B NNacTuHe

v
"

I[lycTh 3amaHo HaYaIbHOE pacipefielieHie TEMIIePATyphl; OJiHA CTeHKa MaacTUHbI X =0
HOAiePKUBAETCA IPH MOCTOSIHHOM TeMiepaType T, Apyrasi x = @ — IIpU HyJIeBOH TeM-
nepatype. Tpebyercss HaliTu 3aKoH pacipe/esiedus TeMOepaTyphl B IJIaCTHHE.

MaremaTtiueckass HOpMyJIUPOBKa 3afadu:

a—T—Q—O O<x<a T—E >0, (5.1)
a? ot cp

Tlewo=Tp Tl.eu =0, (5.2)

T|co = 0(%). (5.3)

ByngeM uckath pemtende 3anaiu (5.1)-(5.3) B suzge
T =T (x)+T,(x1).

Oynxuuio T, (x) BoibupaeM Tak, 4ToObl OHa YAOBJIETBOpA/IA ypaBHeHUIO (9.1) W Tpa-
HUUHBIM ycao0BusaM (5.2). Torma 6yleM uMeThb CAeAYOLIYIO 3aAady [Jis OlpeAeseHus
dynkmuu T, (x):

o,
21 =0’Tl|x=0=T0’Tl‘x:a=0' (54)

Pentenuem 3aga4u (5.4), odesunto, 6yaet GyHKus

T1(x)=T0(1—£].
a

KOTOpasi OMUCHIBaeT CTallMOHapHOe paciipeneiieHue TeMuepatypbl. (IIposepbre!)
Jins onpenenenust dynkuuu T, (x, 1) GyaeM uMeThb CIeAYIOLLYI0 0010pOdHYI0 3a/@1y:
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0'T, 0T,
P =Ov 55
ox? o (5-9)
Tlieo=0 Tl . =0, (5.6)
Tylico = 0(x) =T, (x). (5.7)

3neck (x)-T (x)=o(x)-T, (1 - f] — sanannast gynxiusa. 3anaya (5.5)—(5.7) mo-
a

xeT 6piTh petitetia metopom Pypre pasmesnenus: epeMeHHBIX.

3apauya o HarpeBaHUM 6ECKOHEe4YHOro uMNuMHApa

Yepea nuannap (pHc. 5.2) MPONYCKAETCH JEKTPUUECKHI TOK, KOTOPbIii BbiAE/sCT
Tensao 1naoTiocTeio Q = const. TeMneparypa Ha MOBEDXHOCTH LIMJKHAPA NOALEPKU-
BaeTCs paBHOI Hysmo. Tpebyercs HaiiTH 3aKOH pacnpeaeNeHls TeMIepaTypbl B IH-
JUHApeE.

Ya

Puc. 5.2. 3apa4a 0 HarpesaHnm umamHapa

Matemarnueckast (POPMYJIUPOBKa 3alayM.

lg(rﬂj—ﬂ:—g. 0<r<a 1>0, (5.8)
For\ or ot k

T|l'4>0 = 0(1)' Tlr:u :0‘ (59)

T] o = 0(7). (5.10)

3nech @(r) — 3a7aHHoe HavalibHOE pacnpesesiene TeEMIepaTypsl.
Hiuem pewsensne 3agauir (5.8)-(5.10) B Buge

T=T,(r)+T,(r 1)
rae 1, (r) — cTallHoHApHOE paclpejeieHie TeMIeparyphbl.

Tpebyem, utobbl dyukius 1) (#) yA0BJIETBOPSAIA yPABIEHUIO (5.8) H MPAIIYIIBIM YCIIO-
susim (5.9). Toraa st onpenesenust 1, (r) nojyyaem ¢Jieylomyio 3ajgauy:

19,90 2
ror\ or b’
T,|, ,, —orpaniuena, T, |,.,=0.
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Orkyna Haxoaum (niposepbTe!)

2 2
=24
4k a’

Hns dyrkunu T, (7, 1) OyseM UMETD ClenyOnlyo o0nopoduyio 3agauy:

19 r@ —ﬂz——,0<r<a, >0, (GAN))

ror\_ or ot k
T,|, ,,— orpanunuena, T,| _, =0, (5.12)
Tyl oo = 0(r) =T, (7). (5.13)

2 2
Oynxima o(r)-T, (1) = o(r)— Qlje [1 —r—zj 3aflaHa.
a

Banaua (5.11)-(5.13) moxeT 6biTh pemera merogom Mypse.

3ajaya 0 BbIHYXAEHHbIX Kone6aHuax Kpyrnom MmeMmopaHsbi

Mewmbpana 3akperisieHa 110 KOHTYPY ¥ KojieGJIeTCs TOA AeHCTBUEM OCeCUMMeTpUYHOM
Harpysku {prc. 5.3)

g = q(r)sin(wt).

Tpebyerest veTanoBHTb 3aKOH BHIHYKAEHHBIX KosebaHuit MeMOpaHbl.

Puc. 5.3. Konebanuns kpyrnoit membpaHbt

Marenmaritueckast 110CTaHOBKA 3a/{auu: Hal i (DYHKIMIO u(7, t), YAOBAETBOPAIOLIYIO YPaB-
leno Kosebaumi

2
1ﬁ(rauj—i—a—u:——q—(Qsin((ot), O<r<a t>0 v* =2, (5.14)
p

ror\" or) o* ot T,
rie T, — HaTsKeHile,p — NJIOTHOCTb MEMOPaHBI; U JOMOJHUTETbHBIM YCIOBUAM
u|,_,,— orpanuuena,ul,_, =0, (5.15)
ou
U, o =0(r), —| =wy(@), (5.16)
6[ =0

rie @(r), w(r) — 3anainbie (PyHKIHU (HaUaTbHOE CMelLleHHe U CKOPOCTb).
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Bynem uckath peuretvie 3afiauu (3.14)—~(5.16) B dbopMe u =u, +u,, raeu, = A(r)sin(wt),
u, =u,(r,t). OyHuxuus u, — ycTaHOBUBILINeCS rapMoHudeckue kosebanus. Tpebyem,
yTobbl GyHKUMSA 4, ymosjerBopsaia ypasHeHuwo (5.14). Torma ans ompenenenus
byHxunuu A(r) nosyyaeM cieayiouiee ypasHeHHe:

li(rdA—(r)) + m_ZA(r) = _M.

rdr dr v? 5

KpoMe Toro, B COOTBETCTBUM C YCAOBHAMU (5.15) AO/KHBI BBHIIOJHATHCS JIOMOJHM)-
TeJIbHbIE YCJIOBUSA

AIr—»() = 0(1), Alr:a =0.

st pyHKuMY u, =u,(r,t) 00nopoonas 3ajaya uMeeT BUI

1o ou,) 1 %,
St P 2 P =0, 517
rar[ ar] v? ot? ©17)
u2|r—>0=0(1)' u2|r=a=0! (518)
Uylpeo = @(r) = A(r)sin(wt)] .o = @(7), (5.19)
Ou, ou,
e B, St — WA(T). 5.20
ot | w(r) o, y(r) — 0A(r) (5.20)

3amaua (5.17)-(5.20) Moxer 6biTh pemera MetogoM Dypoe.

3apaua Aupuxne ana NPSMOYronbHUKa

TpebyeTcst pewuts clepyouyo 3agady Jupuxie 1 ypastenus Jlamnaca B npsmo-
YTOJIbHUKE
2 2
?—%+2—Z=O, O<x<a O<y<b,
Ox Oy
u|x=0 = fo(y)' u‘x:a = fn(y)’

u|y=0 =@y (x), uly:b =@, (x).
I/III_[CM peureHue 3alda4u B BUAE U =u, +U,, rae u, — pelueHue 3alain
Aul =O’ u1|x=0 =O! u1|x=a =O' ully=0 = (p0(x)' ully:h = (pb(x)! (521)
a u2 — peuledue 3agavyu

Duy =0, uyl,.o = fo(¥), Uyl oo = fo(¥), u2ly=0:0’ u‘2|y=b=O' (5.22)

3anauu (5.21) u (5.22) — onHopoanbie. VX peuterust MOryT 6biTh Halinenbl METOAOM
MDypoe.

OrpaHu4uMCs pacCMOTpeHHbIMH MpuUMepaMu. HacTosiTesqbHO peKoMeHAyeM YuTate-
JI0 B KauyeCTBe yHpaXHeHUH pelIuTb IOoJyueHHbie B 3TUX IIPUMEDPAX OAHOPOAHBIE
sagauu MetofioM Dypbe U TeM CaMbIM JOBECTH JO KOHIA pelieHue chOpMyIHpoBail-
HBIX paHee 3aJaYy.
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MeTopn Mpuubepra

Merton I'pusnbepra, Uy MeTOA KOHEYHBIX UHTETPATbHBIX MpeobpasoBatiil, ABjseTcs
obobmennem Merona Dypbe Ha cIyyail HEOXHOPOXHOTO YpaBHEHUS] U HEOJHOPOJHBIX
TPaHUYHBIX YCJIOBUIL.

W3noxuM uneio MeToga Ha mpuMepe ciaeaymoiel 3agauu: Hailtu pyHruuo u = u(x,y )
YAOBJIETBOPAIOIIYIO CIAEAYIOUIUM YCJIOBHSIM.,

QyHKuus # = u(x,y ) yIOBIETBOPSET HEONHOPOAHOMY AUddepeHIMaNnbHOMY ypaBHe-
HUIO B YaCTHBIX IIPOU3BOAHBIX:

L w)+M,(u)y=F(xy), a<x <b, c<y<d, (5.23)

rae L, u M, — suneitdble puddepeHuaibibie ONEpaTopbl

L )= r(I )[ [p( )—j q(x)u],

M, () =A<y>2yi§ +B<y>%”+6<y>u.

WnTepsan (g, b) cuutaeM KoHeuHbIM; dyHKIMU p(X), p' (1), g(x),7(x) HellpepbIBHBI B
unrtepBaie [a b), npuueM p(x) >0, r(x) > 0. Unrepsan (¢, d) MoxeT 6bITh KOHEUHBIM
1 GeCKOHEUHBIM.

Kpome Toro, pyHkuus ¥ =u(x,y) yaoBaeTsopseT o NepeMeHHO! X YCI0BUAM OJHOrO
U3 CAEAYIOUKUX TUIOB:

U, =t dl,, = F@) (5.24-1)
% =fa(y): u = (¥, (5.24-11)
X lx=a ax x=b
—hl, o= fa@), +hbulx b= fo(y) (5.24-11I)

Hanee BrINOTHAIOTCA HEKOTOPBIE YCIOBUS IO ITIepeMeHHOM ¥ — Takue JKe, KaK MbI pac-
cMaTpuBanu mpu usydeHuu Meroma Dypre. Hampumep, ecniu A >0, To ypasHenue
(5.23) — a1IMATHYECKOTO TUIIA M CTABUTCSA OLHO U3 YCIOBHH IEPBOrO, BTOPOro WM
TPETbero poja, TO €CTh \

u|y=c =0, (X) Uy = 94 (%), (5.25-1)

] ¢ (%), LI - @q(x), (5.25-11)
Yy 6!/ yud

6y ~ha,..=0.(y), % Py hatlya = 04 ). (5.25-111)

Ecmn A <0, To Tun ypassenus (5.23) — runepbonudeckuil; Torga y € (¢, +) u cTa-
BSITCSL YCJIOBUS

=y(x) (5.26)

y=c

ou
u,_.= X)), —
lyee = 0(x) o
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ecin A =0, To Tun ypapHenus (5.23) — napabonuueckui; y e (¢,+©) U CTABUTCA
yCIOBHE ,

.. =9 (x). (5.27)

PaccmoTpuM cieayiotyto sagady Itypma—JInyBusis, cesi3aHHyIO ¢ HaluleH 3agauei:
HalTH HeTPHBUAJbHBIE DElIEHHS yDaBHEHHUs

L (X(x))+2X(x)=0, a<x <b,

yIOBJIETBOPSIIOIHE OXHOPOAHBIM YCIOBUSAM HepBOro, BTOPOrO UJIM TPETbEro posa.
Wnu, B sBHOM BUe, HAUTH HETPHBHAJbHBIE DElIeHHS YPaBHeHHUs

PXY +(Ar-q¢)X =0, (5.28)
MOA4UHSIOLMECS] TPAHUYHBIM YCIOBUAM

‘X'l.tr:a =0’ X1.r=b =0

aubo
ax
ox

X
" ox

=0,

x=b

160
X _hxl._. =0, Z.inx,,=o.
ox ox

Ilpu cremaHHBIX TPEANONOXKEHUsIX 5Ta 3aja4a PeryyspHa U UMeeT AUCKPETHbIH
CIIeKTp cO6GCTBeHHBbIX 3HaueHuit A = A, n =12 3... [lycts X = X, (x) — cobcTerHbie
byHKuMu 3TOH 3ama4H.

Ccopinasich Ha 001nyr0 TeopHio peryisipHoit 3amauu IITypma—JInyBuiis, MOXHO 3a-
KJIHOYHTB, 4TO

X, @), m=m

1 TIPOM3BOJIbHYI0 QYHKLMIO MOXHO Da3/OXUTh B Pl 10 COOGCTBEHHBIM QyHKUUAM
ITOH 3a7auH.

a

fr(x)X,,(x)Xm(x)dx={0 m#n,

Wnes metona Ipunbepra 3ak/odaeTcs: B TOM, 4TOObI UCKATh peliexHe 3agayu (5.23)—
(5.27) B Buze pssa

b ¢
[ r@)u(xy)X, (x)dx

u(x,y)=icn(y)xn(x) C,(y)="= u,(y)

xX.@ X

[ToxaxeM, YTO MCXOAS M3 IePBOHAYANbHBIX YPAaBHEHMH 3aJa4yM, MOXHO MOJYYUThH
ypaBHeHus 17151 yHKIHMHU U, (¢ ) (3Ta QYHKLHS HHOTA HA3BIBAETCS Mpanchopmanmou
ot dyrkuuu u(x,y)). Ins Toro 4To6bI MOKA3aTh 3T0, YMHOXaeM ypaBHeHHe (5.23) Ha
r(x)X,(x)u unterpupyeM 1o uxtepsany {a,b]. loayuum

bola( ou ¢
J'Xn[—a;(pa)—qu}dx + [ M, @)r(x)X,(x)dx =
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b
= [ Fx,y)r(x) X, (x)dx. (5.29)
ITepsbiit uHTErpas cieBa peobpasyeM M0 YaCTAM
b r=b
0 ou Ou ou
X |=—|lp—|ldx =X, p— -lp—X,dx=
!,. "[ax(p axﬂ o vea ,,pax !

x=b

ou
=X p&
"pax

b
- pXulih +[u(pX, ) dx.

i=qa

Teneps Bmecto gopmynsr (5.29) Oyaem uMeTh

x=b b
p| X, QX [l ) —qX, Ja +
t=a 4 A X,

+My[ernu dx) =JéF(x,y)rX,, dx.

a
=Fy(y)

C yuetom ypasHesus (5.28)
(pX:r )I _an = -}"ann
1t 0603HaAUEH S
b
[F(x.y)r(x)X, (x)dx = F,(y)

HoJlyyaeM ypaBHeHHe /I TpaHCPOPMaHThi ¢, (i)

M, (u,)-2u, =F,,(y)—p[X,, %E—X:,u}
: x

r=b

(5.30)

X=a

Ypasuenue (5.30) — obbikHOBeHHOE AuddepeHHaIbHOEe YpaBHEHNE OTHOCUTEIBHO
tpancdopmantst 4, (y ). 3nech F, (y ) — ussectHas pyHKnud. [lokaxeM, uto dyHKUYSA

x=b
g.(y)= —p{Xn u —X;u]
ox

— TOXE€ U3BECTHas (pyHKIHUS.

st yenosuit nepsoro popa 6yneM umethb
g.(¥)=pb)X,(b)f,(y)-p(a)X,(a)f,(y)

— U3BeCTHas (ByHKLUS;

IJiA yCIOBUH BTOpOTO poja

£.()=-p(0)X,(0) /y(y)+ p(&) X, (a) [, (¥)

— H3BeCTHasT QyHKIUS,;

IJ1st YCIOBHI TPeThero poja

g.(y) = —p(b){xnw)‘f—”
ox

_X;J(b)u|x=bJ +

x=b
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+p(a)[X,,<a>g—“ —X:,<a>u|,.=a} -

Xlxea

- —p(b)&(b)[@ + h,,u} + p(a)XAa)[ﬁ‘i - hnu} -
ox veb ox iea

=-p(b)X,(b)f,(y) + p(@)X,(a)f, ()
— u3BecTHasA QYHKLMSL.

Yenosus (5.25-1), (5.25-11), (5.25-111) MoxHO TpaHCHOPMUPOBATH AHAIOTHIHBIM 06-
pasom. Hanpumep, ans ycnosuii (5.25-1) 6yaeM umersb

b
. =[0. )@ X, (x)dx =g,

b
un‘y=d =J‘(‘Pd(x)r(x)'Xn(x)dx=(‘Pdn' (531)

Takum o6pasom, pemns 3anaqy (5.30),(5.31), naitnem pysxuuou, (y).
OKoHyaTebHO I0JIy4aeM pelleHHe Halllel 3ajayy B BUIE Psja:
. iun(y)X;(x)_
X

Bce ckasantoe paHee IIepeHOCHTCS Ha cJIydail yCJOBUH 4eTBEPTOro poaa, a TakxXe Ha
c/y4ail CHHTYJISIPHOH 3a[1a4H, €CJIN €€ CIIeKTDP AUCKPETHbIA.

(5.32)

KpaTkas cxema pelueHus 3apgaum metonom MpuHbepra

[IpuBesieM KpaTKylo cXeMy, KOTOPOH C/e[lyeT NPUAEPKUBATLCS NTPU PELIEHNH 3az1ad

MaTeMaTH4ecKoi pusuku Metonom [punbepra.

1. Iocrasuts 3anauy 1lITypMa—JInyBrIUIS, CBA3aHHYIO C paccMaTpuBaeMoi 3azadeti,
1 HaliTH chcTeMy COOCTBEHHBIX 3HayeHMil M cOOCTBEHHBIX PYHKIMHA.

2. TpascdOpMHPOBATh UCXOAHOE YPABHEHHE B YACTHBIX TPOU3BOHDBIX B 0ObIKHOBEH-
Hoe audPpepeHHaibHOe YpaBHeHHe AJIs1 TpaHCcPopManThi i, ().

3. Ilpeobpa3oBaTh rpaHUYHbIE YCIOBHs 110 BTOPOH I€PEMEHHOW B yCI0BUsL ANIA
TpaHcopManTeI U, (¥ ).

4. Haittu TpatcdopMaHTy U, (¥ ) ¥ MOMYYUTh PelleHHe UCXOAHOM 3a1a4H B BUje pa3-
JIoXeHUs 1o cobcTBenHbIM GynkuusaM 3agayn Htypma—Jluysuiis.

5. PaccMOTpeThb BOIPOC O CXOAMMOCTH MOJIyYeHHOro JopMajibHOro psila M B ciyyae
HeoOX0MMOCTH YIyYIIUTD €e.

Cesi3b meropa N'puHbGepra c meropom dPypue

JlonycTim, 4To B paccMatpuBaemoit axave F(x,y) =0; f,(y) = f,(y) =0, To ecTb 3a11a-
ya siBIsieTcst ogHopoaHoil. Toraa, ouesuao, F,(y) =0; g,(y) =0. Ypasrenue (5.30)
IPUHUMAET BUJL

M,(u,)-*,u, =0.
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[locneatee ypaBHenve coBriafaer ¢ ypaBHenyeM (3.79). Takum obpasoM, B aToM ciiydae
bynxius u, () coorBetcTByeT QyHKUMU Y, (), PACCMOTPERHOM NPU UBTOXKEHUU Me-
toga Mypoe (pasnen «O6iee uznoxenune Meroaa Oypee 1A ciryyas JBYX HE3aBUCH-
MBIX TIepeEMeHHbIX» ), U psia (5.32) coBrnajaeT ¢ pa3JjioKeHUEM, IOJIyYEHHBIM METOLOM
Dypoe.

TakuM 06pa3oM, ecTd 3aa4ya OAHOPOHASL, TO OHA MOXeET ObiTh PellleHa KaK METO/IoM
®dypoe, Tak u Meroaom 'punbepra, npuyem npumesenne Merona I'punbepra mpuso-
IMT K COBEpLIEHHO TAKHM K€ Pe3ysbTaTaM, 4To U npuMenenne merona Mypre. Ecim
e 3a7a4a HeogHOpoAHasA, To MeTod Dypbe HENPUMEHUM.

3ameuyaHnsa 0 CXOAUMOCTU PAAOB,
nony4eHHbIX METOAOM FpunGepra

f

PaCCManHBaeTCﬂ KpaeBasi 3aJa4a L7151 ypaBHEHUA
L (u)+M,(u)=F(xy), a<x<b c<y<d
PeanusyeTcsi 01HO U3 YCJIOBUIL:

U, =fu) W,..=f.(¥)

ambo
ou

o =./;(y)v

- ou
_'/;(y)'a

x=a x=h

nubo
0
P hd]yoa = fu @) 2t bl = [
ox
ByaeM HCKaTb pemeﬂne B B¢
u= C,(X, ) (5.33)
n=1

rae X, (x) — cobcTBenHble (HyHKIMY, TOTyYeHHbIe U3 PELIeHHs] COOTBETCTBYIONIEH 3a-
nauu HItypma—JIuyBuinsa Ala ypaBHEHUS

L(X)y+xX=0

IIPH COOTBETCTBYIOIUX OIHOPOLHDBIX YCJ0BMAX NE€PBOTO, BTOPOTO HJIH TPETbEro poza.

PaccMotpuM cxoauMmocTs psja (5.33). YrBepxaaercs, uyTo psia (5.33) He cxomuTcs
PaBHOMEPHO BO BceM 3aMKHYTOM unTepsate [4,b]. Ecov f,(y) # 0, f,(y) # 0 (oana n3
HUX 1M 06€), TO UMeEeT MECTO HepaBHOMEPHAs CXOAMMOCTD PsJa.

JleiicTBUTENbHO, AONyCcTUM, psiA (5.33) CXOAUTCS BIUIOTH 10 TOYKU X = a. Toraa
lim u = hmZC WX, (x)= ZC W)X, (a)=0.
r—a 4 p=1 n=1
Ho 310 HeBo3MOXHO, Tak Kak f,(y) # 0 a1 [a b). [l (a,b]
hm u= hmZC W)X, (x)= ZC"(y)X(b) 0.
n=1

[lociieaHee TakKe HeBO3MOXKHO, TaK Kak f,(y) # 0 nus (a, b).
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TaxuMm 06pa3oM, ecM TPaAHNYHbIE YCIOBHS HEOAHOPOAHBI, TO UMEET MECTO HEPaBHO-
MepHasi cxoguMocTb psiaa (5.33).

VCTOYHUMKOM MJIOXO0M CXOAMMOCTH PANOB SBJISETCS TONBITKA Pas/NokeHUus (PyHKINH,
KOTOpasi YIOBJIETBOPSIET HEOJHOPOAHDBIM YCTOBHSM, B PS/L IO (PYHKIIMSM, yI1OBJIETBO-
PSIOINAM ONHOPOAHBIM ycstoBUaM. O6bI4HO cunTaeTcs, uTo u € C ) ((a, b)), mosTomy
BHYTPH HHTepBasia QYHKIMA u(x,y ) TOCTATOYHO rIagKas.

CnocoObl ynyulieHns cXxoguMocTu

PaccmoTpuMm BeriomoraTenbnylo Gynkmuo u € C*((a,h)) U y10BIETBOPSIONLYIO
YCIOBHAM

u.lx=a = fa(y)’ u.|x=b =fb(y)

3a HCKTIoYeHHeM COOTBETCTBHSI 3THM TPeOOBaHUAM GYHKIMUS #° MOXeET ObIThb BIIOJIHE
NPOU3BOJBHOM.

Paznoxum ¢ynkmmio #° B psig Tvna (5.33) mo coberBenHbM QyHKIMAM X, (1):

=3 Clw)X, (), a<x<b, (5:34)
n=1

fu‘r(x)X,,(x)dx

' 1%, )l
fcHo, uto psag (5.34) obnamaer Takoi Ke CXOAUMOCTBIO, Kaxk 1 (5.33). 3amuuieM Tax:
u=YCX,@x)=3CX,x)+3.(C, -C))X,(x) (5.35)
n=1 n=| n=1
Me,lulemmv CXOAUTCH :w

xopoo cxomres
HNmeem

w=u-u", ©,.,=0 @, =0
®opmyna (5.35) naert yayyuieHHe CXOMUMOCTH, TaK Kax cyMMa psija (5.34) Ham u3-

BecTHa (YHKUHUSA ©” ), @ BTOPO# psJ CpaBa XOPOLIO CXOAUTCA, QYHKIIUS @ YAOBJIe-
TBOpSieT OJAHOPOAHBIM YCIOBUSIM.

B cnyuae ycinoBuit mepsoro poga GyHKIMIO u° MOXKHO B3SITh JIMHEITHON 110 x:

=fa<y>+%[f,,(y>—fa<y>1.

st ycnoBuit BToporo poaa GyHKIMIO #” MOXKHO BBIOpATh KBaPATHYHOMN O X!

= o) - a)+2(b D 1) - L))

Kpome mpennoxkeHHOro crnocob6a MOXXHO MONB30BATHLCH CIIPABOYHBIMH TaOMMIIAMU.
Paccmorpum mpumep. Ilycts umeercs psin

Z( 1) sm(nx), O<x<m.
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Psin, crosiuil cnpasa, obagaer mioxoi cxogumoctsio. [Ipeobpazyem
n 1+ n 1 1 n2—n2—1_1 1

=— ===+ =—- :
n+1 n n*+1t n o n (M +Dn n nx*+1)

Takum obpasom,

_g © (_1)7!-1 . —z © (_1)rl—l .
u= n;———n sin(nx ) Tt;_—n(nz " 1)sm(mc).

= re(0,m) GLICTPO CXOMHTCH
n
HepBbIﬁ pAA cnipaBa CYMMUDPYETCA

L. zigﬂ sin(nx), x e (0,m),
T n

T p=t

a BTOPOiIl — XOPOILO CXOAHTCS.

NMpumepbl 3aaa4 martemaTuieckon PU3UKuU,
paspelMmMbiX ¢ NoMoLWbLI0O meTtoaa MNpuHbepra

37ech Mbl PaCCMOTPUM TEXHUKY [IpUMeHeHUs: MeTola [punbepra K pelieHnio HEKOTOPbIX
3aja4, chopMyIMPOBAHHLIX B pa3ziesne «Meron npuBeseHUsi K OLHOPOJAHON 3ajaues.

3apaua Aupuxne ana NpaMoyrosbHUKa

PaccMarpuBaercst cneaywoulas 3agaya Jupuxie nns ypasHenus Jlannmaca B mpsimo-
YTOJbHHUKE!

2 2
TU 0% 0 0<x<a 0<y<b (5.36)
ax? oy
u|.\‘=0 =f0(y)’ u|x=a '_"f-a(y)Y (537)
”|y=o =@y (%), u|y:b =@,(x). (5.38)
Obo3nayum
8*u
L. (u)= .
() e

Cdopmynupyem coorsetcryoiyio 3anady HItypma—Jinysumns:
L(X)+xX =0, X(0)=0, X(a)=0. (5.39)

Kax ussecTHo, cobcTBEHIbIE 3HAYEHUsT 1 coOCTBeHHbIe (BYHKLMHK 3afauH (5.39) 6yayr

22
A, =2 X”(x)zsin(n—nzc—),n:1,2,....oo.
a

n P
Uiem peurenye 3agaqu (5.36)—(5.38) B Buze

wxy) =3 C,(y) X, (x),

n=1
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npuyeM

Jutr,y) X, (x)dx

C.(y)=" u) 2

_un(y)'
1x.[° X

YmMHoxaeM (5.36) Ha X, (x) H nHTerpnpyeM no orpesky [0, al:

j de j_de 0=

( X, uX’) +iuX:dx+—22TuX,,dx:0:>
ox 0 0 dy* y
d2
7 ==y, —f(y)—( 1" —fo(y)—
dZ 2_2
C B2, =Dy £ - fo@)l (5.40)
dy a a

IIpeo6pasyem rpaHnuHble YCAOBUA 110 y: yMHOXaeM (5.38) Ha X, () n HHTerpupyeM
no otpesky [0, a], monyyaem

U], = [ 000X, (X)dx =@, u ybjmu»<nw 0p- (541
1]

O6uiee pemenne ypasruenus (5.40) nmeer By

u,(y)= Anch(ffyj + B,,Sh(faﬁyj +u;(y),

e u, (y) — Kakoe-Hubyap yacTHoe pemenue (5.40).

Ycnosust (5.41) no3sonsior Haiitu A, v B, ; Takum o6pasom, byner onpejeneta Qyik-
uunst 4, (y). Torna nckomoe pellieHue 32241 UMeeT BUJL

u(x,y) = % iun (y)sin(n—:— x).
n=1

PaccMOTpUM crellMasibHblil coydail. ByaeM cauTaTh, 94TO rpaHnyHbLIE YCAOBHS HMEIOT
BU

fow)=0; f.(¥)=ay;
Po(x) =0; @, (x) = bx. ‘
Bynem umerb BMecto ypaBhenus (5.40) cnenyomee ypaBHeHue:

du n’n?

nn
U, =— (D ay. 5.42
dyz az n P ( ) Y ( )
Yenosust (5.41) npu aTOM IpUMYT BHA
~1)""'a*b .
un|y=0 =0; u"|y=b :.(_2___. (5/13)

nn
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Obuee peuienne ypasaerus (5.42) Mbl MOKEM 3amUcaTh B BUIE

n-1
u,(y)= Anch(%?y) + anh(%y) + —(i a’y.

nn

W3 ycnosuit (5.43) waxonum A, =0u B, =0 (mposepsre!). Taxim obpazom,

-1 n-1
u ()= aty.
nn
CrenoBatelbHo,
o (_4\"-1
w(xy) = 2% Z(Lsm(”—"l). (5.44)
n=1 n a
Pan, crosiuuii cnipasa B (5.44), cyMMUpPYeTCst, 2 UMEHHO, IMeeT MecTo dhopMmyia
© (1)1t )
gz(—Lsin(m)=£, 0<x <a, (5.45)
L n a a

x
KOTOpAasi IETKO MOKeT OwITh nosydena pasnoxernnem byHkinu f(x) = = B psag Pypee
a

no cuHycaM sa orpeske [0, a] (nposepste!).
Taxum o6pasoM, oxondatenbHo 6yieM UMeThb

u(x,y)=2xy. (5.46)

PeileHue 3aja4u MeTOAOM NpPUBELEHUs] B pacCMaTpUBaeMOM Ciydae aeT opmyly
(nmposepnbTe!)

sh( nny)
w0 (_ 413"
2ab $ -1 a )

u(,y) ===

Ton=t M sh(n—nb)
a

OTmeTnM, yTo U3 dopmynt (5.44) crexyer

Sh(ﬁ"l)
o (_1\"-1
[__mrx) + ga_b _.__( D) —————b sin[—nzy j
a T p=t n Sh(fl—n—a]
b

ux,y) =y d(x).
IToacTasuB 3TO pewienue B ypasHeHHe (5.36), onpenennm O(x):
O"(x)y =0= O"(x)=0= H(x)=Mxr + N.
Taxum o6pazom,
u(x,y)=(Mx + N)y,

rae M, N — KoHcTanThl. M3 TpaHUYHBIX yciaoBuit 1is u vaxoaum M =1, N =0. Takum
obpazom, peuterue (5.46) MoxeT 6bITh MOMyYeHO U 6€3 UcroIb30BaHUs HopMyIbl (5.45).

3apauya 0 BbIHYXAEHHbIX KoneGaHuax Kpyrnoi memopanbl

PaccMOTpUM CIEAYIONIYIO 3a4a4y: HAUTH BYHKLMIO u(7,t), YAOBAETBOPAIOILYIO ypPaB-
HEHUIO KOojebaHUi
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2
1i(r%)——%—a—?= q(r)sm(u)t) 0<r<a t>0 0° =T—°, (5.47)
ror\ or) v° ot T, p
rae T, — HaTsKeHHe,p — IUIOTHOCTh MeMODaHBL; H JOMOJHUTE/IbHBIM YCIOBHAM

rea — 0’
= \V(T),

U, 0— orpa}mqeﬂa, u|

U r), —
|t=0 (), at

rae ¢(r), y(r) — 3ananHble QYHKIMK (HadaJbHOE CMENIEHHE U CKOPOCTb).
O603HauNM OIepaTop
16( ou
Lw-12(+2)

ror\ or
Céopmynupyem coorserctByiomylo 3anauy HItypma—Jlnysumist:

L(R)+ Rr=0& (rR'Y +ARr =0, 0<r <a,

t=0

R|,_,— orpanuyeHa, R(a) =0.

Kak Mbl 3HaeM, cOBCTBEHHBIE 3HaueHHs M cobcTBeHHble QYHKIMU 3TOH 3anauu 6yayT

UMeThb BU [
2
?\.n =(Y_1) ’ Rn(r)zjo(ynr)y n=1,2,...,w
a a

rie y, — TONOXUTeNbHbIe KOPHU ypaBHeHua J,(y) =0.

Jlasiee, yMHOXUB ypaBHeHue (5.47) Ha 7R, (r) n mponnTerpuposas 1o otpesky [0,a],
MTOJIY4 UM

jR,, ( ) iz'[ ————Jq(rt)rRa’r:
1] 1]
(Rnr@i—R;mj Iu(rR')dr—ii— 7R udr——-—er q(r,tydr=
or 0 dt* 5
| d2 1 ¢
Zr _ju =——/|rR g(r,t)dr =
ot gz T, i‘ S\
2 2,2 2
d ty By Y 9.(t) (5.48)
dt a T,
IJie BBe/IeHB 0003HaYeHHSA
u,(t) =J'rR,,(r)u(r,t)dr,
0
q,() =IrR,,(r)q(r,t)dr.
1]
[Ipeo6pasoBanHble HaYaIbHBIE YCJIOBAS UMEIOT BU
u|, =0 24l o (5.49)

dt |,oo
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Bouiuiiem obutee peiienue ypasHerus (5.48) B Buze
u,(t)y=A4, cos(y" j+B m(y" )Jru,,(t),
a a

rae u, (t) — kakoe-uubyab dacTHoe peilenue ypastenus (5.48). YuuTsipas, yto

q(r,t) = g(r) sin(wt),

1107y4UM
q,(t)= sin(cot)J' g(r)rR dr = g, sin{wt).
0

CrienoBareiblio, AJIs YACTHOTO pellenus ypasuenus (5.48) MOXHO 3anucats'

u,(t)=C,sin(wt). (5.50)
[MoacraBus (5.50) 8 (5.48), Haxonum
2,2 2
—C,,u)2+y"z C, =9—q,,:>C,,=Uq" 1
a Ty To i(y,e 2
e )
a
Torna, o6o3Hauns o, = Ynl Y4HM
a
02
u,(t)y=A, cos(w,t)+ B, sin(w,)+ Y 9. - sin{mt)
TO l(‘on Y J
M3 nauanbubix yesaosui (5.49) uaxonum
2
A, =0 B =202
TO (‘On((‘on - )
Takum obpasom,
) sin(u)t)-£sin(u)n[)
u (t) — U qn ('OYI
? T, o} -0’ ’
rae
. r
q, =Irq(r)Jo(Yn —jdf-
o a
Peurenue 3a1a4u UMeeT BUJI
u(r,t) = ZC R, (7). C, —;—(—— . =ernudr.
n=|

WM asuo,

! 31ech Mbi 1T eroaraeM, 4To @ # w, . v7n, To cCTh ¢ Yai pe3oHalica He paccMatTpHBaeM.
P n
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) . sin(mt)—ﬂsin(mnt)jo[uj
a

v ®
u(r,t) =— R o )
( ) aZTO "Z;q (‘0721 _(02 le(Yn)

PaccMotpuM B kayecTBe NpuMepa cjlydyall COCPEJOTOYEHHOH B LIEHTPE HATPY3KH
Qsin(wt). byaeM cuuTaTh COCPeLOTOYEHHYIO HATPY3KY MIpelebHbBIM ClyyaeM pacIipe-
nenerHol Harpysku. Torga MoxHo 3anucath (puc. 5.4)

q, — jO(O)'[q(r)rdr =j0(0)2%[ = %

v

Puc. 5.4. K onpegeneH1io COCPEROTOUEHHOMW Harpy3ku

B atom ciyvae

) sin(ml‘)—ﬁsm(%ﬂjo[ynrj
u(r,L‘)= QZ) Z 2 n 2 :

TCaZTO n=1 W, —0 le(Yn) '

3apaumn ¢ HenpepbIBHbIM CMNEeKTPOM

B Tex cnyvasx, xoraa npuMerene Merona Oypbe NpUBOAUT K COBOKYITHOCTH 4acCT-
HBIX pelleHUH, HenpepbIBHO 3aBUCAUIMX OT HEKOTOPOTO IapaMeTpa, U3MEHSIONIETOCs
B 33JaHHOM HPOMEXYTKE, PACCMATPHBAEMbli1 BOIIPOC OTHOCHUTCA K KJIacCy 3aiay Mare-
MaTUYecKoil PU3MKU ¢ HelpepbiBHbIM criexTpoM. OcobeHHOCTh aHHOTO clyyas, KO-
TOPBIii BCTpeYaeTCs, KaK MPABUJIO, [IPU PAaCCMOTPEHUHU 3aia4 A/is GeckoHedHbIX obac-
Tel, 3aKJI0YaeTCst B TOM, YTO MCKOMOE PelreHUe CTPOMTCS M3 HaWAEeHHBIX YACTHBIX
pemieHuii MyTeM WHTErPUPOBAaHUS N0 TapaMeTpy, TO eCThb NpeACTaBaseTca B popme
PasoXeHUs! B UHTErpas 1Mo cOBCTBEHHBIM (DYHKLIUAM.
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Ha puc. 5.5 mpuBegena tabnuia, xiaccHdHUMPYIOMAst COOTBETCTBYIONIME 3a/adu
M rypma—JInyBuinis.

3apava Wrypma—IJinysunna

PerynsapHas 3agava CuHrynspHas 3agava
|| ﬂummu&m&ﬂgj [l HengenkisHLiA cnekTy II I‘ CMeLuaHHbIi CnexTn |
Mpeacraenenne Mpeacrasnexne
I’Igegcmanenus peLueHms peLEHN CyMMON
peuIeHua pano MHTErpanom pAAaa W uHTerpana
z ] - 24

Puc. 5.5. Knaccupukauma 3apnay Wtypma—Iinysmnna

Kak nam ysxe U3BeCTHO, B ciydae peryisipaoit 3anaun [ typma—JInyBuiis Mbl nmeem
JIMCKPETHBIH CIIEKTp, KOTOPOMY COOTBETCTBYET CYETHOE MHOMECTBO COOCTBEHHBIX
byukuuit. B caydae cunrynsaproit sagauu lItypma—Jlnysrins ciekTp MoxeT 6bith
HeIIpepPhIBHBIM, UCKPETHBIM WM CMENIAHHBIM. ECJIM CHEeKTp 3a/auyv HempepbiBHLIH,
TO MBI MMEEM JIeJI0 C HECUETHBIM MHOXECTBOM coOCcTBeHHbIX QyHKLUMHA. B aTOM Ciydae
pellenye 3a1a4y 110Jy4aeTcsi B BUjie Pa3/IoxeHusi B unTerpan. [luist onpenesnesust Ko-
3(OHUIUEHTOB TAKOTO PA3JIOKEHNUSI HCI0JIb3YIOTCSA TEOPEMbI O Pa3NoKEHUU PYHKUHY
B UHTerpal.

HekoTopble MHTerpanbHble Pa3noXeHua, CBA3aHHble
C CuHrynapHoi 3apgaven Wrypma—Jinyeunng

K uncny nanbosee npocTbIX M BaXKHBIX HHTEIPA/ibHBEIX Pa3/i0kKeHUH, BCTPEYAIONIUXCSA
B MaTeMaTH4ecKoi (DU3MKe, OTHOCATCS KJIaCCHYecKoe pasjioxeHue OYHKIUH, 3a1aH-
HOH B MpOMexXyTKe (—0,+), B uuterpas Mypbe U ero pasandnbie MoaubUKamu
(pasnoxenue pyuxuuy, 3a1anHol B mpoMexyTke (0,+00), B CUHYC- U KOCHHYC-UHTe-
rpast @ypbe U Apyrve pasoKeHUs] IO TPUTOHOMETPUYECKUM (DYHKLHMAM), Pa3ioxe-
Hue GYHKIMH, onpeseieHHOH B poMexyTke (0, +00), B uHTerpan XaHkeJist [0 LHIHH-
OPUYECKHUM (PYHKIIUSAM U HEKOTOPBIE APYTUE Pa3/IoXKeHU.

I. TIpocTeiiline NHTErpajbHble Pa3JIOKEHUS CBSI3aHBI O caeyioieii 3anageil Typ-
Ma—JluyBHILIS:

X"+2AX =0, 0 <x < oo, (5.51)
(1) X(0)=0, mibo
aDHX'(0)=0, mbo X|, . — orpanuyena. (5.52)

(I11) X' (0) - hX(0) =0 (h >0)

Haiinem cobcTBeHHbIe 3HaueHNS U cobcTBernble dyuxuuy 3agaqu (5.51), (5.52).
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OO0yt uHTerpan ypaBHenust (5.51), oyeBuzHO, MMeeT BUA
X(x) = Acos(v/Ax) + Bsin(~Ax), A # 0.
st ycoBHii nepBoro poxa
X(0)=0=>A=0=>
X = Bsin(~/Ax), X|,_, — orpanuyena=> A >0.

Taxum 00pa3oM, coOcTBeHHble 3HaYeHust OyayT
A=A, =V}, 0<v<ow.
CobcTBeHHble QYHKUMU:
X =X, (x)=sin(vx).
Jlerko nmpoBepuTh, uTo A = 0 He siBisieTcst CODCTBEHHbIM 3HaueHyeM. Takum obpasom,

OKOHYATEJILHO IOJIYYaeM, YTO B CJIy4ae yCJIOBH NepBOro poja CIEKTP 3ala¥y Hempe-
puIBHBI, A € (0,+).

st yenosuit BToporo poga (A = 0) nmeem
X'(0)=BJA=0= B=0; X = Acos(~'Ax),

X|, . — orpanuuesa= A >0.
Taxum o6pazom, cobcTBeHHble 3HaYeHus OyayT
A=x, =vi,0<v<oo,
CobcTBeHHbIE DYHKIHU:
X =X, (x) = cos(vx).
Jlerko mpoBepPUTH, YTO YUCHO A = A, = 0 siByIsieTcst COBCTBEHHbIM 3HaYeHHeM, KOTOPO-
My COOTBETCTBYeT cobcTBeHHas pynxums X (x)=1.

TakuM 06pa3oM, B CJyyae YCIOBMH BTOPOrO oA CHEKTD 3a/adyv HeNpepbiBHBIH,
A €[0,+x).

st ycnosuit Tperbero poga (A = 0)

BJX—hA:O:B:Ai.

Vi

CrenoBaTesbHO,

X(x)= A[cos(\/_?\x) + —;—Xsin(\/_kx):'.

13 yciioBust orpaHHYeHHOCTH Ha GeckoHeyHocTH HaxomuM A > 0. Mtax, cobcTBennble
3HaueHus: U cobcTBenHble GYHKIMK Oy AYT

A=A, =vl 0 <v<x,

X, (x)=A [cos(vx) + -ﬁ-sin(vx )].

3nech A — MpPOU3BOJIbHAS KOHCTaHTa. Y 106HO IPUHATD

A=—

Vv 4+ h? .
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Torza ycjoBust TEPBOTO ¥ BTOPOTO Poja MOJYUHAIOTCS U3 YCJIOBUI TPEThero pojia Kaxk
yacTHbie cnydan. OueBuiHo, A = 0 He sIBisieTCst COOCTBEHHBIM YUCIIOM 3aJa4H (32 HC-
KJioyeHueM cayyast £ =0).

Taxnm 06pa3oM, OKOHYATENBHO
vcos(vx) + Asin(vx)
Vv + A?

— cobcreennbie GyHkimy 3agayu. CriekTp — HenpepbiBHBIIA, A € (0, +o0).

X=X, (x)=

Kaxomy 13 pacCMOTPEHHBIX TPeX CJIyyaeB COOTBETCTBYET CBOSI TEODEMA O PasJioxe-
HUK (PYHKIMKY B UHTETPAL

Inst yesoBuit iepsoro poaa ato dyaer cunyc-unmezpan Pypve:

f(x)= TF(v)sin(vx)a’v, 0 <x <+, (5.53-1a)
0
TIPH 3TOM
F(v) = % [ fGysinvay . (5.53-16)
0
Jnst ycnoBuit BToporo pojaa — kocunyc-unmezpan Pypoe:
f(x)= TF(v)cos(vx)a’v, 0 <x <+, (5.53-2a)
IIPY 3TOM 0
F(v)= % T f(x)cos(vx)dx, (5.53-26)
0

Jlns ycnoBuil TpeThero pona — 0bobuennbii unmezpan Pypoe:

fy= TF(V) veos(vx) + Asin(vx) dv, 0<x <+ (5.53-3a)
0

Vv + At
TIPH 3TOM

v cos(vx )+ Asin(vx) dx
Vv + R

CdopmynvpyeM AOCTATOYHBIE YCHOBHSI [JIi NPUMEHMMOCTH BCEX TPeX TEOpeM —
byHKIHs f(X ) AOJKHA YIOBIETBOPSTD yCI0BUsiM JlupHXJie B JI0OOM 3aMKHYTOM I1pO-
mexyTke Ha nonyocu (0,+ ) 1 ObTb abcosoTHO nHTErpUpyeMolt Ha 3To# mosyocy,
TO €CTh!

(5.53-36)

F =21 )

Q f(x) — xycoyHo-HenpepniBHA Ha (0, +) U UMEET KOHEYHOE YMCJIO MAKCHMYMOB
1 MuUHUMYMOB Ha [, B] < (0,+x);

Q Tlf(x)ldx CXOAMTCH.
0
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B rouyxax paspbiBa nuTerpan Mypbe CXOAUTCS K 3HAYEHUIO
1
§[f(x -0)+ f(x +0)].

Bropoe u3 chopmynupoBaHHbIX YCIIOBHIT ZomyckaeT obpanienue dyukiu f(x) B Oec-
KOHEYHOCTb, €CJIH TOJBKO HECOOCTBEHHBIN MHTErpajl CXOXUTCSI.

II. PaccMoTpuM criedyolyio CUHIynspHyo sagady llItypma—Jluysumns;
X"+AX =0, -0 <x <+,
X =0).

X —too

Nmeem
X(x) = Acos(vAx) + Bsin(~Ax), A =0,

X(x)=A+Bx, A=0.. (5.54)

OueBnzHO, yCIIOBHE OTPAHUYEHHOCTH OYET BBITIOHEHO, €C/H NPUHATb A >0 (B = 0
st (5.54)). Takum 06paszoM, cobCTBeHHble 3HaYeHHst (HGOPMHUPYIOT HeNpepbiBHbII
cnekTp A € [0, +o0); 0b03HaunM

A=A, =v%, 0<v < 4.

v

CobcrBennbie pyHkuuu 6yayt
X(x) =X, (x) = Acos(~/Ax) + Bsin(+/Ax).

B sTtom CJIy4de TeopEMa PA3JI0KEHHUSA UMECT BUI

f(x)= T[M(v) cos(vx )+ N(v)sin(vx)]dv, — o <x <+ (5.55a)
0

— obbiunbtit unmezpar Qypoe, tie

M) = % Tf(x)cos(vx)dx,

Nwv) = % Tf(x)sin(vx)dx. (5.556)

CdopMynupyeM A0CTaTOYHbIE YCJIOBHS JUISL IPUMEHHUMOCTH TEOPEMbl Pa3JOXKeHHsT —
dynkimst f(x) abCOMOTHO WHTETpUpYeMa Ha Bcefl OCU W YAOBJIETBOPSIET YCIIOBHSIM
Jupuxiie B 1060M 3aMKHYTOM TIPOMEXYTKE, TO €CTh

Q f(x)— Kyco4YHO-HenpephiBHA Ha (—o0,+0) H UMEEeT KOHEYHOE YHCJI0 MAKCHMYMOB
U MUHHUMYMOB Vx € [0, B] < (-, +®);

o
a '[I f(x)| dx — cxomutcs.
~00
MoxHo 3anucatb uimezpanr Qypve 6 Komnaexcrol gopme

f(x)= TF(V)e’"x dv, F(v) = in(x)e"“ dx. (5.56)
e 2n -,
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III. PaccMoTpuM cregyomyo 3agaqy:
(rR'Y + MR =0, 0 <7 <+,

R|,_,— orpannvena; R| — OrpaHuYeHa.

Nmeem
R(r) = AJ ,(NAr)+ BY, (\Ar), A %0,

R(r)=A+Blnr, A=0.
B o6oux ciyvasx B =0, tak xax R(0) = O(1). Ycnoue R(+w0) = O(1) npuBoaUT K TOMY,
uto A > 0. Takum 06pa3oM, cobcTBeHHbIe 3HayeHUst By ayT

A=A, =V}, 0<v <o,

CobcrBeHHble PyHKIMH
R=R,(r)=]J,(vr).

CrniexTp 3a7aun HenpepbiBHBIH, A € [0, +00).
Teopemoit passioxenusi B 3ToM ciyyae ciyxuT popmyna unmezpara Pypve—Beccens:

f(r)= TF(v)jo(vr)a’v, 0 <r <+,

F(v) =va(r)r]0(vr)dr. (5.57)
0

Cdopmynnpyem aocTaTouHble YCI0BUS LISt IPUMEHUMOCTH TEOPEMBI PA3JIOKEHHSE:
dynxumst 7 f(r) abcomotno unTerpupyema B unTepsae (0,+w) U yAOBNETBOPSET
ycnoBusiv Jlupuxie B 1060M 3aMKHYTOM IIPOMEXYTKE U3 3TOTO MHTEPBAJIA, TO €CTh:

QO f(r)kycouno-HenpepbiBHa Ha (0, +0) M UMeET KOHEYHOe YNCII0 MaKCUMYMOB H MH-
HUMYMOB V7 €[a,B] < (0,+x);

m] .[\/;l f(r)| dr cxonuTes.
0

Otmetum [15], 4To UMeEET MecTO aHaNOrMYHas TeopeMa it | ,(vr), e p > 1/2. Coor-
BETCTBYIOLIEe Pa3/oKeHHe Ha3blBaeTCsl unmezparom Xanxens.

OtMernM B 3axmiouenue, 4To npuBexenHble hopmyosl (5.53-1a), (5.53-16), (5.53-2a),
(5.53-26), (5.53-3a), (5.53-36), (5.55a), (5.556) u (5.56) HasbiBAKOTCS TakKe npeobpa-
soeanusmu Pypve (Mpsmbim 1 06paTHbiM). Dopmy.st (5.57) NpeACTaBISIOT, COOTBET-
CTBEHHO, YacTHBIH ciyyail npeobpasosanus Xauxens.

Mpumepsl 3apna4 ¢ HeNpepbIBHbIM CNEKTPOM

31ech MBI PaCCMOTPUM HECKOJIBKO TPUMEPOB PelIeHUs! 33/1a4 MaTeMaTHYeCKOi (usH-
KH C HETIPEPBIBHBIM CIIEKTPOM, HA KOTOPBIX TIPOJIEMOHCTPHPYEM TEXHUKY TIPUMEHEHHsT
Pa3JIoKeHuil B HHTerpaJ.
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3apaya 06 oxnaxapeHum nony6ecxouetmoro Tena

HayneM ¢ paccMoTpeHus 3a1a4yl TEMJIONPOBOAHOCTH. ECI MbL IMeeM JuHeliHbill 1o-
TOK TelIa B nosybeckoHeuHoit cpese [0, +0), TO ecTh U3MEHEHHEM TEMIIEPATYPbl OT-
HOCHTENBHO Z Y i MOXHO TIpeHebpeyb, U ecJii UCTOYHHKH TeIia B cpelie OTCYTCTBYIOT,
To nuddepesunanbHoe ypaBHeHHe TEIJIONPOBOAHOCTH TIPUMET CJIeAYIOIIHIT MPOCTOM
BUIL:

2
6_T_§I=O’ 0<x <+, T3>0, T=E. (5.58)
ox: ot op

[Ipexnonoxum, yTo rpaHulia Tena x = () noALepXuBaeTcs Ipy HyJeBOi Temneparype,
a HayaslbHas TeMrepaTypa 3afaHa B Buzae ¢yHkumu ¢(x). Torza momosnuTenbHbie
ycnosust 6yayT

T|,., =0, T|, . — orpanuyena, (5.59)

..o = @(x). (5.60)

Bynem vickaTtp peuienue B hopme
T(x,7) = X(x)Y (7).

Pasnensist nepeMenHbie B ypaBHeHUH (5.58), Haxoxum

X"+2X =0, (5.61)

Y'+AY =0. (5.62)
Kpowme Toro, yyurtsiBasi ycaoBust (5.59),

X(0) =0, X(w)— orpanuieHa. (5.63)

TaxuM o6pa3oM, Mbl TpuLLy K 3agave 1ITypma—Jlunysumns (5.61) u (5.63). Mbi 3Ha-
eM, 4To A=A, =v% 0 <v <+ — cobcrBenHbie 3Havenust U X = X, (x) =sin(vx) —
cobcTBerHbie GyHKIUMH 3TOM 3afayn. CrieKTp 3afauy — HenpepbiBHbIA: A € (0,).

YpaeHenue (5.62) npuauMaeT BUK
Y +vY =0 Y, (1)=C,e".
Takum 06pa3om, COBOKYITHOCTb YAaCTHBIX PellleBuil Hamedt 3alayy UMeeT BUA
T(x,t)=T,(x,7) = Cve'vzt sin(vx), 0 <v < +oo.

[IpumeHsist 06061I€HHbI MPUHIMI CYNEePHO3UIHH, COCTAaBUM MHTErpas
T(x,1)= '[Cve'vzt sin(vx)dv. (5.64)
0

3zech Mbl IpeAIONaTaeM, YTO HHTerpat (5.64) cXOAUTCS TaK, 9TO MOKHO NIEPEXOAHTh
K TIpeseny Moji 3HaKoM HHTerpaia u auddepenuupoats. Torna

T} g = 9(x) = [ C, sin(vx)dv, 0 <v < +o.
0
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Ilo Teopeme pasnoxenust B cunyc-unTerpan Mypbe u npeanonaras, 4To dbyuxuus
@ (x) pasnaraetcst B cunyc-unTerpan Oypbe, HaxoauM

C, = ET @ (x)sin(vx ) dx. (5.65)
o

Takum 06pasom, Mpl ToyuuaH GopMajbHOe pelletue Hamet 3afauy B Buae Gopmyst
(5.64) u (5.65). Ceituac caegosasno Obl 10Ka3aTh, YTO BCE HALIM PACCyXACHUS 3aKOH-
Hbl 1 unrerpan (5.64) aefictBurenbHO cxoauTcst K Gynkuun 1(x,T), yAOBIETBOPSIO-
et ypaBHenuto (5.58) u HavasmpHOMYy ycnosumo (5.60). BMecTo 9T0T0 MbI IIpeACTaBHM
peleHue 3a1a4yy B APYroit ¢opme, KoTopas Mo3BOJISIET MPOILe o60CcHOBaTh 9TO pelle-
HY€ ¥ OKa3bIBAeTCSs CIIpaBeNTHBOH AJs GoJee LIMPOKOTO Kiacca GyHKUH.

MNpeo6pa3osaHme NONYYEHHOIO PELLEHNS
O6neaunsist popmyaist (5.64) u (5.65), MOXHO 3anucath .

T(x,t) = —Q—T e sin(vx)a’vT (&) sin(vE) dt. (5.66)
o 0

JonyCTum, YTO MOXHO NEePeCcTaBUTh OPSIA0K HHTETPHPOBAHUS.
Toraa

T(x,1)= %T <p(§)d§]3 eV sin(vx)sin(v&)dv =
0 0

1 r: 7 e v
:‘;J'(p(é)dé.[e [cos(v(E—x))—cos(v(E+ x))]dv. (5.67)
0 0
Bocnosbsyemcst u3BectHoit Gopmynoii
< 2.2 _'i
'[e“" * cos(bx)dx = %—E— et a>0 —ow<bh<+ow, (5.68)
2 a

Torza (5.67) MoxxHO nepenucarb B BUAe

w _(Ex)? _(gra)?
T(x,r>=,1r 1 w(é{‘r ol [t }1&
0

T
—e -——e
2t Wt

{ = a0 Grn)?
:5\/_?7”(@)(3 it —e v |dE (5.69)
0

IIpoBexenHoe nipeobpasoBavie pemennsi (5.66) yrpoiaer Boruncaenust; popmyna (5.69)
cripaBeTiBa 1715t Gosiee IIMPOKOro Kiacca hyHKimil: GyHKIMS (X ) MOXKET ObITh yiKe
¥ KOHCTaHTOI, B TO BpeMs Kak B (5.66) 310 He nmeer MecTa.

Mo3HO HEOCPEACTBEHHO IIPOBEPUTD, YTO PYHKIIUSA

1 ew)? (gt
K(x,t,8) = e Y —e
2nt

siBJIsteTCs! pellesueM ypaBHenus (5.58) npu mobom &.
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Npumep. IIyerb (x) =T, = const, Torxa, B cury (5.69), nmeem

T, = N N T
T(x,1)= e 4 —e 4 |dE.
(%) 2Jn_r£ :

3nech B epBOM HHTErpaje AejlaeM 3aMEHy

E—x
=s, dt=2J1ds,
ol s, d§ Ne

4 BO BTODOM — 3aMeHy
E+x

2t

=s, dg=2J1ds.

Torxa

T T 2 < 2
T(x,1)=—2-2Vt| [e*ds— [e*ds|=
vl A |

24t 2Jt
24t 2dr
=I‘l- J' e’szds=—2£ I e ds.
N Te
207

TakuM 06pa3oM, pelieHre PacCMaTPUBAEMON 3a/la4y BHIPAXAETCst Yepe3 HHTerpasl Be-
POSITHOCTH

O(x) = %:[ e ds,
TO €CTb
T(x,7) = T,®| == |. 5.70
(x,7) (2\/;) (5.70)

Ternepb, MONb3YSCh U3BECTHHIMU CBONCTBAMH WHTErpaja BEPOSTHOCTH, JIETKO IIPOBe-
PUTh TPaHUYHBIC U HaYyaIbHbIE yCJIOBUS

T|x=0 =T0(D(0) =0’ TIJ.’—}OO = TO(D(OO) = TO’ T|t=0 = TO(D(OO) = TO

HernocpencTBeHHbM b pepeHIMpoBaHMeM MOXHO yOeanThbCsl, YTO pellesue (5.70)
YIOBIETBOPSIET TaKXKe U ypaBHenHwo (5.58).

3apava Oupuxne ANA NOAYNJIOCKOCTU

PaccMoTpuM crienyoliyto 3azavy: Haith ¢ynxumio u € C
ypaBBeHuto Jlannaca

@ ynoBJeTBOPSIONLYIO

2 2
Au 56__1:_+6_1; =0, y >0
ox Oy
Y TPAaHUYHBIM YCJIOBUSAM

.o = f(x),4 = — orpannyeHa (5.71)
X+y” ox
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B obacti y 20, 0 <x < +0o.
Wuiem peinenne 3agaun B popme

u =X(x)Y(y).
Orxyna, paszensist iepeMeHHbIe, I10Ty4aem
X"+AX =0, X|, .. — orpaHuyeHa, 5.72)
Y -AY =0. (5.73)

CobcrBenHbie GyHKUMM W cOOCTBEHHBIE 3HAYEHUS 3a1a4H (5.72) nmerot BUA:

A=A, =v’ 0<v <400,
X(x)=X,(x)=A, cos(vx)+ B, sin(vx).

W13 ypasuenust (5.73) npu A = A, =v? Haxoaum
Y, (y)=C,e™ + D,e™.

Y4uTpiBasi OrpaHHYeHHOCTb Ha BeckoHeyHocTH, nonyyaem D, =0. Takum o6pasom,
4acTHOE PellleHHe 3a1a4H UMEET BH

u,(x,y)=e"[M, cos(vx)+ N sin(vx)], 0 <v < +oo.

BO(‘HOJII)BYGMCH O606I]_[CHHI)[M IIPHHINIIOM CYNEPIIO3UIINHA 1 COCTAaBUM HHTerpan

u(x,y) = Te'vy [M, cos(vx)+ N, sin(vx)]dv. (5.74)
G

Cuuras cX0AMMOCTb MHTerpasa (5.74) A0CTaTOYHO «XOpolleil», MOXeM 3aIHCATh

x
u, o= f(x)= j [M, cos(vx)+ N sin(vx)|dv.
0
CornacHo Teopeme pa3JioXeHusl 1 IpeAnoJarast, yTo GyHKUMA f(x) pasiaraercs B Uh-
terpan Dypee, 3anuiieM

M, = 1 Tf(x) cos(vx)dx,
n -0

N, = 1 [ f(x)sin(vx)dx. (5.75)
n-d)
Taxum obpasoM, momyunsnu ¢opmanbHoe pelleHde 3agadu B suge dopmyn (5.74)
u (5.75).

MNpeobpa3oBaHne NoNy4EHHOro peLeHmns

O6beantsist hopmynst (5.74) u (5.75) v npearnonaras BOZMOXHOM 3aMeHy NOPSIAKa
HHTETPUPOBAHUS, 3aIHILIEM TaK:

w=fevdy | ST reycosvyde + O T resinguey e | =
0 T ~0 n —o0
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= %Ie‘”’ dv | f(&)cos(W(& ~x))dE =

=L rd] e costuz-a)av.

Bocnospayemcst nsBectHoil opmyioit

a>0 —o<b<+o

je'“ cos(bx)dx = — a
0 a’ +

b*'
Torna

u(x,y)=— j f(&) de, (5.76)

) +y’
@opmyna (5.76) ynpomaer BbIYKCJIEHNs U CIIPaBeAINBA 1St Boslee IMPOKOTO KJlacca

bynkuuit. Jlerko ybeauTbCst HeNOCPeACTBEHHOH NMPOBEPKOH, 4TO (PYHKIMUS

K@x9,8) = —%—
(E-x ) +y*

yAoBieTBOpsieT ypaBHeHuUIo Jlamiaca npn mobom &. Ybenumcst B BBINOJTHEHUH Ipa-
Hu4Horo ycnosust (5.71). B dopmyne (5.76) npenenpubiii nepexod npu y — 0 Henpu-
emneM. [ToaTomy 3anuuieM Tak:

+o0
u(xy) =1 | [F(®) - f(x)de+

T (=) + g

—0
y-0

+f (@)= J(é S [

=1

3aech nepBblif HHTErpas cHpaBa CTPEMHUTCS K HYJI0 TTpu ¥ — 0, a BTOPOji uHTerpan
paBeH exunuite. Takum obpasom, uf, ,, = f(x).

Npumep. PaccMoTpuM clieyIONIy o 3aady: HaiiTH CTALMOHAPHOE pacipesie/ieHHe TeM-
nepatTypsl u =u(x,y) B 110J1yOeCKOHEYHOM TeJie, OIPAHHYEHHOM ILIOCKOCTBIO ¥ =0,
yacTh KoTopoii (| 1] < a) HaxoANTCs IpK 3aaHHOI TemIepaType U, , OCTalbHas YacTh
(/x> a) — npu Temneparype, paBHOH HyJIO.

ScHo, 4To copMyTHpOBaHHas 3aiaya SIBJISETCS pACCMOTPeHHoH HamK 3ajayeit [u-
pHXJie AJIst MOJTYTUIOCKOCTH B C/Iy4dae, KOTAa

_Juo |2 < a,
/@ {0, 4> a.
U3 (5.76) Oynem nmersb

a

_U y _Uy (&-x)
e ® nmg[ y j
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= arctg [a___{] + arctg (i‘*__xj = u_o o,
Y N ¥ ) n

-
=0y =0y

0
n

Tae ¢ = oy + 0, — yroJ, MoJ KOTOPbIM OTPe30K —a < x < 4, y = 0 BueH 13 Toukn M(x,y)
(puc. 5.6).

Puc. 5.6. MNpumep

3apava Oupwxuie ans NOAynpocTpaHCTBa
PaccmorpuM cieayouryio sanayy:

Au =%§(r%)+%? =0, 0<r<om, 2>0,
4|, ,, — OorpaHuYeHa, U] 3 _ ~ OTpaHWYeHa,
U, = f(1). (5.77)
bynem uckaTh peuienue B Brge
w(r,z) = R(r) Z(z).

Paspensist mepeMenHble, OTyYInMm:
(rR'Y + AR =0. (5.78)
R|,_,— orpaHuueHa, R, — orpanuyena, (5.79)

7" -AZ =0. (5.80)

3anaua M typma—Jluysusins anst ypasHenust (5.78) ¢ rpaHndHbiMu yeaosusiMu (5.79)
HWMEET HeMPePhIBHBIN CIEKTP COOCTBEHHBIX 3HAYEHMIA:

A e[0+0), A, =v%, 0<v < +oo.
CobcTBennbie GyHKUMU OyayT:
R, (r)=Jo(vr).

U3 ypasnenus (5.80) u yci10BUst orpaHndeHHOCTH (BYHKLUMH Ha 6eCKOHEYHOCTH Ha-
XOAUM:

Z,(z)=C,e™ +D,e", D, =0.

v



MpuMepsi 38084 C HENPEPBIBHBIM CNEKTPOM 271

Taxum 06pa3oM, COBOKYITHOCTb YaCTHBIX PELIEHHH HMeeT BHI
u,(r,z)=C,e"J,(vr), 0 <v<o.

Ytobbl yNOBIETBOPUTH YCIOBUIO (5.77), 3anuiueM pa3ioKeHHe B HHTErPaj
u(r,z)=[C,e™ Jo(vr)dv. (5.81)
0

[Ipenmronaras BO3MOXKHBIM TpeIeIbHBLN Tlepexos 1o/ 3HaKOM MHTerpasa rnpu z — 0,
TOJTYYUM

o = (2= [ C.Jo(vr)dv,
0
TIpeanonaras, yro dbyHkuus f(z) paznaraercs B uHrerpas Oypoe—Becces, naxoaum
C, = VT f(r]y(vr)dr. (5.82)
0
Takum obpasoM, noayyeHo ¢opMasibHoe pelleHue 3amayd B Buae dopmya (5.81),

(5.82).

MNpumep. B kauecTBe NpHMepa HCIO/b30BaHUS MIOJYYEHHOrO pellieHUs PacCMOTPHM
crepyiouyio 3agady (puc. 5.7). [Iycrs MaccuBHOe Teslo HarpeBaeTcs Tak, YTO Ha HEKO-
TOpPOM Kpyre paAHyca a Nojaep:KUBaercs NOCTOsIHHas TeMilepatypa ¥ =T, a 3a 1pe-
JieslaMu 3T1oro Kpyra — temneparypau =0. Tpebyercs HaliTy craunoHapHoe pacipee-
JleHHe TeMIlepatypbl ¥ = u(r,z).

u=10 u=T, u=0

Puc. 5.7. Npumep

MareMmartudeckasi ¢opMy/IHpOBKa 3aJauH:

Au=0 0<r<o, z>0,

ul,_,,— orpaHuyeHa, | 7., Orpanuiena,
Ty, r<a,
u|z=0 = f(r) 2{
0, r>a

Bocnoasayemcst nonydennsim peuteHneM (5.81), (5.82) u BbruncauM uHTErpal

C, =vT, T r]o(vrdr.
0

Wmeem, yuntbiBasl ypaBHeHHe Beccesst, KOTOPOMy yAOBJieTBOpsieT PYHKIMA [,
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[ dJo(vr )}+v rJo(vr)=0=>r], (vr)————[rJ vl
dr dr

CaepoBaresbHo,
C, =2 rJ (vl = Tyal, (va)
CooTBeTcTBEeHHO, pacipesiesietile TeMIepaTypbl olipeaenserca GopMyioil
u(r,z) = T(,a]E e "], (va)](vr)dv.
0
Yacro uHTEpeC ITpeACTaB/seT pacipelie/leHHe TeMIlepaTypbl BAOJb OCH 2. B 3ToM ciyuae
g =Toa [, =T, o) ) =

[ e J,(va)|.Z +zje’”J (va)dv] [1 ———;\/%J.

Taxum obpasoM, crauMoHapHOe paclpejeseHne TeMIepaTypbl BAOAb OCH z JAeTcs

dopmyoit
‘ 2
i )
’ a’ +2*

3ameuanue 0 Opyrnx Kpaesbix 3agadax

IInockue 3adauu pematorest st obacreii caenywoero sua (puc. 5.8): a) noaynaoc-
kocmb; 6) noaoca. Tlpu aToM paccmarpuBaloTca ypaBHeHHS Au =0 wan Au + k*u =0
B o6sacti D. I'pannyHtsle yCI0BUS — IepBOro, BTOPOTO MJIM TPEThEro poda. Annapar
pelleHHs — pasnoxeHue dyHKuUnM B uHTerpan Oypbe no koopanHarex.

Ya

SN

a 6
Puc. 5.8. linockme 3apaun: a — NONYNNOCKOCTb, 6 — nonoca

Ipocmpancmeennvie 3adauu pewaiorcs Wia obnacreil: a) noaynpocmpancmso; 6) caoil.
ITpu atom nckomast GyHKLKS yaoBJeTBOpsieT ypaBHeHHio Au = 0w Au + k*u =0, I'pa-
HU4YHble YCJIOBUA — IEPBOIo, BTOPOro WM TpeTbero poxa. PelteHue uiercs B Buie
passiokeHus B uHrerpaisl ypoe—becces.

3apaya o paguanbHbix kone6aHusax rasa

PaccMorpum crenyonyio 3agaydy. I1ycTs 3agaHo HayasibHOe pacripeesieHue IIOTHO-
CTH Ta3a B HpocTpancTtse. Tpebyercs npocieauTs AaibHelniee pacrnpeaesenlie maoT-
HOCTH — MPOLECC BbIpaBHHBAHUS AaBICHMA.
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Bynem paccMaTpuBath Tak Ha3piBaeMble pagrasibHbie KoiebaHus ra3a, KoTopsle obpa-
3YIOTCS1 B TOM CJIy4yae, Korjja Haya/bHble YCJIOBHS 3aBHCAT TOJIBKO OT 7 — PacCTOSIHUSA
OT KosiebIoNeics YacTHIb ra3a 0 Hadaaa KOOPAUHAT.

[TonoxeHne IPOU3BOIbHOM TOYKH B IPOCTPAHCTBE B TAHHOM CJy4Yae yIoOHO XapaxTe-
pH30BaTh chepHieCKHMH KOOpAHHaTaMHu (7, 6, ¢).

Maremarudeckast ¢popMy/IMpPOBKa 3a4a4H:

2 B 2
u..iﬂ:()@i_a_(rz__)—iﬂ :0Y 0<r<oo, t>0,
v? ot’ rPor\ or) o o’

v
dua=00) 5| =0
ul, ,,— orpaHuyeHa,u|, , — OrpaHUYeHa.
Byznem nckathb peurerue B Buje
u(r,t) = R(rT(1).
Paaznenss nepemenHble, MOTyYUM
(r*RY +Ar*R=0. (5.83)
T" + 20T =0. (5.84)
OuesupHo, Heobx0qUMO TIOTPe6OBATH .
R|,_,,— orpaHuyeHa, R|, , _ — orpanudyena, (5.85)

YpasHerue (5.83) MoxHO 3ammUcaTh Tak:

rR" +2R + MR =0 & (rR)' + AR =0,

Orkyaa
rR = A cos(v/Ar) + Bsin(v/Ar), L #0

Win

rR=A+Br, A=0.
CiefoBarebHO,

R:ACOS kr+Bsm kr' 20
r r

WU

R= 1—4- + B, A=0.

r

VI3 rpaHUYHBIX YCa0BHH HaXoauM: A € [0,+o0). CriexTp 3asayl HelpepoIBHBbIH:
A, = vi, 0<v<ow

— COOCTBEHHbIE YUC/IQ;

R.(r)= B, sin(\/xv‘r) _B, sin(vr)
r r

— cobersernblie dynkuui 3anaun (5.83), (5.85).
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W3 ypaBHenus (5.84) 6yneM umers
T,(t) =C, cos(vot) + D, sin(vot),

ou
v Tak kak —| =0, To cieayer npunats D, =0.
t=0

Wrak, nonyyaeM COBOKYITHOCTb YaCTHBIX pelreHHiH

sin(vr)

u, =M, cos (vot), 0 <v < oo,

OTKYZa HaXOIuUM

u(r,t) = TMV _si(rv_r_) cos(vut)dv.
0

IIpeanonaras BO3MOXKHBIM IIpefie/IbHBIH TepeXo npu t — 0, moayYuM
< sin(vr)
U, o =0(r)= IMV ———dv, 0<r <,
5 r
W, fomycKasi, Yto GyHKuus ro(r) pasaaraercs B CHHyc-uHTerpas Mypbe, HaxoMuM
ro(r)= '[Mv sin(vr)dv=> M, = 2 I re(r)sin(vr)dv, 0 <r <. (5.86)
0 o

Honyyennas dopma pemieHus yacto HeynobHa U3-3a MIOXO0H CXOAMMOCTH HHTErpaa,
NPUYHHOIT KOTOPOIi SABAsieTCsl XapaKrep HoablHTerpanbHbiX GyHkuui. [loatoMy nipe-
o6pa3yem rosnyyeHHoe opMasibHOe pellieHHe,

Nmeem

sin(vr)

u= IMV cos(vot)dy =
0

- 51— T M, [sin(v(r + vt)) +sin(W(r —ot))]dv =
T

u =%{TMV sin(v(r +vt))dv + TMV sin(v(r—vt))dv}.

Ha ocHoBanum dopmyant (5.86) Moxuo 3anucars (0 < r + ot < o)
= %{(r +ot)o(r +ot)x|r —vtl (| -ovt] )}.

3xech BbIOMpaeM 3HaK «+» NpUT >0t U «—» — NPUT < VL.
Taxum 06pa3oM, OKOHYATEIBHO

u =zi{(r+vt)(p(r+vt)+(r~vt)(p(|r—vtl M. (5.87)
r
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B dopmyrne (5.87) nepsoe cnaraemoe — chepuueckas Bonna, UAylas u3 6eCKoHeyHO-
CTH K HayaJly KOOPAMHAT; BTOPOE CJlaraeMoe — cdepuyeckasi BOIHa, PaCPOCTPAHSIIO-
IASCA U3 Hayaja KOODJAHHAT.

MeToa vHTerpaneHbix npeobpa3oBaHunii

Ans pewenus samay MareMaTHueCKo# (QH3UKH C HETIPEPBIBHBIM CIEKTPOM, Hapsay
C OITMCAHHBLIM BBillle METOZOM, BO MHOTHMX CIyYasiX MOXeET GbITh C YCIIEXOM HCIIOJb-
30BaH METOJl HHTerPaIbHBIX peobpasoBanuit. [Tox HHTerpadbHbIM NpeoGpasoBanueM
byHKUMH f(X) NOHMMAETCS 3HaYEHHE ONPeaesIeHHOTO HHTErpana, B3ATOTrO IO 3afiaH-
HOMY [IPOMEXYTKY' OT IPOM3BeneHUS f(x) na anpo npeo6pasopanus, npeacrasisio-
utee co6oil HYHKLMIO IEPeMEHHOH X U HeKOTOPOro TTapaMeTpa, KOTOPbIil MOXKeT IIpH-
HHMATh NPOM3BOJIbHbIE 3HAYEHHs B 3aXaHHOM BEMIECTBEHHONH WM KOMILIEKCHOM
obmacTy.

UHurerpanbHblie npeo6pasoBanus

Nnrerpanshbie npeobpa3oBaHus, BCTPEYAOIMECS B MaTeMaTHYeCKOI dbusuke, Moryr
6bITH YCIIOBHO Pa3/ieieHbl Ha «BEIECTBEHHbIE> U «KOMILIEKCHbIE> B 3aBHCHMOCTH OT
3HAYeHHUH, IPUHUMAEMBIX NTapaMeTPOM NPeo6Pa3oBaHHA.

ITycts 3anana Hexotopast dpyuxumsa K(x,v), riea < x <o, b < v < o, Bynem npennona-
rath 9Ty QYHKUMIO HETIPEPHIBHON OT X M v B yxasaHHo#t obnactu. Ilycrs f(xyeA—
GYHKIMA BelecTBEHHOM HepeMeHHOM (A — HeKOTOpBI Kiace ¢yuxumit). Ecau gns
Kaxa0# GyHKuMM Kiaacca A MHTerpas

F(v)= TK(x,v) f(x)dx (5.88)

CXOIMTCA, TO B 3TOM CJIy4ae FOBOPSAT, YTO ONPe/eIEHO UHMeZPANbHOe NPeobpasvéanue
F(v) ot dynxumnn f(x) Ha xnacce A. Ilpu stom dynxuus K(x,v) HassiBaetcs: 2dpom
MHTeTPaJIbHOrO 1peo6pa3oBaHusl.

Bo MHorux ciyyasx cyumecrsyer obparHas 3aBucumocts a7ist (5.88). Ona umeer Bun
f(x) = | M(x,v)F(v)dv. (5.89)
b

Dynkuus M(x,v) HasbiBaeTCs AAPOM 0BPaTHOrO NpeoGpasoBaHys, ®opmyna (5.89) —
obpauenue npeobpasosanust (5.88). Koukperuas crpykrypa sizpa M(x,v) 3aBHCHT OT
Anpa K(x,v) 1 npenenos usMmeHeHus nepeMeHHbIX. Kak mpaBumo, dbopmyna (5.89)
MMEET MECTO B HEKOTOPOM Kiiacce B (e Ha BceM kitacce A: B < A), To ects f(x) € B.

O6e dopmynst (5.88) u (5.89) MOXHO O6BEAMHUTD B OHY

f(x)=TM(x,v)dvTK(y,v)f(y)dy, f(x)eB, a<x <m. (5.90)
b a

' B 3anauax matemaTHuecKoit (bU3MKHM 3TOT HPOMEXKYTOK COBIAMAET C MHTEPBAIOM M3MEHEHUA
TOH NepemerHoi, 1o PyHKUMAM KoTopoil BeeTcs pasiokeniue.
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®opmyna (5.90) — pasnoxenue pyHxkuun f(x) no dyHkuam M(x,v). Yacro ciayda-
etcs, yto dhopmyast (5.88) u (5.89) B3auMHBL

B pasnene «3agauu ¢ HelpepbIBHBIM CIIEKTPOM» MbI YK€ BCTPEYaJIMCh C HHTErpasib-
HbIMU npeobpasoBanusamMu Mypee u Xankess. K rpynmne BeutecTBenHbIx mpeo6pasosa-
HMil, 0611MiT BUA KOTOPBIX MOXeT 6biThb IipeAcTaBieH B popme (5.88), orHocATcA, Ha-
npuMep, CeayoiHe peobpa3oBaHUs.

Cunyc-npeobpasoseanue Dypoe:

F(v)= Tf(x)sin(vx)dx, 0<v<oo, (5.91)

@opmy.ia obpallieHust CHHyc-Tpeo6pasoBanus Pypbe:

f(x)= 2TF(v)sin(vx)dv, 0<x <o (5.92)
o

3neck K(x,v) =sin(vx), M(x,v) = 2sin(vx)/n. O6paTuM BHUMaHHeE Ha TO, YTO TEMEPD,
B OT/IMYHMe oT dopmy (5.53-1a), (5.33-16), uncioBoit koadbdUUMEHT 2/ T CTOUT nepel
unterpajioM ais dyHruun F(v). [Tonoxenue atoro xoabduunenra, B0OO1ile TOBOPS,
HeBaxxHo. MHoraa, 4tobsl caenats dopmyssl THna (5.91) u (5.92) cHMMeTpUYHBIMH,

CTaBUTCS YUCI0BOI K0 dHIMEHT /2/n nepen 060MMH HHTErpaaMu B 3THX dopmy-
JaX. AHAJIOTMYHOe 3aMeYaHue CIpaBe/IMBO M VISt APYTHX TpeobpasoBaHHil,

B kauecTBe Kjacca A MOXHO B3SITb KJIacC KYCOYHO-HellpepbIBHBIX M abCOJIOTHO HH-
Terpupyembix GyHkimii Ha (0,+). Kiacc B — kmace Takux xe QyHKUHH, HO HMelo-
IMX KOHEYHOe YHCI0 MAKCUMYMOB U MUHUMYMOB Ha o6oM [a,B] < (0, +0).

Kocunyc-npeobpasosanue Qypoe:
F(v) = jf(x)cos(vx)dx, 0<v<oo. (5.93)
0
®opmya obpalieHH

f(x)= 2 T F(v)cos(vx)dv, 0 <x < o (5.94)
o

O60o6uwennoe npeobpasosanue Qypoe:

F(v) = ]‘-’f(x)vcos(vx) + hsin(vx) dr, 0 <y <o, (595)
0

Nvi+h?

®opMya obpalieHns

F(x) = ZT F(v)vcos(vx)+ hsin(vx) dv, 0 <x <o, (5.96)
o

Nvi+h?
Knaccuueckoe npeobpasosanue Qypuoe:

F(v)= c‘ff(x)e"v" dx, —o0 <v <o, (5.97)
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®opmyaa obpaieHus:

f(x)= 1 IF(V) e dv, —o0 <x <. (5.98)

2n -,
SAnpa knaccudeckoro npeobpasoBanis MDypbe HMEOT CTPYKTYDY
K(x,v)=e™, M(x,v)= L goive.
2n
Ilpeobpasosanue Qypve—bBeccens
F(v)= If(r)r_]o(vr)dr, 0<v<oo (5.99)

®opmyiia obpalenus

() = [ o] pvr)dv, 0 <r <o (5.100)

3nech aapa uMeiot BUx K(r,v) =rJ,(vr), M(x,v) =v] (vr). Kitacc dynkiui, as xo-
TOPBIX CIpaBeIUBO peobpa3oBaHye, ONpeessieTcsl TeEopeMOi Pa3/oXKeHHs B HHTe-
rpas1 Pypee—DBeccess.

TUNHYHBIMK TIPEACTABUTESIMH JPYroil IPyMIisl npeobpa3soBaHUil, KOTOpble MOIYT
ObITh IPE/ACTaBJIEHBl B BH/IE

F(p) = [ K(x,p)f (x)dx

(a — 3a2aHHOE YUCTIO, P = G + IT — [lapaMeTP, M3MeHsIIoLMICS B HeKoTopoil obact D
IOCKOCTH KOMIJIEKCHOTO TiepeMetHoro, K — sapo npeo6pa3oBalus), ABAAIOTCA:

QO npeobpasoBanue Jlamnaca: K(x,p)=e,a=0, D — nomynjaockocts, Jexalias
npaBee HEKOTOPOH NMpsMOH G = G,, Mapa/jleJbHOM MHMMOH OCH;

O npeo6pasoBanne Mesuna: K(x, p) = x”™, a =0, D — nonoca, 3ak/104eHHas Mex-
Iy napajjie/IbHbIMH [IPAMBIMU O = G, U G = O,.

C 1ipeobpasosativem Jlansaca Mbl [TO3HAKOMUMCS B CJleAyIOlLeH IiaBe.

C nomolib10 HHTETPaJBHBIX Tpe0obpa30BaHMii MOXKHO pelliaTh HeoIHOPOAHbIE 3ajayn
MaTeMaTiyeckoil ¢pu3uxu no cxeme Metona I'punbepra. [IpuMenenue HHTErpasbHOro
npeobpa3oBaHis K anddepeHIHATBHOMY YPaBHEHNIO B YaCTHBIX TPOH3BOAHBIX Bpe-
MEHHO MCKJII0YaeT OJIHYy U3 He3aBHCHMBbIX NepeMeHHbIX, BCIe[CTBHE Yero HHTeIPHPO-
BaHile 3a1aHHOrO 11(prhepeHIMaIbHOIO YPaBHEHUA B YaCTHBIX POU3BOAHBIX CBOAUT-
Cs1 K MHTeIrPUPOBaHHI0 ypaBHEeHUsl B YaCTHBIX TPOM3BOAHbIX, COREPKAUMX Ha eAMHHULLY
MeHbllie He3aBUCHUMbIX IIEPEMEHHbIX, YeM 3aJlaHHoe ypaBHeHHe. Ecan ncxonHoe ypas-
HeHue ¢ AByMs He3aBUCHMbIMH TIePEMEHHBIMU, TO IIPUMEHEHHE HHTErPAJIbHOTO ITpeod-
Pa30BaHMs CBOMMT 33424y K MHTErPUPOBAHHUIO OObIKHOBEHHOTO AH(epeHtanibHoro
ypaBHEHHS.

Pemettve npeo6pa3oBaHHOro takiM obpa3oM ypaBHeHHs sBisercss QyHKuUHelt oT v
M OCTas/iblibIX NepeMeHHbIX. [Tocsie Toro Kax yka3aHHoe pellieHUe 1oyyeHo, Tpebyer-
csl «06paTUTh» €ro, YToObl BOCCTAHOBUTE «YTEPIHHYIO» [epeMeHHYI0. JTOT Mpouecc
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obpallleHnsl CBOJHUTCS, N0 CYIECTBY, K PellieHHI0 OfHOTO M3 MHTerPATbHbIX ypaBHe-
uuit (5.91), (5.93), (5.95), (5.97), (5.99) orHocuTenbHo dyukuun f(x); pynkims F(v)
npennosaraercst uasectTHoil. DopMasibHble pelleHUs 3TUX HHTeTrpaIbHbIX YPaBHEHHUH
JIalTCs cooTBeTCcTBeHHO dopMynamu obpatterus (5.92), (5.94), (5.96), (5.98),
(5.100).

JocronHCTBaMH MeTOoAa HMHTerpajbHbIX I[peoOpasoBaHMil SIBISIOTCS BO3MOMHOCTH
NpHMEHEHHST METOIa K OXHOPONHBIM M HEONHOPONHLIM 3ajfadaM, YIpPOIeHHe Bbi-
KJI8JI0K U pasfiesieHle IPUHIMINAIBHOM M YHCTO BBIYMCIUTEIbHON YaCTH DelleHHs,
a TAaKXe BO3MOXHOCTb NOCTPOEHUS! ONEPAIMOHHOr0 HCYMCAEHHS /8 JaHHOTO snapa
IyTeM COCTaBJeHUst Tabiuil NPsAMbIX U 06paTHBIX 1peoOpa3oBaHUi Pa3IMYHBIX 4acTo
BCTPEYAOIMXCS B IPUIOKEHUAX bYHKLIMH.

MpeobpasoBaHne Pypbe .

Beuany 60osbio#l BRXXHOCTH HHTerpajibHOro npeobpasoBaHuss MOypbe HallOMHMM 3/ieCh
HeKOTOpble OCHOBHbIE CBOHCTBA 3TOr0 Npeobpa3oBaHus.

ITycts f(x) — npomsBosibHast GbyHKUMS, ONpeiesieHHass Ha HHTepBaje (—o0,+0) U
YAOBJIETBOPSAIONIAA CAeAYIOUIUM YCIOBHSIM:

1) f(x) — KycoyHO-HelpepbiBHA Ha (—00, +00).

+x0

2) f(x)abcomoTHO HHTErpHpyeMa Ha Bceil YHCI0BOH OCH, TO €CTb I| f(x)| dx umeer
KOHeYHOe 3HaueHue. o

Bynem rosoputsb, yto Toraa f(x) € A. Ilpu Taxux yciaoBusx ¢yHkuus f(x) Moxer
ObITb NPeACTaBaeHa B BU/E pasiioxeHus B MHTerpat ®ypoe

f(x)=2—171:j_‘ie"'““'dsj!;f(&)ei‘é dé, — o0 <x <+,

TTpIYeM B TOYKe pa3pbiBa MEPBOrO POf@ X = ¢ JieBasi 4acTb popMyJIbl N0JKHa 6bITb 3a-
meHena noaycymmoit [f(c —0) + f(c+ 0)]/2.

[Tpeo6pasoBanuem Dypobe ot byHxuuK f(x) HasbIBaeTcss HHTErpaJl
f(s)= jf(x)e’“dx,—oo <5 < +oo. (5.101)

Jlns pyHKLMIH, YI0BAETBOPAIONUIMX IEPEYUCIEHHbIM YCIOBUAM, IpeobpasoBanue Py-
pbe Bcerzia cyuiectsyet. JeficTBUTebHO, HHTEIPa

B
[flayedx,

rie o u B — moGble KOHeuHble YHCTA, BCErAa cyulectByeT (MHTerpan Pumana), kpome
Toro, | f(x)e"|=| f(x)|. [Tostomy unrerparn (5.101) cxonurcs.

[Tpeo6pasosanne Oypoe ob1agaer caepyOUMMH CBOHCTBaMH.
Ecmn f(x) = ¢, f,(x)+ ¢, [, (x), tne byuxumn f, (x), f,(x) € A, a ¢, ¥ ¢, — KOHCTaH-

TBI, TO f(s) =¢ f1 (s)+c, fz (s) (cBoiicTBO NMHeHOCTH peobpa3oBanust Pypoe).
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Ceepmioil dsyx ynxyuii f,(x), f,(x) € A HaspiBaeTcss DyHKuHUA, OnpeneseMasi 1O

dopmyne f(x)= J‘f1 W) fo(x-y)dy ={f,.f,}; npuuem cBepTKka KOMMYTAaTHBHa, TO

ects {f,, f,} ={f,./,}. Cupasenusa dopmyna f(s) = f,(s) f,(s),

f(s) — 0 nipu § — oo

Umeer mecTo dopmyna obpalienns, koropas clipaBeinuBa a1a GyHkuuit f(x) € B,
YIOBJIETBOPSIOUIUX YCIAOBUAM:

1) f(x) — KycouHo-HenpepsIBHa U MMeeT KOHEYHOe YMCJI0 MAKCUMYMOB H MUHHMY-
MOB B JII060M 3aMKHYTOM HPOMEXYTKe [a, b] < (—o,+0).

+00
2) f(x) abcomoTHO HHTErpUPyeMa Ha BCell YHUCIO0BOIi OCH, TO €CThb jl f(x)| dx nmeer
KOHeYyHoe 3HayeHHe. o

Popmysa obpalileHlst ©meeT BU (B TOYKAX HellpepbIBHOCTH)

f(x)=i Tf(s)e‘i“ds, —00 <X < 40,
2r -,

HeoaHopopaHble 3apa4M C HenpepbiBHLIM CNEKTPOM

PaccMOTpHM TeXHHKY NDHMeHEHHS MeTo/la MHTerPANbHBIX NpeoOpasoBaHMil Ha IpH-
Mepe ciexywolleit 3agayd: HalTH GyHKUMIO © = u(X,y ), YAOBIAETBOPAKIIYIO CIEAYIO-
LIUM YCJIOBHSM: YpaBHEHHIO

L w)y+M, (u)=F(x,y), a<x <w, c<y <d,
rae L,, M, — nuHeitnbie auddepeHumasbHbie OIepaTopbl,

__1t]90 Oul _
L, (u)= r(x){ax (p(x) ax] q(x)u}

o%u
M,(u)=Ay)—+
%y
ECJIPI X =4a— permepHaH rpalmua, TO yllOBJIeTBO})H}OTCH yCJIOBPIH OJHOI'O U3 c.ne,uylo—
IMHUX THIIOB:

B(y)% + Cy)u.

ulx:a = f(y )’
ou
ox e - f(y )r
X _ml = f@), k>o.
ox r=a
Ha cunrynsipHoit rpanuue BoinosnHsercs ycnosuey|, = O(1).

Ecnn x = a — cunrysnspuas rpanuua, o o), = O(1),4|, ,_ = O(1). Jlasee BbInoJHA-
IOTCSI HEKOTOPbIE YCJIOBHS TI0 1ePeMEHHOM i, KOTOpbie 3aBUCAT OT THIa ypaBHEHHUSL.
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CoorsercTBylomas 3agada [ typma—J/InyBU/as uMeeT BHI
(pX'Y +(r—-g)X =0.

Ecnu x = a — perysnsipHasi rpaHHI, TO

Xl e =0,
aubo
x|,
dr|,_,
aubo
1754
= —hX}._. =0
XX,
u
Xl g e =0,

Ecau x = a — cUHTryJsipHas rpaHHLa, TO

X"x—m = 0(1)’ Xx—wo = 0(1)
ByneM cuurars, 4to chopMyIMpOBaHHas 3aaya [ rypma—JInyBuiist UMeeT Henpe-
DBIBHBI CIIeKTp COBCTBEHHBIX 3HaueHuii, koTopble 06o3Hauum A = A, =v% a cober-
peHHbie pyHKMH —X =X (x),0 <v <.
Hocrynum o aHamornu ¢ MerogoM I'punbepra:

@©

jx{a—i(p(ﬂ%]w(ﬂui\ﬂ # [ M, rX, dr = [Fexy)rX. de=

ou
X —-X'u
p( Vax v )

X =

+ [ul(pX,) - qX, Jdx + My(juerer =
e -

r=a =-A, Xy

= TF(x,y)rXV dx.

<
=F. ()

BreneM B paccMOTpeHHE WHTETPDAJIbHOE npeobpa3zoBaHue
u, = j wX, dx. (5.102)

Toraa Hallie ypaBHeHHe 6yaeT UMeTb BUI
M, @,)-\i, =F (y)-G.(¥) (5.103)

rae

X=®

6w =p(X, 3 -Xu) (5.104)
Ox

Y=a

ITycts x = a — pery/ispHas rpaHuua. MimeeM
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-p(a)X, (a)f(y) s ycnoswit nepsoro poxa,
=< p(a)X,(a)f(y) mnsycnoBuit BTOpOro poxa,

p(Xv %lf -X, u)
p(a)X,(a)f(y) /g ychoBuil TpETHETO poja.

X

r=q

Takum o6pasom, npasast yacTs B popmy.ie (5.104) npu x = @ — u3BecTHAs PYHKIMS.
Hanoxxum HexoTophbie IONOJHUTENbHbIE YCIOBUS TIPH X = 0. ByjAeM cu4MTath, 4TO

ou
X, —-Xu
o{x. 2 xa)

IIpu Takux ycnosusx G, (y) — u3BecTHas DyHKILUL.

=0.

r=wm

Ecnu x = a — cunrynsiprast rpanuua, To norpe6yem, 4To6mt

p(Xva—u—XLu) -0, p(ngli—X:,uj
0x rea Ox

=0.

xr =%

7/
IIpn Takux NONOMHUTENBHBIX YCIOBHSIX METOJ MHTETPATBHBIX [1PEO6pPaszoBaHHil MpH-
meHuM. [lns nosHoN nocTaHoBKM 3aauu st ypaBHeHus (5.103) Heob6xomumo emie
TPanCchOPMUPOBATh YCIOBUS MO NEPEMEHHON y.

Peuns ypasnenue (5.103) ¢ cooTBETCTBYIOINMH YCAOBUSAMU N0 NEPEMEHHON y, Hail-
zem byHKuuMo 4, . 3ateM QYHKIHMIO ¥ HalkaeM 110 hopmyse obpamneHus

u(x.y) = | Mz, (v)dv

rae M(x,v) — siapo obpatHoro npeo6pasoBaHust 1jist peobpasosanus (5.102); sapo
npeo6pasosanus (5.102) umeer sug K(x,v) = r(x) X, (x).

MoxxeT oka3aThbCst Tak, 4TO CHOPMYIUPOBAHHBIE JOTIOJIHHATE IbHBIE YCIOBHS HellpHeM-
JieMBl JJist paccMaTpuUBaeMoil 3axaud. Torza meTon MHTErpajibHbIX TpeoGpa3oBaHMit
TOXEe HeMPUMEHUM.

MpumMmepsbl pewieHns HeOAHOPOAHBIX 3anay
C HernpepbiBHbIM CMEeKTPOM

31€eCh MBI Ha HECKOJIbKHX NPHMEPAX PACCMOTPMM TeXHUMKY TPUMEHEHUs UHTErpasib-
HBIX N1peo6pa3soBaHuil IUIsl pelieHyst HEOAHOPOAHBIX 3aay MATEMaTHIECKON (hH3MKM
C HEMpPEPBIBHBIM CMEKTPOM.

3apava Qupuxiie gna nonynonocsl

Pacemotpum sanauy upuxite 1yist ypasHenus Jlamaca B 061acTH, NpeacTaBasoniedi
coboit mosyrnonocy D ={0 < x <, 0 <y < b} (puc. 5.9).

Tpebyercst aiitu dyuknuiou € C* (D), yI0BIETBOPSIONLYIO YCIOBUSIM
Au =0, (x,y)eD,
U, =f@), U, =0,
uly:O =@, (x), u|y=b=(Pb(x)~ (5.105)
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Ya

_B

Puc. 5.9. Nonynonoca

0

CoorBercTBylomas 3axaia Iltypma—JInysumns umeer BUa(0 <x < oo):
X"+AX =0, X(©0)=0, X[, =0() (5.106)

Crnexrp 3amaun (5.106) HenpepbiBHbLL: A € (0, +00). CobcTBeHHbIE 3HAYEHN A = A, = v?
(0 <v < w); cobcraernble PyHKIMH — X (x) =sin(vx).

B cootsercTBuu ¢ obuleit Teopuei
0 ~2 © A2
Ia—l:sin(vx)dx + I-a—l:sin(vx)dx =0=
0 Ox 0 Oy

r=x

[% sin{vx) —uv cos(vx )]
ox

—-vzjusin(vx)dx +
0

d* (% . ”
+E;[{usm(vx)de =0. (5.107)
Totpebyem, 4TOObI
d. . -0 & >0 (5.108)
’ ox

Yenosue (5.108) 1omKHO 6bITH coTIacoBaHo ¢ nosezenueM dynxuuit (5.105): ¢4 =0,
¢, — 0 iput x — . Teneps ypasHenue (5.107) mpumeT BUL

2 —
Z_yl;._vzﬁ = vf(y), (5.109)
jyils

= Tu sin(vx ) dx.
0

Tpancgopmupyem ycaoBus (5.105):

i, =Bo» &, =By (5.110)

re BBefieHbl 0603HAYEHUS
B = [ @o(x)sin(vx)dx, G, = [ @,(x)sin(vx)dx.
0 0

Pewns ypasrenue (5.109) npu ycnosusx (5.110), vaitneM # =i, (y). Otkyna, o ¢op-
MyJie oOpaeHus,
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u(x,y)= 2 Tﬁv (y)sin(vx)dv.
To

Hpumep. Ilycts f(y) =u,y, 9,(x)=0,¢,(x)=0. B stom ciyuae ypasuenue (5.109)
6ynerT UMeTh BUJ
d*u

2_
v = —vu,.
dy*

OTKyna HaXoAuM
i = Ash(vy)+ Bsh(w(b - y))+ 2.
v
HNmeem nanee

l,,=0= Bsh(vb)+-u—° =0,
‘ v

il ., = 0=> Ash(vb)+ 22 =0,
v

OTKYyZa
Uy Uy

v sh(vb) ~ v sh(vb)

Taxum 06paszom,

7=t [y _sh(vy) sh(v(b-y))
v sh(vb)  sh(vb) |’

OTKyJa OKOHYATEJIBHO NOJy4YaeM

v ?_u&T{1 _sh(vy) sh(v(b —y))} sin{vx) ™
T sh(vb) sh(vb) v

0

3apava 06 narmbe nnuTbl

Paccmorpum nnactuHy B Bujile Geckoneddoit nosoch wupunst b (puc. 5.10). Byaem
CUUTATh, YTO Kpast MJIMTHI XKECTKO 3aKperieHbl.

‘:V

Puc. 5.10. N3rub nnutbl
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H3BecTHo, 4TO MpOru6 TaKo# MJIACTHHBI YAOBIETBOPSET CAeLyomeMy Auddeperiu-
aJIbHOMY ypaBHEHHIO:

du , w3 _g(xy)
ox'  oxtoy® oyt D
3nech g(x,y) — IUIOTHOCTh 3afAHHOR pacIpelefieHHoi Harpy3kH, AeiicTByomeil Ha

wuty; D — Tak Ha3bBaemasl IMIMHAPUYECKAsT )KECTKOCTh IUIUTHL. Y pasHenue (5.111) —
ypasHenue Coodu JKepmen—Jlarpamxka

Au = , ~w<x <40 0<y<b (5.111)

CdopMysnvpyem rpaHuytbie YCIOBUS

o), & =0(1) (5.112)

|x—->iau

X —rto0
ou

=0. 5.113
P (5.113)

y=0,b .

ul -06=0,

Ycnosus (5.112) o3HavaoT, YTO OPOrU6 U Yrosi MOBOPOTA Ha GeCKOHeUHOCTH (X — $o0)
JOJKHBL ObITh OrpaHu4eHsl; yeioBus (5.113) — ycioBus 3aKpenienHst KPOMOK TIUTbI
(nporu6 u yroj noBOpOTA JOJDKHBEI OBITh PABHBI HYJIO).

Ymuoxum ypasrerue (5.111) Ha e™ u npounterpupyem ot —oo 10 +00. O6o3HaUNM
+C
7= [ue™ds.

Bynem tpebosatb, urtobbl, B coorBercTBUM ¢ (5.112), JONOAHUTETLHO BBITIOIHSINCH
YCHAOBUSL

d*u
! 3

2
-0 ou

2

N 50 (5.114)

ul
ox

Xt

Xt x—to Xt

IT0 TpeboBaHKE NO/KHO ObITH COTNACOBAHO ¢ NoBeneHueM dyuxunn g(x,y ). [locne
MHTErPUPOBAHUS NOJYIUM

T g gy v [P i
a0x? 595 rew O
- lt(;ﬂ eivx _ iveivxu} "‘VQ J‘ueivx dx —
X x=—0 —
5ty u | L tdu
'V,rdx_ VI - ZV - elvxdx. —
_J;Gx“ a0 o I ox®
63 ivr ivxe 0 o T 62 1v,1
[(—9;? e —iv : ] -v I P dx =v*

+0 4 2 4o A2
2j__a‘92;‘yze dx_zd_ ‘9—1 " = —2lj’j,
X y 0. Y

4_.
1vxdx d 4
0y dy* 2, dy
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Takum 06pa3om, BMECTO ypaBHEHHSI B JaCTHBIX TPOU3BONHBIX (5.111) mmeem 00OBIKHO-
BexHoe nuddepeHIManbHOE ypaBHeHue
4 2~ =
d—lj-2v2d—i‘;+v4a=“y), (5.115)
dy dy D

re BBeAeHO 0H603HaUeHHe
+%0 )
7, = [axy)e™ d.
—o0

Yeosus (5.113) tpancdopMUPYIOTCS B CIENYIOIINE YCIOBU:

_ o
itl,.05=0, " =0. (5.116)
y=0b

PemnB ypasuenue (5.115) npu ycosuax (5.116), mbl Hailnem dyukumio 4 =i, (y),
a Toraa nporu6 mAUTH OnpeaesuTcs no Gopmysie

1 M— —ivx
uxy) =5 [@,(yye™ av.

NPUMEHAHUE

Jonontntenphbie ycaous (5.114) duanyeckd 03HAYAIOT, YTO Ha 6ecKOHEYHOCTH MPOTHOBI,
YIUIbl 110BOPOTOB (TiepBbiE NPOM3BOAHbIE OT HPOrH6oB), uarubaoue MOMeHTbl (TTPONOPLUHO-
HaJIbH bl BTOPBIM IPOU3BO/HBIM OT IIPOrHGOR) U JIONEPEUHBIE CHITbI (ITPOTIOPINOHAIIBHB TPETHHM
[IPOU3BOMHBIM OT NporuGoB) Hcuesawile Manbl. Takoe TpeboBanne NpeAcTaBaseTca GU3HieCcKH
Pa3yMIbIM, €CJTH, KOHEYHO, 0110 COITIACOBAHO € NOBEACHHEM QYHKINK q(x,y).

Bonpochbl K rnaee 5

1. JajiTe XapaKTePUCTUKY HEOJHOPOIHBIX 33734 maremaTHyeckoid ¢uauxu. Kaxue
METO/bI CJIYXAT JUISl PELIEHMs] HEOJHOPOAHBIX 3a1a4?

2. B 4em 3aKJTI0YaeTCs CYIHOCTh METOAA IPUBEAEHHs K 01HOPONHOM 3a1aue? [Ipuse-
JuTe MPUMEpBHIL.

3. Cdopmynupyiite ocnoBHyIo Hieio Metoaa 'pnnbepra.

4. Usnoxure npuMeHenue meroia I'punbepra st ypaBHEHHs BTOPOro IMOPAAKA
C AByMsl HE3aBUCHMBIMU TepeMEHHBIMU.

5. IlpuBepure KpaTKyIOo CXEMY PELLEHMs 3a/la4l METOLOM I'punbepra.
6. Kak casizasl Mexiy coboit meroust I'punbepra u @ypbe?

7. Jlaitte peurenue 3amauyt Jupuxje Jisi NPSMOYTOJbHHKA METONOM TpUBEAEHH
K OJIHOPOJHOH 3ajaye.

8. [lafiTe peuienue 3axauu Jupuxe Ais1 NpsiMOYTOTbHMKA METOLOM I'punbepra.

9. [aiite peureHue 3a4a4y O BBIHYXKIEHHBIX kos1e6aHUAX KpyrJiod MeMOpaHbl MeTo-
JIOM [IpUBeeHHs] K OAHOPOAHON 3a1ave.

10. [JaiiTe pellieHHe 3a4a4M O BBIHYXKAEHHBIX KoJiebaHusIX Kpyrjaoi MeMOpaHbl MeTO-
oM [punbepra.
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11. YTo MOXHO CKa3aTh O CXOAMMOCTH PSIIOB, IOJYYEHHBIX TIPU peLIeHHH MEeTOAOM
I'punGepra?

12. [aire xnaccudukauuio 3axay Ulrypma—JInysunns.

13. IIpusenure IpUMepPHl HHTETPAJIBHBIX PA3I0KeHUH, CBA3aHHBIX C CHHTYJISPHOH 3a-
nadeit Ltypma—JInyBUiLIsL.

14. Cdopmyupyiite TeopeMy pasiioxxeHust hbyHKIHHU B cuHyc-uHTerpan Qypoe. C xa-
Ko#l KpaeBOH 3aftaueil CBSI3aHO ITO pasyoKeHHe?

15. CcopmyaupyiiTe TeopeMy pa3noxeHHs (QYHKIHMU B KoCHHYyC-unTerpan @ypsoe.
C xako# KpaeBo#l 3afiayeil CBSI3aHO 3TO pa3yIoKeHHe?

16. Hanuuure ¢opMysibl HHTErPaJbHOTO Pa3/OXKEHHs, CBA3AHHOTO C IPAHUYHBIMU
YCJIOBUSIMU TPETHETO POJA HA TOJYOCH.

17. Copmyaupyiite TeopeMy pasioxenust B uHrerpan @ypve—beccens. C kako#t
KpaeBOU 3a/iaueil CBSI3aHO 3TO pasJiodKeHue?

18. [aiiTe pelieHue 3ana4d 06 OXJIaXAeHUHU N0Iy6eCKOHEYHOTO TeJa.
19. [aiite peleHue 3agauun Jupuxie 111 NONYIIIOCKOCTH.

20. Jlaiite peureHue 3azauu Jupuxiie aist MOaynpoCTPAHCTBA.

21. [aiiTe pelieHue 3a8auu O PafHaIbHBIX KOJeOaHHSX rasa.

22. CdopmynupyiiTe TIOHATHe HHTerpaIbHOTO npeobpasosanus. [IpusenyTe npumeps
MHTETPAIbHBIX 1peobpa30oBaHuiL

23. Hanuumte dopmynsl npsamoro u obpatHoro npeobpasosanus Oypee.

24. Hanuumre ¢opmyJibl Ipsmoro u obpatHoro npeobpasosanus Oypre—beccers.
25. Hammmute hopMy bl IpsMoro 1 obpatHoro obobuenHoro npeobpasosanust Dypoe.
26. Hamuuure dopMyJibl IpIMOTO M 06paTHOTO CHHYyc-npeobpasosanus Dypee.

27. Hamuuute dopMysibl npsiMoro 1. 06parHoro KocuHyc-npeo6pasosanus Dypoe.

28. M3noxuTe NpuMeHEHHE METOJA MHTETPATIbHBIX Npeo6pa3oBaHuil IJisl ypaBHEHUS
BTOPOTO NOPSIIKA C IBYMSI He3aBUCHMBIMH NEPEMEHHBIMH.

29. [aiite pelreHyve 3afauu J{Mpuxie Ajist OXYNOJIOCHL
30. [ladite peueHue 3anaun 06 uarube MiMTHL

3apaun ¢ npumepamu pelueHvs

1. PeluTh CMeLIAHHYIO 3aady IJIA HEONHOPOAHOTO YPAaBHEHMS TMIep6ONMYECKOro

THUIA
62u= 2%—6, U2 =T_O._;
ot? ox? P
U],g =0, ou =0 ul,.0=0, u,., =0

e

2. PewuTh CMEIIAHHYIO 3afady /sl HEOJAHOPOAHOTO ypaBHEHMs TMIep6OIHYECKOro
THUNA
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52u 2 a2u 2 E
7 - 7 T8 U =
ot ox p
U0 =0, o) =0; ul,, =0, [ —
at t=0 ax x=l

3. Peuruts cMelraHHylo 3afiady AJIsi HEOAHOPOAHOTO YpPaBHEHHUS rUNepOOIHMIECKOTO
THIIA

’u _ u
— =2, O<x <1, t>0
otr  ox?
ou ou
U =0, — =2 4f,,=0 — =t
| im0 2. | e 2l

4. Pelruth cMelIaHHYIO 3ajady A7 HEOJAHOPOJAHOTO ypaBHeHUs mapabonaudecKoro
THIa

u _d'u
— = +t(x+1), O<x <1 t>0
Friaiewe (x+1), 0<x <}
ou
| U,o=0, — =t% u,, =t
ax.x.'=0

5. Peluuts CMEINaHHYIO 33ja4y 1JS HEOAHOPOAHOTO YPAaBHEHUS HNep6OIMYeCcKOro
THIA

o%u  d*u
——-———+2b b=const, 0<x </, t>0;
ot?  ox?
" ,
ulz:ozor E|¢=0=0; u|x=0=07 u|x=l=0‘

6. Pelrurts cMellanHyio 3afady AJSl HEOAHODPOAHOTO YPABHEHUS TUNEepOOIUIECKOT0
THIIA

2 2
%ﬁ:a—1:+cos(t), O<x<m t>0 e
ou
u,y=0 B =0 ., =0 u,_=0.
| =0 2., |x-0 |

7. Pemurs 3agauy o kosebauuax ogHoponHoil crpyel (0 < x <), sakpellieHHO# Ha
kouuax x =0, x =/, mox aeiicTBiEM BHelllHell HETIPEePHBHO Paclipe/ie/ieHHON CHJIbI
C IJIOTHOCTBIO p(X,t) = Apsin(wt), o # knv/l, k =1, 2, 3... Havanbuble ycnosust —
HYJIEBHIE,

8. Pewuts 3aauy 0 BHIHYXX/IEHHBIX ITONIEPEYHBIX KONeOAHUAX CTPYHbI, 3aKPeNieHHOH
Ha OJHOM KoHIUE X =0 U NoxBepKeHHOH HA APYTOM KOHIE X = | NefCTBUIO BO3MY-
IIaloIei CUJIBL, KOTOpas BbI3bIBAeT CMellleHHe, paBHoe Asin(wt), rae o # knv/l,
k=1,2,3,... HauasbHble yCIOBUSA — HyJEBHIE,

9. Peunuth cMellaHHYIO 33a4y /ISl yDaBHEHUS IMIlepOOTHYECKOTO THIIA
62 62
at?

, 0<x <l t>0
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10.

11.

12.

13.

14.

15.

16.

17.

ou
U, =0 —| =0 u,,=0 1, =t
t=0 6t o xr=0 x=l
PewinTh CMELIAHHYIO 3ajady AJisl ypaBHEHUst THIepOOIMIECcKOoro THIa

o*u  d'u

— = 0<x <1, t>0

ot ox

ou 3
W g=x+1, == =0, =t+1 u, =t +2.

t=0

PewuTh CMELIAHHYIO 3ajlady AJisl ypaBHeHus runepbondeckoro THa

2 2
ou _ 2 07U 0<x <l t>0

at? o’
u|t=0 =0, gu" =0, u‘ v=0 =0, (—92 =—g- = const.
Bt |20 ’ ox|,., ES

PeltnTh CMELIAHHYIO 3a{auy [Jis ypaBHEHUs TUNep6oM4€eCKOro THa

2 2
ou_ 2—6—1;, 0<x<l t>0

6t2 - ox
u|t=0 :0' Qg =0; u|r=0 :0v % =M.
¢ =0 . ox x=l ES

HaitTi cTamuoHapHOe pacrpe/leieHie TeMNeparypbl B Opyce, cederie KOTOPOro
uMeeT (OPMY KPMBOJMHEHHOTO MPAMOYTOJbHUKA (@ <7 < b,0 <9 <a) npu cie-
NYIOIUX YCIOBUAX:

ulr:a = 0’ ulr:b = TO’ u](p:O = 0’ ul(p:(l = TO'
Peuuts CMELIaHHYIO 3a1a4y AJIs1 ypaBHEHHUA I‘I/IHCP60]IH‘ICCKOI’O THUNna

o*u  , du
2l = +Y(x,),0<x <t >0,
ot? ox? (®0)

ou
ult=0=f(x)v — =F(x)' u|x=0=0’ u]z‘zIZO'
Ot |-

V3yunThb BBIHYKAEHHBIE TOTIEPEUHble KOe6aHust CTPYHB, 3aKpeIUIeHHON Ha KOHLAX
x =0, x = 1 noABepKeHHON AeHCTBUIO BHELIHEH Boamymiatonieit cuinl Fy sin(wt),
o# kno/l, k =1,2,3, ..., cocpeaoToueHHoi B Touke x = ¢, ¢ € (0,1), cTpyHBI.

Pewuth KpaeBylo 3axaqy

5 o*u
—u' =a2 - 2 0 <X, t <+, ulx:O :UO’ u|l=0 :0'
ot ox

Pelnth KpaeByo 3agady

ou , du -
= = 6x—2,0 <x, t<+o,ul o =0,u,,= \u(x)—{

U, 0<x<l,
0, 1l<x<+w
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18.

19.

20.

21,

22.

23.

24.

25.

26.

27.

Periuth xpaeBylo 3afauy

ou azal:, 0<x, t <+, ou =0, u,., = f(x).
at 5 ax x=0
Peluuth xpaeByio 3anauy
% 2 52u

=0, ul,o=f(x), h>0.

x=0

ot

Haiitu peluenue ypaBHeHHS TeILIONPOBOJHOCTH, €CJIH HadaibHasA TeMOepaTypa
HMeeT BUX

=a‘—, 0<x,t <+, %—hu
ox? ox

7,x >0
U, =y(x)=
Iz-o W( ) {T2 x<0'
Haiit xakoe-HM6y/ib OrPaHMYEHHOE PELLIeHHEe YPAaBHEHHS! TeTIONPOBOAHOCTH B 06-
Jactu x >0, ynosierBopsioniee rpanuyHoMy yeaosuio u(0,t) = A cos(wt).
PewnTe xpaeByio 3agauy

ou 62
—=a , 0<x, t <+, u t), u, ,=0.
Bt | ax |x [ f( ) ’t-O
Pelunth KpaeBylo 3axauy
ou azau 0<x,t<+om, ou = f(t), ul,.o =0.
Bt xr=0
Pemutp kpaesyio 3agady
ou 6
=4 , 0<x <l t>0
ot? ot
u, o=A u,,=B u,,=0 ou =0,
t=0

Pemurh KpaeByio 3anauy
Fu_ o

- = a’ , 0<x <l t>0,
ot ox?
gu_ = A, gu_ _B, u|t=0=0v % =0.
ox|, o ox|, Ot |20
Peumuth kpaesyiwo 3afady
1 62 _0%u
—+A O0<x <l t>0
a® ot ox’
@_ =0, @. :0' ult=0=0r @ =0‘
ox xr=0 ox =l ot =0
Pewmuts xpaeByio 3afady
2 2
—1—9—2 =2+Asinmt, 0<x<l t>0,
a® ot? o’
@ =0' u|t=1=0v u|z=o=0v % =0-
ox x=0 ‘ ot =0
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28. PemmTb KpaeByIo 3afaly

2 2
_12_223=—6—l;, 0<x <l t>0
a ot ox
ul,.,=Acoswt, ou =0, u,.,=0 o Lo,
’ Oxi, . Otl1-0
29. PewuTh KpaeBylo 3aady B NOLYKpyre paauycab

1 8%u

———=Au, 0<p<h 0<p<m

a* ot’ P i
. ou

u(p, @), = bsing, u(p,0) =u(p,1)=0, =0, 5l 0.
t=0

30. PewnTh KpaeBylo 3afiady B Kpyre paguycab

2
iz—a—zﬁ = Au + Asinot,
a” ot
up. DMy =0, g =0, 2 =0
P ) Ot .o
31. PewnTh Kpaesylo 3ajiauy B NOJLYKpyre paauycab
1 d%u .
— 5 =Au +psingpsinwt,0<p <bh0<op<m
a” ot
a0 =02 =0
on|r Otl,.0
32. PeluTb KpaeBylo 3ajady B IMIIHHIpPE paauyca b, BhICOTHI h
1 8u ou
’—2—5—= u, u'[=0=0, — =0,
a” ot ot =0

u(pv (p’z»t)luo = Ar u(pr 0,2, t)'zsh = B, u(p,(p, ) t)lp:b =0.

33. Pelunth KpaeBYIO 3afauy B LIMIMH/PE PaUyca b, BbICOTBI h

U,0=0 ul,,=0 u_,=kt sin(%j.

34. Pemmtb ypasHenue [Tyaccona B mapaiesenunene0 <x <a 0<y < b0<zs<c
Au = A,

ulx:O :07 ulx:a = Cv u‘y:O =0’ u|y=b =07 ulzzO :0' ulz=r :0‘

35. Pewmntb ypaBuenue [Tyaccona B pumnape0 <p <b0<@<2n0<z< h
Au = A,
ou

= =0, u,,=0 ul,,=pcose.
Pl s
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MpumMmepbl pelweHus TUNOBbIX 3aaaud

Mpumep 1. Haiity pacripenesneHye TeMIepaTyphl B IACTHHE TOJIIMHOM @, rpadb x =0
KOTOPO# M3JIyYaeT TelIo B OKPYXKAlollylo cpexy 1o 3akoHy Hbiorona (Temneparypa
OKpyarollle# Cpeibl paBHa HYJIO), a APYTas TpaHb X = @ NOAAEPXUBAETCS NPH MOCTO-
SIHHO# TeMmneparype T,, paBHOI HadaJIbHOH TEMIEPaType MJIaCTHHBL

Pewenue. Martemaruueckass GHOpPMYJIMpOBKa 3agauyn: TpebyeTcsa HalTH (QYHKLHIO
u(x, 1), yAOBJIETBOPSIOMIYIO CIEAYIOIUMM YCIOBHSAM:

ou d*u

L2220 0<x<a 1>0,

ot ox?
gy_— =0, u|x=a=T0’ u1t=0=T0’ h>0
ax x=0

31ech A7 MPOCTOTHI 3aIIUCH BBEAEHO IIPUBeXeHHOe BpeMs T = kt/(cp). 3anaya sABis-
€TCs1 HEOMHOPOIHOM B TPAHUYHBIX YCIIOBHSX.

HameruM miaH pemeHds 3agayv. MOXKHO MCKarh penleHde 3aayl B BHUAE CYMMbI
AByX bysKumi u(x, 1) = U(x) + w(x, ), npuuem dyHkumio U(x ) BHOpaTh Tak, urobb!
OHA YNOBJIETBOPS/IA UCXOIXHOMY YPABHEHHIO ¥ HEOXHOPOXHBIM TPAHUYHBIM yCIOBUAM.
Torna nana GYHKLUMH W(x, T) TOTYYHM OXHOPOXHYIO 33/1a4y, pelleHHEe KOTOPOi MOXKHO
noctpoutsb Metoziom Oypee:

2
LU _o Ui =0 U, =T, = UGx) = 2D
I Rt A+ Fa)
2
@——6—2=O, 0O<x<a 1>0,
ot ox?
% =0, wl,.,=0 @, =T, -Ux).
ax x=0

MosHO TocTynuUTh HHaue. ByneM opreHTHpOBAThCA Ha NMpuMeHenue metona ['puH-
6epra. TTo-mpexxtemy 6ynem uckathb pemenye B Buge u(x, 1) =U" (x) + " (x,1), HO Te-
nepb oT pyskuuu U’ (x) motpebyeM TOIbKO, 4TOOBI OHA YAOBJIETBOPAIA HEOXHOPOA-
HBIM TPAHHYHBIM YCJIOBHSIM, 4 B OCTAJIbHOM OHa MOXeT ObITb TPOU3BOJIbHOM. B sTOM
cnyyae B kauectBe (yHkuuu U’ (x) MOXHO B3fTb, HalpuMep, Takylo (GYHKIHMIO:
Ux)=T, x2/ a*. Torna ans GyHKuAH @ (x, T) MBI IOJIy4aeM CTIeRyIOlLyIo 3aa4y:

ow 0w 2T,
= +—2°,0<x<a,t>0,
a

. x2
x=a=0’ w It:OZTO(]‘“_Q_ :
a

PeanusyeM, HanpuMep, MepBYI0 BO3MOXHOCTD € NpHBJiedeHreM cuctembl Maple. Ilo-
cTpoum cHavasa GyHkumio U(x):

— —hw =0, w

x=0

> ui=(x,tau)->U(x)+w(x, tau):
u:=(x,1)> Ux)+w(x 1)
> ode:=diff(U(x).x,x)=0:
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d2
ode = ! Ulx)=0

> dsolve(ode,U(x)):assign(%) ;U:=unapply(U(x),x,_Cl._C2):
U=(x, Cl, C2)—> Clx+_C2
> eql:=D[1J(W)(0._C1,_C2)-h*U(0._C1._C2)=0:
> eq2:=U(a._Cl._C2)=T0:
eql = Cl-h_C2=0
eq2:= Cla+_C2=T10
> solve({eql.eq2}.{_Cl._C2}):assign(%):
> factor(U(x._C1,_C2)):U:=unapply(%.x):
10 _ _hI0
ha+1’=""  ha+1
TO(hx+1)
ha+'1
T0(hx+1)
ha+1

{_C2= }

U=x->

Urak, pyuxiuo U(x) Mbl TOCTPOUIK:

U(x) = T, (1 + hx)

(1+ha)

Onpenenum Teneps AuddepernuanbHoe ypasHenne 1 GyHkuuy w(x, v):
> eqW:=diff(w(x.tau),.tau)-diff(w(x tau),x,x)=0;

> (<x,x<a,tau>0;
eqw = (gr w(x, ‘c)) (66:2 w(x, ‘c)] =

O<x,x<a,0<1
U BBINIOJIHUM pa3jiesIeHHe NepeMeHHbBIX
> res:=pdsolve(eqW HINT="*"): '
&P
res .= (w(x, t)=_FIl(x) _F2(t)) &where [ {—— _F2(v)= _c, _F2(), P _Fi(x)=_c, Fi(x) }}

> resl:=op(1,0p(2, res))
a2

res] —{—— _F2(1)= _c, _F2(7), 2_Fl(x)— ¢, _Fl(x)}
> sl:=resl{1];s2:=res1{2]:
2

d
sl = o _Fl(x)=_c, Fl(x)

d
52 = E‘E—FZ(T) = _¢, _F2(1)

Copmynupyem cootBercraylonutyio agauy [lItypma—J/luysuiist (napameTp passiee-
HUS, KaK 0ObIYHO, 0603HAYUM A):

> eql:=1hs(s1)+1ambda* F1(x)=0:
> el:= F1(a)=0: e2:=D(_F1)(0)-h*_F1(0)=0:
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dZ
eql = (E _Fl(x)) +A _Fl(x)=0

el = Fl(a)=0
e2 =D( FI1)0)~-h_F1(0)=0
Haxoaum obuiee penienne auddepeHuraibHoro ypapHenys HItypma—J/Inysuss

> assume(lambd>0):dsolve(eql. F1(x)):
_Fl(x)=_C3 sin(4/A x)+_C4 cos(4/A x)

TMoacTasssieMm aTo pelileHHe B TPAaHUYHBIE YCIOBUS U TONTy4aeM ypaBHEHHWE A1 ONpe-
JeJIeHUsT COBCTBEHHBIX 3HAYeHUH — XapaKTepUCTHYeCKOoe ypaBHEHHE
> Fl:=unapply(rhs(%).x):sist:={el.e2}:
Fl:=x— C3sin(4/A x)+ _C4cos(4/A x)

sist = {_C3 sin(yA a)+ _C4 cos(4A a)=0,_C3 A —h _C4=0}

\'

A:=linalg[genmatrix](sist.{_C3._C4}):
4 _:l:sin(\/x a) cos(yA a)]
: ﬂ L
Delta:=convert(1inalgldet1(A).trig):

A= —sin(\/x a)h - cos(ﬂa) ﬂ

ch:=expand(Delta/cos(sqrt(lambda)*a))=0:

A\

\'

sin(/A a)h
=N 2T =0
cos(ﬂa) \/x

> ch:=convert(1hs(ch).tan)=0;

ch:=—tan(4A a)h =42 =0

\'

e ch:=
tan(sqrt(lambda)*a)=solve(ch.tan(sqrt(lambda)*a)):

\'

I

e ch:= tan(\/xa)z— 4

Yio6HO BBecTH 0603HaueHue A =i, TOTAA NOCTEHEE ypaBHEHWE NepelHILeTcs
B BUfe

> e_ch:=subs(sqrt(lambda)=mu/a.e_ch):

e ch =tan(p)=- ;E};

IycTb p, — MONOKHUTENbHbIE KOPHH YPaBHEHHS

tg(u)=—i-
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Torna cOGCTBEHHbIE 3HAUYEHUSA 3allau¥ OyAyT

2
A, =(E"—j  n=1,23..

a

> lambda:=n->(mu[nl}/a)"2:
2

H,
7».:=n—>—2——
a

OmnpenenuM Terepb cO6CTBEHHbIE PYHKIUH

> (3:=s0lve(e2,_(3):
—C3 = e

Jr

€4 (hsin(4/A x)+cos(yA x)/A)
ey

v

simplify(_F1(x)):

\'

simplify(%/_C4*sqrt(lambda)):

h sin(\/xx) + cos(\/x x) ﬂ

simplify(subs(lambda™(1/2)=mu[nl/a.%)}:

M, ¥ W, ¥
h sin a + cos )
a a "

a

p'nx l’l'n‘x
h sin a + cos i
a a n
X:=unapply(%.x.n);

B, x B, x
X :=(x,n)—> hsin a + cos! B,
a a
Takum 06pa3oM, co6CTBeHHbIe BYHKIHMHU By nyT

X, (x)= ahsin(g—’g—] +H, cos(u"x].
a a

I1poBepUM OPTOrOHANBHOCTb HAiIEHHBIX COGCTBEHHBIX (YHKIME M BBIMHCIMM MX
HOPMY

A\

\'

simplify(%*a);

\'

> In:=Int(X(x.n)*X(x.m),x=0..a);
> In:=expand(simplify(value(In))):

a

TR n, x B, x W, x
In = (h sin( a + cos p || A sin a+ cos po|dx
a a n a a "

0
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a’*h*p cos(p )sin(p ) ap, pmz cos(p,)sin(p,) a*h’p sin(u ) cos(p, )
In=- 3 ) - 2 ) + 2 )
un - pm pn - um un - pm

a*h pnz sin(p, ) sin(p ) a pnz p_sin(p ) cos(p ) a*h pmz sin(p ) sin(p )
+ 2 2 + 2 2 - 2 2
B, —H, n, R, H, =4,

YnpocTuM NosiydeHHBI HHTEerpajl C y4eTOM XapaKTepHUCTUYECKOTO YPaBHEHUS:

> In:=combine(subs(sin{mu[m])=-mulml/a/h*cos(mufm]).
> sin{mufn))=-mu[n]/a/h*cos(mu[nl).In));

In =0
Berupcnnm HopMy

norma:=Int(X(x.n)"2.x=0..a):

norma:=value(norma):

norma:=
expand(subs(sin(mufn])=-mufnl/a/h*cos(mu[n]).norma))

vV V. V. V

a

H,x Box ?
norma = | | h sin| o jatoos ——u, dx

0
norma =

{a(athtcos(p, ) sin(p, ), — p,  cos(p,) sin(,) — h2a’p, +2ap, heos(p,) -2 ha)

2 M,
2 2
1 2, : 1 2 1 K, cos(p,) +h2a3 b a?
—_ 2 _Z +
norma :=—a cos(p,) + 7 Ha a-; p 5 a
Yurem M3BeCTHOE TPUTOHOMETPHYECKOE TOXKIECTBO cos?(p a)= I——Q—(—) U, Kpome
+g (p,

TOI'O, YUTEM €Ille, UTO M3 XaPaKTEePUCTHUYECKOrO YPABHEHUS CHCAYET 2.0, .nn 2’

> norma:=
> simplify(subs(cos(mu[n])~2=a*2*h"*2/(a*2*h*2+mu[n]1"2}).

> norma));

1 2
norma :=§(p,1 +h'a’+ha)a
> norma:=unapply(norma.nj:

1
norma :=n—>§(pn2+h2a2+ha)a

WTax, Mbl NOTy4YHIH
0,
m# n,

aX X dx':
[X,X,@ S (@h v ah ), men
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PaccMoTpuM Teneps BTopoe 0ObIKHOBEHHOe AudbepeHanbHoe ypaBHEHE
> eq2:=1hs(s2)+1ambda(n)* _F2(tau)=0;
2
2=(2 F2(1) by PO 0
eq2 =|— =
(G
Haiizem obiiee pelieHye 3TOTO ypaBHEHHSA

> dsolve(eq2._F2(tau)):

2
_“"t
2
a

Taxum 06pa3om, Mbl [OLYYHIIH CYETHOE MHOXECTBO YAaCTHbIX PEIIEHHH Hallel 3anauu

Y
w,(x,7)=C,e {ahsin(p"x]+pncos(“"xﬂ, =1,2,3,...
a

a

F2(t)= _C4e

Kaxnaas takas (GyHKUMSI yAOBJETBODSIET YPaBHEHUIO U OJAHOPOAHBIM TIDAHHYHBIM
YCIIOBUSIM, HO, BOOGIIE TOBODS, He YAOBNETBOPSIET HAYabHbIM yCIOBHsM. Kak 06bry-
HO, BOCIIO/Ib3y€eMCS IPHHIMIIOM CYNEPIO3HUXM ¥ COCTABUM (POPMAJIbHBLIA PSIA

N I
w(x,1)=.C,e a’ |iahsin(%]+pn cos(p;x]].

n=l

> spr:=Sum(C(k)*exp(-lambda(k)*tau)*X(x.k).k=1. infinity):

2
[ “k t]
i T2 u, x B, x
spr = z C(k)e (h sin(—k—] a+ cos( £ ] pk]
k=1 a a
Hepeiiaem k mpeaeny npyu v — 0 (cuuTasd 3TO BO3MOXKHBIM), MOJTYYHM

w(x,0) =T, ~U(x) = icn[ahsin(“nxJ+ n, cos(%ﬂ.
a

n=1

OTkyza HaxoayM KO3GbGHUILMEHTEl Pa3IoKeHUs

[T, ~UEX, (x)dx

n =

|x, @)\’

> Ck:=Int((TO-U(x))*X(x.k).x=0..a)/norma(k) ;Ck:=value(Ck):

a

h n,x B, x
Ck = 5 2 (TO - Mj (h sin( * ]a + COS(L‘J ukj dx
(p, +h*a*+ha)a ha+l a a

0

c 2ahTO(hasin(p,)+p, cos(p,)—p ha-p)

pkz(ha+1)(pk2+h2a2+ha)
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YnupocTum MosyyeHHbIH pe3yJIbTaT ¢ MOMOUIBI0 XapaKTEPUCTHYECKOrO ypPaBHEHUS

> Ck:=simplify(subs(sin(mulk])=-mulk]/a/h*cos(mulk]),Ck) )"
2ahT0

Ck:= 3
B, (1, +h*a*+ha)
> C:=unapply(Ck .k):
2
Ci=k— 2ahT0
, (1, +h*a*+ha)
Wrtak, Mbl TOTy4YHIH
C 2ahT,

n

wa(us +a*h? +ah)
OKOH4YATEJIBHO, PelieHe Hanlel 3aaa4n Raercst Gopmynoh

2
_Mnt

© 2

w(x,t)=2ahT, Y. ¢’ P ah)[ahsin(kl—"f) +u, cos(“"xj].

"=1pn(u31 +afl a
> 501 :=spr;

2
[uk t]
T2 p,x p,ox
w |[2ahT0e (hsin( ; ]a+cos[ ; ]pk)

sol = Z

Paea] w, (. +ha*+ha)

3aMeTHM, YTO pellleHHe MOXKHO MTPEACTaBUTh U B APYroit hopMme. A uMeHHO, cOGCTBEH-
Hble (PYHKI[MH MOXHO NMpeo6pasoBarhb 110 U3BECTHOH TPHTOHOMETPUYECKOH hopMyie

asin(z) + Bcos(z) = Ja’ + B? sin(z + @), @ = arctg (E)
a
B HallleM Cllyuae ¢ yYETOM XapaKTepHCTHYECKOro ypaBHeHus 6yneM uMeTh
¢= arctg(hj =4,
ah
¥, TakuM 06pa3om, cobcTBeHHble GYHKIMH OYAYT
% (x)= sm(wx_—a)}
a

MHoxurenn nepex CHHYCOM MBI OIIyCKaeM AJIST IIPOCTOTRBI, Tax KaK COOCTBEHHbIe

PYHKLIMM ONPEAENSIOTCA ¢ TOYHOCTBIO 0 MHOXuUTens. Onpexnennm sTH QYHKUMH
B Maple

> X2:=(x.k)->sin(mulkI*(x-a)/a);
P (x_a)
X2 :=(x,k) > sin —

BbiuyCINM HOPMY 3THX GYHKIMH

> norma2:=Int(X2(x.n)"2.x=0..a);
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> norma2:=value(normaz2):

normal = sm(

u,,(x—a)]z
— | dx
a

0

1 @ (cos(p,)sin(p,)—p,)
norma2 = ——
2 M,

YnpocTuM ¢ y4eToM XapaKTepHCTHYECKOTO ypaBHeHHsI

> normal:=
> simplify(subs(sin(muln])=-mulnl/a/h*cos(mu[n]).
> norma2)):
2
1cos(p ) +ha
norma2 ;= - ——————
2 h
U nakoHey, yuTeM OTMEYEHHOE TPUTOHOMETPHUYECKOE TOXAECTBO

> normaz:=
> simplify(subs(cos(muln])*2=a*2*h*2/(a*2*nh*2+mu[n]*2).
> normaz)):

1 (p"2+h2a2+ha)a
norma2 :=§

2
Rra’+
> normaZ:=unapply(norma2.n);
2
1 (u, +ha*+ha)a

normal =n — 3

2 2 2
h*a‘+p

Taxum 06pa30M, perienye 3ajfa4y MOXHO MCKaTbhb B BUAE PA3JIOKEHUS

> s (x-a)
w(x,1)=Y.C,e « sin(p"——).

a

n=1

> spr2; =
> Sum(C2(kY*exp(-lambda (k) *tau)*x2(x.k).k=1. . infinity);

k=1 a

-2
spr2 =Y, C2(k) e < sin(i*—(x_—a)]

Ansa xo3pHHIHEHTOB PA3IOKEHHsT MBI TTOTYYHM

> Ck2:=Int ((TO-U(x))*X2(x.k).x=0..a)/norma2(k);
> Ck2:=value(Ck2):

a

2(hat+p)) 1 n (x—a)
Ck2 = —— ¢ (TO— T0(hx+ )jsin( ‘ jdx
(n, +h*a’+ha)a ha+1 a

0
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2 (-sin(p,) + p, cos(p,)) a TOh (h2a*+p,”)

Ck2 - > 3
B, (ha+1)(p, +ha’+ha)
> Ck2:=
> simplify(subs(sin(mulk])=-mulk]/a/h*cos(mufk]).Ck2)):

2
2cos(p, ) TO (K2 a*+p,")
Ck2 = : .

2
B, (1, +h’a’+ ha)
> C2:=unapply(Ck2.k);

2
2cos{p ) TO (K1 a’+ ")
C2=k—> : e

W (n, +ha*+ha)

2
Ek_:
[_ aZ] . p'k(x_a)J

2cos(p,) (h2a+p, ) T0e sm[

U toraa penlenyie 6yner uMeTb BHJ

> 5012:=spr2:

a

s0l2 ==Y 3
k=1 By (B, +h*a’+ha)

Hrak, apyras popma nmpeAcTaBIeHUs PeIIeHUs

2
@ 2 2.2 _|.|,I,r B
w(x,t)zzToz(u,, +2h a )czos(un)e 2 Sin(w_a)]‘
n=l p‘n(p‘n +hza +ha) a

Yuraresio Mbl pEKOMEHyEM CAMOCTOATENIbHO peaii30BaTh BTOPYIO BO3MOXHOCTD pe-
wenust — B Buge u(x,1) =U (x)+w (x,1) c ucosnb3oBanuem meroa ['punbepra.

Npumep 2. Pemuthb Kpaesylo 3a1avy B liape paguycab:

1 0%u ou
— ——=Au, ul,, =0, —
a’ or? -0 at

—o X

= A cos 0 sinwt. (5.117)
t=0 or

r=b

PeuweHue. HOCKOJIbe HY OHO U3 JAHHBIX 3a/fa4y He 3aBHCHUT OT yrJja ¢, MOXHO OXH-

IATh, 4TO UcKoMas GyHKuUs 6yneT QyHKI(HeH TpeX nepeMeHHbIX 1 = (7, 6,t). Y 10610
0CBOGORUTLCA OT HEOAHOPOAHOCTH B I'PAaHHYHOM yclaoBuu. Bynem uckatb pemenue
3alauv B BUAE

u(r,0,t) = Ar cos Osinwt + w(r, 6,t). (5.118)

Torpa anst GyHK1MM w(7, 6,1) oyyaeM CIEAyIOIyO 3afaqy:

2 2
——17 ‘Z z:) = Aw + Au)2 rcos 0sin wt,
a ot a (5.119)
ow ow
w,, =0, — =-Aowrcos6, —| =0.

at t=0 r r=b
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Takum 06pazom, Mbl niepeliyin ot 3agauyt (5.117) ¢ HEOAHOPOAHBIM KPAEBLIM YCJIOBU-
eM Kk 3amave (5.119) ¢ opHOpOAHBIM KpaeBbIM yCIOBHEM. Teneps HEONHOPOAHOCTH
TIOSIBUJIMCH B HAYAJILHBIX YCIOBUAX U B ypaBHeHuu. Pemtenne zanauu (5.119) Gynem
WUCKATb B BUie

w©(r,6,t) =w, (r,t)cos(0).

Torzna ana dyukuny w, (r,t) 6yaemM UMeTh CIEAYOIYIO 33Aa4Y:

2 2
—12— 9 zez), =Aw, + Aco2 " sinat,
a” ot a (5.120)
ow
w, lt,() =0, —4 =-Aor, 1t =0
t=0 r r=b

Pemenue 3anaun (5.120) 6yaem uckatb Metogom [puHbepra, To ecTb B hopme psaxa

w, (r,t) = ZIT,,(t)R,,(r), (5.121)
o
rae R, (r) — cobcTBenHble GyHKuMu coorBeTcTByomeif 3agaun Itypma—Jlnysuna.
Yro6br cHOpMYyTHPOBATE 3Ty 3afaUy, PACCMOTPHM OJHOPOLHOE YPaBHEHHe, COOTBET-
CTBYylolee ypaBHeHu1o 3agauy (5.120) u nmpoussenem pasjeneHye nepeMeHHbX. Boc-
nosib3yeMcs cuctemoit Maple /71 npoBeieHUs BceX BBIKJIANOK. 3aaeM OXHOPOLHOE
ypaBHeHue 3agauy (5.120):

> PDE_2 0:=diff(wl(r.t). $ (t.2))/a"2=
> (2*r*diff(wl(r. ). r)+r2*diff(wl(r.t), $°(r.2))-
> 2%W1(r.t))/r*2;
& ] 8
—wl(rt) 2r|=wl(rt) |+ —=wl(r,t)|-2wl(r1t)
or or or?
PDE 2 0 = =

a2 r2

HpOHBBOJLHM pasjienienyie NepeMeHHbIX:

> res:=pdsolve(PDE_2_0 HINT=R(r)*T(t));
res = (wl(r, t)=R(r) T(t)) &where

d
21| =—=R(r)|r-R(r)
“SR()=R(r) ¢, 4 = L aT(0=T(0)a e,

¥ TIPUXOIAUM K IABYM OOBIKHOBEHHBIM Au(bepeHHaIbHbIM YPaBHEHHSIM:

> deT:=op(1.0p(l.0p(2.res))):
> deT:=1hs(deT)-subs(_c[1]=-1ambda.rhs(deT))=0:
2

d
deT:=ET(I)= T(t)a* ¢

2

d
del = [ET(t)j+T(t)azk=0

> deR:=op(2.0p(1l.0p(2.res))):
> deR:=
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> collect(simplify((1hs(deR)-
> subs(_c[1]=-1ambda,rhs(deR)))*r*2) .R(r))=0:

g 2((5; R(r)) r- R(r))
deR :=;17R(r)=R(r)__cl-— \ <

r

2
deR = (A '~ 2) R(r) + [fr—z R(r)] 242 (% R(r)) r=0

Takum obpa3som, 3agavya [lItypmMa—JInyBuilis 3aK04aeTcs B olpesesleHHH OTPaHH-
YEHHBIX B HyJIe pellleHNuil ypaBHeHUs

2
P24 R 0 BR art-2)R=0, (5.122)
dr? dr
YOBJIETBOPSAIOINX [PAHHYHOMY YCJIOBHIO
@R (5.123)
dri,.,

Haiinem obmee peuenne ypasHeHus (5.122):
> assume(1ambda>0):dsolve(deR.R(r)):

c1 e (A T+ h~r) , -2 LN rvay Sy,

r2 r2

R(r)y==

Pa6oraTh ¢ TakuM pemienueM HeyzaoGHO. IlepeiiieM K BeleCTBEHHBIM (YHKUHSM.
B cucreme Maple 8 sTo npoie Bcero caenaTh Tak. 3aMmeyaeM, YTO Hallle ypaBHEHHe
(5.122) sBisieTcst YaCTHBIM CJiyyaeM (Tipu n = 1) ypaBHeHUs
2 d’R
’

dr?

+2r§+(kr2 -n(n+1)R=0. (5.124)

r

PaccMOTpuM 3TO ypaBHEHHE:
> DE:=
> r2xdiff(R(r). " $7 (r.2))+2*r*diff(R(r).r)+
> (1ambda*r*2-n*(n+1))*R{r)=0;
(& d 2
DE :=r*| S R(r) [+2| -R(M) |r+ (A~ r'-n(n+1))R(r)=0
- dr dr

> assume(n,posint) dsolve(_DE.R(r));

1 1
_CI Bessel)| n~ + 2 A~ rj _C2 BesselY| n~+ 7 VA~ r)

R(r)= 1/7 + .

> assign(%):R:=R(r):

_CI Bessell(n~ + %, Y 7\~j
R:= +

ﬁ

1
_C2 BesselY] n~ + > A~ rj

ﬁ
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Taxum obpasom, obuiee pemenne ypasHeHust (5.124) umeer Bug

R(r)= % ] (ans % Y (i),

BepHemcs Teneps k HauzeMy cy4aio 7 = 1. Mbl 3HaeM, 4To ¢dynkuus Beccenn nepsoro
poaa orpaHui€Ha B HyJle, a QYHKUHMSA BTOPOro poga — HeT. [IpoBepuM orpaHmyen-
HOCTb HAUIETO pellleHH.

> RR:=subs(n=1.R);

> Limit(1/r~(1/2)*Besseld(3/2, sqrt(1ambda)*r) , r=0)=
> 1imit(1/r*(1/2)*BesselJ(3/2, sqrt(lambda)*r) ,r=0):
> Limit(1/r*(1/2)*Bessel1Y(3/2. sqrt(1ambda)*r)  r=0)=
> 1imit(1/r*(1/2)*BesselY(3/2. sqrt(1ambda)*r),r=0):

_Ci BesselJ(%, «/k_~ rj _c2 BesselYG, Jk_~ r)
RR =
Ir ' Ir
2 (cos(4A~ r) /A~ r—sin(4/A~ r)) o

lim - M
r=0 LY N v v

42 (sin(fA~ r) YA= r+ cos(y/A~ 7))
lim — o) =
ro0 ro U m A~ e

Wrak, B cunty TpeGosanust orpaHnueHHOCTH QYHKUMHK B HYyJle, Mbl ZOJDKHB B HallleM
obuieM pelleHNHH IPUHATD PABHOI HYJIO KoHcranty _C2: C2=0.

Cuienyer oTMeTuTs, yTO, Hanpumep, cucteMa Maple 6 cpasy Bbaaer obuiee peLieHue
ypaBHeHHsl (5.122), BhpakeHHOE Yepe3 COOTBETCTBYIOLIME BELIECTBEHHbIE 3JIeMeH-
TapHble QYHKUNH, OTBeyaomue GYHKIuaM | 32 (x/Xr) H Yaﬂ(ﬁr).

Bocnosbayemcst Teneps kpaeBbiM yeosueM (5.123) u HaiineM cobcTBeHHbIe 3HAYCHHS
1 cobcTBeHHble QYHKIMH Hawei 3afauu:

> RR:=subs(_Cl=1, C2=0.n=1.R);
> RR:=unapply(RR,r . lambda):

3
Bessell(z, A A~ r)
RR =
-

«/E(COS('\/}\/" 7Y A~ r—sin(4/A~ 1))
RR=(r,A~)—> - )
r ﬁ«/ﬂ}wrwﬂw
> eq:=simplify(diff(RR(r.1ambda).r))=0:
> eq:=simplify(subs(r=b,1hs(eq)))=0;
oo W2 (20~ reos(4/h~ r) = 2 sin(y/A~ r) A~ + sin(yA= 1) A=) o
r34/;?»~(5/4)
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2 (20~ b cos(/A~ b) = 2sin(/A~ b) /A~ +sin(/A~ b) A" B?) .
eq = bz GD -
TakuM o6pa3oM, ypaBHeHHe I/l ONpesiesieHUsT COOCTBEHHBIX 3HAYEHUI MMeeT BHA
(NpupaBHUBAEM HYJIIO YHUCIUTEL TOCTIEAHETO YPaBHEHUA)

> eql:=numer(1hs(eq))/sqrt(2)=0;
eql =2 A~ b cos(yA~ b) = 2 sin(y/ i~ b) A~ +sin(/ A~ b) A~ b2 =0

y1106H0 BBeCTH 0003HAaYeHHE \/— =%

assume(mu>0.b>0):

eql:= .
simp1ify(subs(sqrt(lambda)=mu/b,
lambda=(mu/b)*2, Ths(eql)))=0;

_ b~ (2 p~ cos(pu~) = 2 sin(p~) + sin(p~) p~*)
b~

> eql:=numer(1hs(eql))/mu=0;char:=unapply(Ths(%).mu):

>
>
>
>

=0

eql :

eql =2 p~ cos(p~) - 2 sin(u~) + sin(p~) p~*=0
char := p~ = 2 u~ cos(p~) — 2 sin(u~) + sin( pu~) p~2

WTax, mosyynau XapaKTepUCTHIECKOE YPaBHEHHE AJIsl OTlpeiesieHk st COOCTBEHHbIX 3Ha-
YeHU# B BUe

2ucos(pu)+(u? —2)sin(u) = 0. (5.125)
[IycTh u =, — NOJIOXKKTENbHbIE KOPHU ypaBHeHust (5.125) (Hymu dynkiuu char(u)).

2
Torza cobcTBeHHbIE 3HAYEHHS OIIPeAesIAIOTCA TI0 opMyJie A = A, = (Eg”—) ,n=12.73 ..,

a COOTBETCTBYIOIHME COOCTBEHHbIE DYHKUMH OyAyT

(sl

R=R,(r)=- 5
r
> lambda:=n->(muln]/b)*2:
> assume(mu(n]>0):
> simplify(RR(r, lambda(n))):
2
p
Ai=n—
b2

u~n~ r . u~n~ r
[cos( e J u~, _r— sm( o ) b~) ﬁ «/K
rz «/—T? i~ (3/2)

[Tockosbky cobcTBeHHbIe QYHKIUMH ONPENEIAIOTCA € TOYHOCTBIO 10 MHOXHTEJS, TO
MBI YTIIPOCTHM HaiifieHHbie GYHKUNM, OTOPOCHB HEHYXXHbIE MHOXKHTEH
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> R:=(r.n)->
> -(cos(mulnl/b*r)*mulnd*r-sin(mulnl/b*r)*b)/r*2:

) H, 7 H, 1
cos( b Jp"r—sin( b ]b
R:=(r,n)—->— 2
r

Cornacao obmeit Teopun ot COGCTBEHHBIE (DYHKLHMH JAOXKHBI GbITb OPTOrOHATBHDI
Ha otpeske [0, 5] ¢ Becom 2 TIposepum at0:

- > integral:=int(r*2*R(r.n)*R(r.m),r=0..b):
> eqm:=char(mu[m])=0:eqn:=char(muln])=0:
> simplify(integral. {eqn.eqm}):
0
Boryucaum Teneps HopMy COGCTBEHHBIX (YHKUMIA:
> norma:=int(r*2*R(r,n)*2.r=0..b); -
1 . 1
norma = 3 u~, cos(pu~, ) sin(p~ ) b~~ b~+ b~ cos( p.~"~)2 + 2 u~"~2 b~
Takum obpasom, umeem
0, m#n
Ir R, (r)R,(r)dr = ’
|RI, m=n,

npuyeMm
2 b 252 b . 2 b 2
"Rn(r)" =IrR,,(r)dr=§p.ncos(p,,)sm(p.,,)—b«f-boos (“n)+§“n'
0

Hrak, pemenne 3agauu (5.120) ﬁmeM B Buje psaxa (5.121)

) wl (r;t)=ZTn(t)Rn(r)‘
n=l
B TaKoffI xKe psm passiaraeM INpaByIo yacTb ypasHeHus (5.120), To ectb dyHkumio
F(r,t) = sm( wt):
F(r,t) = sm(mt) = ———sm(mt)z C,R, (1), (5.126)
npuyem
b
I 3R, (r)dr
C, =t
IR, ("

BoiumciiuM arot koadduiment:

> intF:=simplify(int(r*r*2*R(r n),r=0..b)):
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b~ (=3 sin(p~, ) + sin(p~,_) p~,_ + 3 p~,_cos(p~_))

intF == — 3
M~
> Cn:=simplify(intF/norma,. {egn}):Cn:=factor(Cn);
2sin(p~, ) b~ - 2 p~ _cos(pu~, ) b~
Cn:=

4 2 .
W~ —2p~, +2p~ cos(p~, ) sin(p~, )
2b~* (sin(p~, ) - p~,_cos(pu~, ))

Cn: 3 :
w~, (W~ —2p~ +2cos(p~, ) sin(p~, )

v

C:=(n)->
2*b*2*(sin(muln])-mulnl*cos(mulnl))/mulnl/
(mu[n]*3-2*mu[n3+2*cos(muln])*sin(mu[n]))

2 b (sin(p,) — 1, cos(p, )

3 .
B, (B, =2p, +2cos(p,)sin(p,))

vV Vv

C=n->

Hrak,
c o 2b%[sin(u,)—p, cos(u,)]
Topaled -2, +2cos(u,, )sin(u, )]
[oacranosxa popmyr (5.121) u (5.126) B ypasnenue (5.120) naer

Z [d2R  (7) de (1) 2 }

(5.127)

CLO R -3$T.0)

2 2
d n=1

R =
dr r? (1)

Rn (7’)

n=t

BeipaxeHue, cTosilee B KBaApaTHBIX CKOOKaX BO BTOpOM CyMMe CJieBa B NocaefHel
dopmyiie, paBHO AR, () (B cuily ypaBHeHus (5.122)):

AR 2dR0) 2 gy R ()
r

dr? r dr
A Torma
= [d°T (1)
+ AT (t r).
’g[ di n( )J R, (7)
Ortkyna nosysaem ypasnenue st onpenesenus dynkumn T, (£):
2 2
d T( )+k 'T.(t)=C, Ao —sin(at). (5.128)

Peiaem Teneps noJiy4eHHOe ypaBHEHHE C YYETOM HAYAALHOTO YCAOBHS T,0)=0

> DEt:=
> diff(T(t) . t$2)+1ambda(n)*a*2*T(t)=
> _Cn*A*omega*2*sin(omega*t) ;
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2

& u~, @’ T(r)
DEt = [;}5 T(t))+ — = _Cn Aw?sin(o 1)

> dsolve({DEL.T(0)=0}.T(t)):
p~, at Cn Aw?si 1) b2
T(t)=sin( : ]_CZ-— nAwsin(@!) b

2
-u~,. 4 a’+ o b~?

Takum o6pa3oM, pemenue ypapuenus (5.128) szOBJIeTBop;lxomee ycaosuio T,(0) =0,
ectb

T.(t)=C, sin(

u,at) C,Aw’b”sin(at)
b o*b? —ula®

3jech Mbl TpeariosiaraeM, YTO pe3OHaHCa HET, TO eCTb © 2p* £ ula®,vn. Ocraerca
onpenenuTs KoHcTaHTy C, . [list 3TOr0 CoCTaB/sieM pin (5.121)

u,at) C,Ax’b’ sin(wt)
w,(r,t) = Z[C sm( 3 ] T R, (7).

BriunciisieM IIPOU3BOAHYIO

© 312
= —Aor = Z[C2 Ea2 —%} R, ().

212
=0 n=1 b w'b® -

ooy
ot

OrKyna HaXoAHM

b
~Aw[r®R (r)dr
w,a C,A0'b’ ;f, (")
& b olb? 2.3 2
0 b ~u,a [R. ()]
Unu, yuurbisas yxe HosyyeHHYIO GopMyJty,
372 ’
c had_ CuA0h__hec,.

b o'b® -pld’
Orkyna HaxoanM ko3 @uuueHt C,:
_ C,Aop ab
P(0b’ —pla®)
M TaK, OKOHYATENbHO, Mbl TIOTYIHIIH

w,(r,t)= i AcobC 2[unasin(u"atj—mbsin(cot)}R,,(r),
n= L«l (Db b

w(r,8,t) = cos (G)i%[ﬁasin(” ’;)at) - mbsin(wt)] R, (),

u(r,0,t) = Ar cos(0)sin(wt) +
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+ CoS(G)i —;A:DL[u nasin(” ,;)at) - cobsin(mt)} R, (1),

mipla’ —o’b?
rae C, ompegensiercs 1o dhopmyie (5.127).

Mpumep 3. Peunts 3agauy
ou 3 62u
ot ox
Pewenwe. [lepemennas x MeHsieTcs B GeCKOHEYHBIX NIPEAENaX, IO3TOMY /IS pelieHUs
AaHHO 3a/1a4H ecTeCTBEHHO No1poboBaTh NpuMeHUTS Npeobpasosanue Dypbe 10 Ne-

pemenHO# x. Bocnosnayemes cucremoit Maple. Onpenennm sagauy. Crauana sarpy-
3UM HeoOXOLHMble HAM KOMaH bl

=0, U], =¢(x), ~o<x<ow, t>0.

> with(inttrans, fourier, invfourier):
> with(student,changevar):

3anaem ypaBHeHHe U HayaslbHbIE yCJIOBUA

> eq:=diff(u(x,t) t)-a"2*difflulx.t) . x.x)=0: > ic:=u(x.0)=phi(x);

2
eq .= (% u(x, t)) -a’ (j—xz u(x, t)J =0
ic=u(x,0)=¢x)
IIpumensem npeobpasosanue Pypue
> assume(a>0.t>0);

> fourier(eq. x. w):

a~*w? fourier(u(x, t~), x, w) + [—a—?: fourier(u(x, t~), x, W)J =0
Pemaem noJsiyuenHoe ypaBHeHue AJst TpaHChopMaHTsl Dypbe

> subs(fourier(u(x.t). x.w)=v(t), 3%):
‘ d
a-*w? v(t~)+ (F V(t")): 0

> dsolve({%.v(0)=fourier(rhs(ic).x.w)}.v(t));
_,..2w2 ~
v(t~) = fourier(§(x), x, w) ™ )
> subs(v(t)=fourier(u(x.t).x,w).%);

2.2
. . (-a~"w1~)
fourier (u(x, t~), x, w) = fourier(¢(x), x, w) e o

Haxonum 06paTHoe npeoépa:aOBaHHe H yNPOLIAEM I10J1Y4YEHHDBIH pe3yJbTaT
> invfourier(lhs(%) .w,x)=invfourier(rhs(%) .w.x);
@ [_ (x+_UI )ZJ
2
(372) 4a~" 1~
2r - Ul)e
o=Ul) d Ul

4 T a~«[tj -
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> changevar(_Ul=-xi,%.,xi);

® [_(-Hi)z}
2
| 2n(3/2)¢(§)e 4a-2s
2

. P %

u(x, t~)=

& —

> expand(%.exp):

® _(xety?
4a~21~ d

1 1
u(x,t~)=§ m HE)e g

Wrak, Mbl nosy4nan GopManbHOe pelileHHe Hamlei 3ala4it B BUJIe HHTerpajia

_(&x)?

1 T 4a2
u(x,t) e i p(&)e ds,

Mpumep 4. Peurnts 3agavy [Aupuxie nis ypasHeHus Jlamiaca a/1s BepxHeil mony-
TIJIOCKOCTH.

Pewenue. JTa 3ajaya pacCMOTpeHa HaMM B pasfene «3agava [lupuxie Ajs mony-
miockocTd». [IponeMoHcTpupyeM ee pemene B Maple ¢ momomsio npeobpasosanus
Dypere. [lepeMenHas x MeHsETCS B GECKOHEYHBIX [Ipe/ie/iax, I03TOMY [IPUMEHsIEM IIpe-
obpasoBanute Dypbe 110 nepeMeHHoi x. OnpeneauM 3a1auy:

> with(inttrans,fourier, invfourier):
> eq:=linalg[laplacian](u(x.y}.[x.y1)=0:

> be:=u(x.0)=phi(x);
& o
=B o Bt

bc =u(x, 0)=¢(x)
[Ipumensiem npeobpasoBanie Dypbe:

> assume(y>0);
fourier(eq.x.w): |

v

&
—w? fourier(u(x, y~), x, w) + [@ fourier (u(x, y~), x, W)J =0
> subs(fourier(u(x.y). . x.w)=v(y).%):
dZ
WA v(y-) + (—2 v(y~)]=0
dy~

> dsolve({%. v(0)=fourier(rhs(bc).x.w)}.v(y)):

v(y~) = (-_C2 + fourier (§( x), x, w)) ey _C2e

> v(y)=exp(-abs(w)*y)*fourier(phi(x), . x.w);

(-wy~)

(Awly)

viy~)=-¢e fourier(§( x), x, w)
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> invfourier(rhs(¥) .w.x):

11 4 &(~_Ul) y~
4l 2 2, 2 7d_Ul
4 y"+x"+2x _Ul+ _Ul
> expand(%):
»~ ®-_UI)
— — 5 d_Ul
i1 »&+x+2x _Ul+ _Ul
> student[changevar](_Ul=-xi.%.xi):
» HE) d
2, 2 7 48
T ExT-2xE+E
> u(x.y)=student[completesquare](%.x);
>~ ®&)
u(x,y~)=——- 2 2 d(ta
T =8y

Wrak, nonydunu opMasbHOe pellieHHe B BU/e MHTerpajia
u( ,y)—g I—“(‘P-g—@_—_dgr
-8 +y

KOTOPOE, KaK U CJIe0Bajio OXKHAATh, coBnanaet ¢ dopmy.oi (5.76).

MNpumep 5. Pemuth 3agaqy

8u + Nu =xye’, u,., =0, ou =0, ~w<x,y,z<mo t>0.

=0

Pewenue. [IponeMoHCTpUpyeM pelleHHe 3aga4u B Maple ¢ noMombio npeobpasosa-
nust Oypoe. IlepemMennbie ¥, y, z MEHAIOTCst B GeCKOHEYHDIX TIpefiesiax, I03TOMY NoCle-
JIOBATENbHO NpuMeHsieM npeobpasoBanune Dypbe 110 ITUM NePEMEHHDBIM.

Onpenenum 3agayy:

with(inttrans, fourier,invfourier):
with(1inalg.1aplacian):
eq:=
diff(u(x.y.z.t).t$2)=
-laplacian(laplacian(u(x.y.z.t).[x.y.zD).[x.y.zD+
B*x 2*y*2*z2*2:
ic:=ul(x,y,z.0)=0;ict:=D{4](u)(x.y.z.0)=0;
2 4 4

u( t)y=-— 9 ( t) & u( |- 0 u(x, t)
62 X ¥, 2, )"' (aﬂlx,y,z ] ayzaxz X ¥ 2, ) (a 62 Y, Z, j

4 4 4
0 u(x, y,z,¢t) |- 0 su(x, y, 2z, t) |- 9 —u(x,y,z,1) |+ 6xy 2
BE% 5226)’ az*

VvV V V V V VvV V

eq = —;
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ic=u(x,y,20)=0
ict:=D(u)(x,y,2,0)=0
IIpumensiem npeo6pasosanue Dypobe

> fourier(eq.x,wl);
& e T
ﬁ fourier(u(x, y, z, t), x, wl) = —wl* fourier (u(x, y, z, t), x, wl ) + 2 wl 8_25 fourier(u(x, y, z, 1), x, wl)

2
- [% fourier(u(x, y, z, 1), x, wl)) +2wl? (gy—z fourier(u(x, y, z, 1), x, wl))

o o
- [5 fourier(u(x, y, z, 1), x, wl)) -2 [622—6)12 fourier(u(x, y, z, t), x, WI)J ~ 12* 2% 7 Dirac(2, wi)
> fourier(%.y.w2):

. i
P fourier( fourier(u(x, y, z, t), x, wl), y, w2) = 2 w2? [6—’ fourier( fourier(u(x, y, z, t), x, wl), y, w2)]
t z

a2
+2wl? [; fourier( fourier(u(x, y, z, 1), x, wl), y, WZ))

- w2* fourier( fourier(u(x, y, z, 1), x, wi ), y,w2) + 24 2 Dirac( 2, w!) Dirac(2, w2)
- wl* fourier (fourier(u(x, y, z, t), x, wl), y, w2)

— 2 wi? w2? fourier( fourier{u(x, v,z ), x,wl), y, w2)
64

- [5—3 fourier ( fourier(u(x, y, z, 1), x, wi ), y, WZ)J
z

> fourter(%.z . w3):
) .
5—5 fourier (fourier ( fourier(u(x, y, z, t), x, wl), y, w2),z, w3) =
t

—fourier ( fourier( fourier (u(x, y, z, t), x, wi), y, w2), z, w3) w2*
— fourier( fourier( fourier(u(x, y, z, t), x, wl), y, w2), z, w3) wl*
- 2 fourier( fourier (fourier(u(x, y, z, t), x, wl), y, w2), z, w3) wi* w2?
~ w3* fourier ( fourier (fourier(u(x, y, z, t), x, wi), y, w2), z, w3)
- 2 w3? fourier( fourier (fourier(u(x, y, z, t), x, wl), y, w2), z, w3) w2
— 2 w3? fourier( fourier( fourier(u(x, y, z, t), x, wl), y, w2), z, w3) wi?
- 48 1’ Dirac(2, wi) Dirac(2, w2) Dirac(2, w3)
Peuraem rnonydennoe o6bikHOBeHHOe AuddepeHnatbHOe YpaBHEHME OTHOCUTENBHO
TpaHcopManTsl Dypbe

> subs(fourier(fourier(fourier(
> ulx.y.z.t).x.wl),y.w2).z. w3)=s(t).%):
2

% s(2)=—s(t) w2* - s(t) wi* - 2s(t) wI2 w2* = w3*s(1) = 2 w3?s(1) w2? = 2 w3% s(¢t) wi?

—~ 48 7 Dirac(2, wl) Dirac(2, w2) Dirac(2, w3)
> dsolve({%.s(0)=0,D(s)(0)=0} .s(t)):
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_ 48 cos((wi*+ w2* + w3?) t) n’ Dirac( 2, wl) Dirac(2, w2) Dirac(2, w3)
w2+ wlt+ 2wl w2+ w3t + 2w w2t + 2 w3t wi?
48 ° Dirac( 2, wl) Dirac(2, w2) Dirac(2, w3)

2
(Wl + w2 + w3?)

s(¢)

[TocnenoBatensHo BhIYKCIsIEM obpaTHOE TIpeo6pa3oBaHue

> invfourier(rhs(%).w3.z);
24 n* Dirac(2, w!) Dirac(2, w2) (2* wi? — wi* 2% cos((wi* + w2?) t) = 2 wi? sin((wi® + w2?) t) 1 + 22 w2’
3
- 22 cos((wlt+ w2?) 1) w2l = 2sin((wi? + w2) 1) t w2 - 4 cos((wl* + w2)t) +4) /(wl*+ w2?)
> invfourier(%¥.w2.y);
1R2r(2wi*ty*sin(wi* £) + 16 sin(wi® 1) twi* = 4 wi* i cos(wi* 1) — 4 22 wi? + 4 2 cos(wi* 1) wi?
+ 22 wi*y? cos(wit 1) + 228 wisin(wi* 1) t + 4 )% cos(wil t) wit + 24 cos(wiP t) - 22 wi* 2
-4y’ wi’ - 24) Dirac(2, wi) / wi*
> invfourier(%,wl.x);
—tz(2zztz+2y212+2x212—3x2y222)
Wtak, MBI NOJYYWIn pelieHue
> u(x,y.z, t)=collect(%.t):
u(x,y,2,t)=(-222-2y"=2x}) * + 3x2y? 22

BrINosHMM NpOBEpPKY MOTYyYEHHOTO pemieH s

> u:=unapply(rhs(%).(x.y.z.t)):

> simplify(1hs(eq)-rhs(eq)):

> simplify(lhs(ic)-rhs(ic)):

> simplify(lhs(ict)-rhs(ict)):
0
0
0

TaknMm obpasom, perrenneM XaHHOM 3aaauy 6yner GyHKUMA
u(x,y,z,t) =3xy?2%? -2(x? +y? + 2%t
Mpumep 6. Pemutb 3anauy
*u  d'u
P IR
ot ox
Pewenne. IIponemMoHcTpypyeM peieHne 3aiauy B Maple ¢ nomoubio kocunyc-npeo6-
pasoBanusa Dypee no nepeMeHHoI x.

=0, u,., =cos(x?), ou

1
=0, —o<x <o, 0<t<=
=0 4

> eq:=diff(u(x,t),t$2)=-diff(u(x,t) . x$4);

> ic:=u(x,0)=cos(x"2);ict:=D[2](u)(x,0)=<0;
2 4

0 17
eq = 6_1‘2 u(x, 1) = —[Q u(x, t)]
ic:=u(x, 0) = cos(x?)
ict =Dy(u)(x,0)=0
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> fouriercos(eq.x.w):
Y2 D, ()0, £) + w? 2 D,(u)(0, 1) + w* fouriercos (u(x, 1), x, w) Y

% fouriercos (u(x, ), x, w) = — «/;
> subs(fouriercos(u(x.t),x,w)=s(t),D[1,1,1](u)(0.t)=0
> D1J(uw)(0.t)=0,%);
d2
—5 8(¢ =-—whs(t
7 (1) (t)

> dsolve({%.s(0)=
> fouriercos(rhs(ic),x,w),D(s)(0)=0}.s(t)):
1. (W
(——D cos(w? t)

w1
s(t) = ( cos(4)+2sm

> expand(%):
s(t) = % cos(w? t) cos(lj—] + % cos(w? t) sin(lj—]

> combine(%.trig):
s(t)—lcos[wzt—%wz] —cos(wzt+1w2] lsm(wzt+ wz]——sm(wzt—%wzj

> factor(%).
1 w(4r-1)) 1 wW(@dt+ 1)) 1 (W@t+1)) 1 (w(4t-1)
s(t)—zcos(_4—]+zc s[——-——4————]+zsm[—4————]—zsm(——-——4————)
> su:={4*t+1=a,4*t-1=-b} sui:=solve(su,{a.b}):
su={d4t—-1=-b,4t+1=a}

sui={b=—4t+1,a=4t+1}

> subs(su,rhs(¥%%)):
l(ﬁ)‘(“’) ! ( ) ‘( 1’2_”)
4 4 4 4 4 4 4
> simplify(%);assume(a>0,b>0);
lcos(WZb)+lcos(wza] lsm( J+lsm(—wz—bj
4 4 4 4 4 4

4
> fouriercos(%.w.x):
T[ IZ . Iz T x2 . IZ T xz 2
Z . *3 Jx *a Jx
ENOWEANNES
. 1 b (COS( b~] - sm[ b~JJ
a =
> map(simplify.expand(%));
¥ ¥
o 2) oo 2)
+

Wrak, MBI NIOJIyYUJIM pelieHue
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xz x2

+_
J-4r+1 2 Jar+

> sol:=u(x.t)=subs(sui,%);

sol :=u(x, t)=

=

BrinosHuM npoBepKy:

u:=unapply(rhs(sol).(x.t)):
simplify(ihs(eq)-rhs(eq)):
simplify(Ths(ic)-rhs(ic));
simptify(Ths(ict)-rhs(ict));

vV V. V V

S o o

Takum obpasom, pemenyiem ganHoi 3anaum 6yzaer GyHKIMs

x2

1 1 x?
cos + cos )
21+ 4t [1+4J 2V1- 4t [1—4tJ

Npumep 7. IlycTb u(x, t) — TeMnepaTypa B HEKOTOPOH OXHOMEPHOM 061aCTH, Ipuyem
HavanbHas Temneparypa u(x,0) = f(x). Mccnenosars peieHus YPaBHEHH S TEMIoNpo-
BOJIHOCTH NPY Pa3/iMYHbIX HaYaJbHBIX TeMIeparypax: f(x)=e™™ — rayccoB Haua/b-
HBI npodwib; f(x)=6(x +1)-6(x —-1) — paBHOMEpHOE HayaabHOE pacripesieJie-
HME TeMNIepatypbl Ha oTpeske [-1,1}, rae 8(x) — enunuuHas Gynxkuma XeBHcaiiia;
f(x)=(1-x)[6(x)-6(x —1)] — TpPeyro/MbHBIA HaYaTbHBLHA MPOGUJIb TEMIEPATYPbL.
Pewenue. 3asaya CBOIMTCA K PELICHNIO OXHOMEPHOIO yPAaBHEHHS TEMIONPOBOLHOCTH
B BeckoHeuyHo# obactu

u(x,t)=

ou , d'u
_— —C ——
ot ox?

lponemorcrpupyem pemenvie 3anaun B Maple ¢ nomoIbio npeo6pasoBanys ®ypre
M0 NePEeMEHHON x.

=0’ u|t=0=f(x)’ u|x=—w=u|1=+oo=0’ _w<x<w’ t>0

> restart:
> assume(n.integer):with(plots):with(inttrans):

3anaeM ypaBHeHHeE:

> ahias(u=u(x,t). U=U(k.t)):
> £q:=diff(u.t) - c*2*diff(u, $ (x.2)):

Hpumensiem npeobpasosarne Dypbe:

> Eq2:=subs(fourier(u,x.k)=U, fourier(Eq,x.k)):

(2 2
Eq2 .—(atUj+c KU

> SU:=subs(_F1(k)=F(k).(dsolve(subs(Eq2).U)));
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2,2
SU=U=Fkye <"
Brruncisiem obpatHoe npeobpasoBaHue:
> Su:= y=invfourier(subs(SU.U) k.x):
. . 2,2
Su := u = invfourier (F(k) e(—c '), k, x)

> convert(Su.int):

11 (" 2y ke
== ~J Fkye' ™ ¥ e ak
AR

—o0

ITpeobpasyeM nosyveHHoe pelieHye, TOACTABUE B HEro 3HayeHue uHTerpana F(k):

assume(c>0):

assume(k>0) :assume(t>0):

Su:=1/2/pPi*
Int(Int(f(xi)*exp(-C 2%k 2%t - I*k*xi+1*k*x) .
=-infinity..infinity).xi=-infinity. .infinity):

© o T iy
Su:=% %J J flgye " TITTIEIED g

-0 —0

VvV V. VvV Vv V

BHyTpenHuii uHTErpas BHIYNCISIETCS:

> int_int:=int(exp(-C*2*k*2*t- I*k*xi+1*k*x)
> k=-infinity..infinity):

2

L),
-

[_(—zmz

int_int ==

U, TAKUM 06pa3oM,

> Su:=simplify(
> Int(f(xi)*simplify(int_int/(2*Pi)).
> xi=-infinity..infinity)):

N =
LfE)e "
Su=| 22" d
SRl I S gy e

Mo HO npeacTaBUTh pellleHue U B Ipyroi dopme

> simplify(student[changevar]
> (1/2/¢c/sqri(t)*(xi-x)=z.Su. 2)):
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o

(<)
fi 2zc~Aft~
(x+2zc~4t~)e s

NES

—0

Ham ynobuee 6yner neppoHayaibHas GopMa pelleHus.:

> u=%;
a -£+x)°
1 £(8) e[_(“iz’iJ
u( x, t~)= E—Wd&

—0

Urak, penienne Hamel 3afaqyM AJ1s1 AOCTaTOYHO NPOM3BOJIBHOH MHTErpUpYyeMoH (byHK-
1IMHM UMeeT BUJ

_(x-E)?

u(x,t)=557 [f(®e “ ax,

PaccMoTrpuMm Terepb KOHKpETHBIE HadaslbHble yeiroBus. IlycTh HavanbLHas Temnepary-
.2
pa uMeet Bux (rayccos npoduib) f(x)=e™":

> fl:=y->exp(-y*2);assume(t positive) assume(c,positive):

(-H
fl=y->e

> plot(fl(y).y=-3..3.thickness=3,color=black):

—
[N]
w

B stom cjry4ae Mbl MOXXE€M BBIYHUCJ/IUTL MHTEIPaJl TOYHO!

> Sul:=simplify(value(subs(f=f1,Su))):



316

5. HeoAHOPOAHbLIE 380841 MaTEMaTHECKON pU3NKK

2
—x
[ 4c~21~+l]
€

Sul = ————
4+ 1

Taxum 06pa30M, Halle pemeHue NMeeT BUA

x?

8_402t+1
Vacit+1

> ui=(x,t) -> exp(-x 2/ (4*c2¥t+1))/ (4% 2*t+1)*(1/2)

- Xz
4czt+l

4ctr+1

u(x,t) =

u(x, t~)=(x,t)y—>

VIHTepecHO OCMOTPETH Ha passuthe nporecca. ITycts ¢ = 1/2:

> ¢:=1/2:

N—

pl:=seq(plot(u(x.i).x=-10..10.
color=black.thickness=2),1=0..12):
p2:=seq(plot(u(x,6%i) x=-40..40,
color=black.thickness=2),i=10..20):
display([pl].title="Tayccop npogunb (t=0..12)"):
> display([p2].title="Tayccos npopuns (t=60..120)"):

vV V V. V V

rayccas npagune (=0..12) rayccoe npotune (¢=60..120)

40

HOCMOTpPlM pa3BuTHE rpolecca B JABUXXEHNN!

> animate(u(x.t).x=-3..3,t=0..20 . color=black,thickness=3,
> numpoints=60.title="[lsuxenune [ayccoea npotuna™);
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[Lewkenve Mayccosa npoduna

X

BoabMeM Tenepb HavyasbHbIHA Mpotiiib B Buae f(x) =06(x + 1) - 0(x —1):
> f2:=y->Heaviside(y+1)-Heaviside(y-1):
f2 :=y — Heaviside(y + 1) — Heaviside(y — 1)
> plot(f2(y).y=-3..3.thickness=3.color=black);

081

086

0.44

021

§ Y
> subs(f=f2.Su);So1_u:=simplify(value(subs(f=f2.5u))):

* & +x)?
e )

2o e

—o0

Sol umterf{ XFL N I g -1
-2 2c~«ftj 2 2e~Aft~

Kax BuauMm, 3xech onsith MHTErpaa BhIYMCIIACTCA, U Mbl UMEEM DeELIeHuE B BUAE

1 fx+1) 1 fx-1
uw-0( 251 to[ 2]

> ur=(x,t)->
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> 1/2%erf((x+1)/2/c/sqre(t))-1/2%erf((x-1)/2/c/sqrt(t));

( t)—)le I x+1 1e lx-1
U =X, by |- = =t
270 2 ¢yt ) 272yt

ITocMoTpHM Ha pasBUTHE 5TOCO MPOMUJIS:

> C:=1/2:
1

c: 2
> pl:=seq(plot(u(x.i),x=-10..10,color=black.thickness=2),
> i=0.001..12):
> p2:=seq(plot(u(x.6%i) x=-40..40.color=black.
> thickness=2).1=10..20):
> display([pl].title="PagHomepHsid npopune (t=0..12)");
> display([p2].title="PagHomepHnit npopuns (t=60..120)"):

PasHomepHeIA npodune (1=0. 12) Pasromephbit npogpune (t=60..120}

40 30 -0 -0 9 10 20 30 40

IMocMoTpuM paseuTHE Mpoliecca B JBUKEHHH:

> animate(u(x.t).x=-4..4,t=0.001..2.color=hlack,
> thickness=3.numpoints=60.
> title="[lBuKeHne paBHOMEPHOTO NPOBUNA™):

PaeromepHud npoduns (1=60..120)

40 30 .20 10 U 10 20 30 40
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Mpl BUMM, YTO MpoLecC pa3BHBaeTcs GBHICTPO M BBIpaBHHMBAET KPAil MPSIMOYTOJIbHH-
Ka; NpoduIn o4eHb 6BICTPO MPUOIIKAIOTCS K raycCoBY NPoduIIIo.

BoabMeM Tenepb acCMMMETPHYHBIH TPEYTOMbHBIM HAaYa bHBIH PO(QHIIb TEMITEpaTyphl
f)=(1-x)[6(x) - 6(x -}

> f2:=y->(1-y)*(Heaviside(y)-Heaviside(y-1)):

2=y — (1~y) (Heaviside(y) — Heaviside(y — 1))
> plot(f2(y).y=-1..1,5.thickness=3.color=black):

08
0.61
04

0.2

Sol_u:=
Int(1/2*((1-xi)*(Heaviside(xi)-Heaviside(xi-1)))*
exp(-1/4*(xi-x)*2/c*2/t)/c/t*(1/2)/Pi*(1/2).

xi = -ipfinity. infinity);

vV V V VvV

o

_(g-x)?
1(1—F,)(Heaviside(&‘,)—Heaviside(é‘,—1))e[ i ]

2 A dx *

—o0

Sol_u =

> Sol_u:=simplify(value(Sot_u)):

Solu:——§ er((zm/_}/_ rt( ) T+2c te[—z]ﬂcer{z:ﬁ]ﬁ

et i)

Taxum obpa3som, pelenye gaetcst GpyHKIMedH

us=(x,t)->1/2*(erf(1/2%x/c/t*(1/2))*Pi*(1/2)-
erf(1/2%(-1+x)/c/t*(1/2))*Pi*(1/2)-2*c*t* (1/2)*
exp(-1/4*x"2/c"2/t) -x*erf(1/2*x/c/t*(1/2))*Pi*(1/2)+
¥R (1/2)*exp(-1/4% (-1+x)*2/C*2/t)+
x*erf(1/2%(-1+x)/c/t*(1/2))*Pi*(1/2))/Pi*(1/2):

vV V V VvV Vv
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x2
~1/4 —

i) efi)
+2cyt e[—‘/4%%]+xer((% i:/-;]w/; /1/;

ITocMoTpuM pa3suTie 5TOro NpoduLs:
> ¢:=1/2:

-

Cc =

pl:=seq(plot(u(x.i),x=-10..10,color=black, thickness=2),

1=0.001..12):

p2:=seq(plot(u(x.i).x=-40..40.color=black.thickness=2),

1=10..20):

plots(displayl([pll.title="3BonMouns TpeyronLHoro acuMMeTpuunoro npoduns (t=0..12)"):

vV V. V VvV V

380010U4A TPEYTOALHOTO RCKMMETPMUHOrD NpodHas (t=0..12)

0.81

0.6

04

> plots[display]([p2].title="3Bon0uUns TPEYTONLHOTO ACUMMETPUYHOTO NPOPUNS
(t=60..120)");

JBOMOUHA TPEYIEnLHOre acHMMETpHIHOro npoduna (1=60..120)

40 30 20 0 9 10 20 30 40
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HOCMOTPHM pa3BUTHE IIpONLIECCA B JBHUXEHUH!

> plots[animate]{u(x.t).x=-1..2.

> t=0.00000000000000001. .2 color=black.

> thickness=3,numpoints=60.

> title="3BONOUMS ACKHMETPUSHOTO NpodPusa™):

DB0MOLMA SCHMMETPHUHOTD NPOGUAR
1

0.1
06
0.4

0.2

o 2
3jtech cHoBa HaGmoaeTcs GhICTPOE CITIAKUBAHKE, OOECTIeYHBaEMOE SKCTIOHEHTOH € :
B MuTerpase. PeleHne NMeeT TeHEHIHIO GHICTPO NPUOMKATECS K rayccosy npodu-
J1I0, IEHTPUPOBaHHOMY BOKPYT CPEJHEro 3HayeHus.



6 [Mpeob6pasosaHue Jlannaca

ITpumeHenne npeo6pasosanust Jlanaca K pelieHnio HeCTallMOHAPHBIX 3324 MaTeMa-
TUYeCKOH GH3NKH B HACTOsILIEe BPeMs NOJIYYHIIO BeeoOllee TpU3HaHNe Kak Hanbollee
3(pPeKTHBHBIK METOJ PACCMOTPEHHUs NpobieM KaHHOro ThIa. B 3Toii Iiiase Mbl pac-
cMoTpuM npeobpasosanue Jlansaca, nesias IIaBHbIA yIIOp Ha PUJIOKEHHUSI.

OnpeneneHune npeobpa3osaHua Jlannaca

Ilycte 3azana nexoropass byukuust f(t),t € (0,+). PaccMoTpuM uHTerpan (unme-
epan Jlannaca)

f‘(p)=+ff(t)e"“dt, (6.1)
0

IJie p — HEKOTOpOoe KOMILIEKCHOe uuchio, Re(p) > a (a — mioboe).

Ecnn naterpan (6.1) cxoaurces mpyu HEKOTOPOM KOHKPETHOM 3HAYEHWU a AJIsA JaHHOH
dbynKumMn f(t), TO TOBOPSIT, YTO ITOT UHTErpaJ olpe/eisieT npeobpasosanue Jlamma-
ca ot Gyukuuu f(t). B atom ciydae kommiekcHasi, Boobumie rosopst, GyHkuus f(t)
NeHCTBUTENBHOTO aPTYMEHTA ¢ HAa3bIBAETCS OPUZUHALOM, NITH 1LAYaAbHOLl PynKyuer,
a f(p) — usobpaxcenuem, v mpancgopmanmoii Jdannaca.

Jlns o6o3Hauenns: Toro, 4TO f(p) CJYXKUT u3o6paxeHueM f(t), GyneM NpUMEHSTDH
CHMBOJI ==, TO ecTb OyzeM nucars f(¢)= f(p), Re(p) > a.

Kax MpI 3HaeM, mpeobpasosanue Jlamiaca MOXHO paccMaTpUBaTh Kak YacTHBIN ciy-
Yall HEKOTOPOTO HHTErpabHOro Npeobpasosannus ¢ ssupoM K(p,t) = exp(—pt). Hanpu-
Mep, npeobpazosatne Jlanmaca cymectsyer s cAeAYIOWNX QYHKLHII:

f@©)=t* (a=0);, f(t)y=e* (a=2); f(t)=t""(a=0).

Hnst dyHkimi
fo=es fo)=1

npeobpasoBanue Jlamiaca He cyuiecTsyer (nmerpé.n (6.1) pacxoaurcsi pH JOGOM p),
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Beeznem 8 paccmoTpenne kiace GyHKumit M, aist kotopsix npeobpasosanue Jlamnaca
3asefloMo cymiecTByeT. Msr ckaxeM, uro f(t) € M, ecan:

Q ¢ynkuus f(t) KycouHo-HenpepsisHa Ha (0, +w);
+00

O uHTerpan I |/ (t)| e " dt CXOIUTCS TIPH COOTBETCTBYIOIEM 3HAYEHWH C.
0

HoxaxeM, yto juist pyHkuuit knacca M npeobpasosanue Jlamnaca Bcersa CyuiecTsyer.
JeAcTBHTENBHO, SICHO, 4TO HHTErpa

A
[l/@)e"at
CYUIECTBYeT B OOLIYHOM PUMaHOBoM cMbicne 1is f(t) € M. [lanee

[f(®e™| = /@)™ <|f(t)]e™, Re(p)=2c.

Taxum obpasom, ecin Re(p) > ¢, To unrerpan
J(p)= [ f(t)ye™dt
0

Gyner cXoanThes, TO ecTh NpeoGpasosanue Jlansaca onpeaeseHo. Yncio ¢ He 06s3a-
TeJIbHO JIOJDKHO COBMaAaTh € yHciIoM a (a < ¢). CxonuMocTb B yka3aHHOH obaacti D
6yner abcomoTHON 1 paBHOMepHOIt (puc. 6.1).

TA

p=c+it

AANA\N

>
»>
o

Puc. 6.1. Obnacts perynapHoctn D

NPUMEYAHUVE

VmMes B BuAY NPHKAGAHYIO LeTb HALIETO AHATU33, Mbi MOXKEM OIPaHHYHTh K/JACC PacCMATpH-
BAeMbIX (DYHKUAH KYCOYHO-HeNpephiBlbiMM QyHKUMAMU f(f) BemlecTBelHoH nepeMennoi ¢,
onpeieeHHbIMI PU £ > 0 1 ApAHHMaeMBIMU PAaBHBIMH HYTIO 1Py ¢ < (0. W3 k1acca kycounio-we-
NpephiBHAIX GYHKUMHA Mbl BbiAenseM NOAKAACC BYHKUMH, XapakTepusyeMblx onpedeienHvim
nopadkom pocma npu BecbMa GOJbUINX 3HAYEHUAX aprymenita t. Mbl IPeANoaraeM, YTO MOXKHO
YKa3aTh TAKHE HE3aBHCHMBbIE OT £ yrcaa L H ¢, 4o KakoBo 6b1 vu 6610 £ f (1)) < Le®, o ecrb npn
mobom ¢ > 0, Moaysb f(2) pacteT Mensieliiee, yeM 11eKOTOPAst IKCNIOHEHIHANbHAS dyukuus.
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Taxum o6pasoM, ¢pyHKuMs f(t) HA3bIBAETCSI OPMTMHAJIOM, €CJIM OHA YAOBJIETBOPSiET
CJIEIYIOIMM YCIOBHSM:

1) f(¢t) — nuddepeHunpyemas H0CTaATOMHOE YUC/IO Pa3 Ha Bcell OCH £, KpOMe TOYeK,
Tlie OHa M ee NIPOM3BO/HbIE NPETepPIeBaoT Pa3phi8 NEPBOr0 PO, MPHUYEM YHCJIO
TaKMUX TOYEK B KOHEYHOM IMIPOMEXYTKe KOHEHHO;

2) nis BCex OTpHUATeNbHBIX t GyHKumMs f(t) =0;
3) f(t)Bo3pacTaer He GsicTpee NMoKa3aTeNLHON HYHKLINH.

TIpeo6pasosanue Jlamiaca
J(p)= [ f(t)ye™dtRe(p) 2,
0

npejcTasJisieT co60M PYHKIMIO KOMILJIEKCHOTO TIEPEMEHHOTO p.
NMeer MecTo Teopema [22].
TEOPEMA. [Ipeobpa3sosanue Jannaca ecmv Qynkyus xOMNAEXCHOZO NEPEMEHHOZO D,

peeyrapras & noaynrockocmu Re(p) 2 ¢ (B0 BCsiko# KOHEYHOH yacTH 3TOH MOJIyILIOC-
KOCTH).

Hoxa3aTenscTBO 3TOr0 (haKTa OCHOBAHO HA CJIeAylouel Teopeme.

TEOPEMA. [Iycmb umeemcs unmeepan
F(p)= [ f(t,p)dt.
0

Hycme»

1) dynxyus f(t, p) kycouno-nenpepwisna no nepemennoii t € (0,+) npu uxcuposan-
Hom p e D;

2) pynxyusa f(t, p) pesyrapnas pynxyus no nepemennoi p € D npu duxcuposanmom
t €(0,+w);

3) unmeepan
F(p)= [ f(t,p)dt
0

cxodumcs pasnomepno 8 D (D — nexomopas obnacms).
Tozoa F(p) peeyrspna a D.

B namewm ciyyae f(t,p) = f(t)exp(—pt). Ycnosusi 1 u 2 TeopeMb] BHINOJIHEHbE JUISt P
13 /060l KOHEeYHOW Y4acTH MoMyMIocKoCTH. Jlanee MHTerpas

F(p)= [ f(t,p)de
0
cxoxuTcst pasHoMepHO B D. TakuM 06pa3oM, GYHKIHs

F(p)=[f(tye™dt
0

perymsipHa 8 obnactu D ={p:Re(p) 2 c}.
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3a npepesamu obsacti D, Boobue rosopsi, nuTerpan (6.1) pacxomurces. ITycrs E —
MHOXECTBO BCeX JAEHCTBUTE/IbHBIX 3HAYEHNIT p, ISt KOTOPbIX uHTerpan Jlamnaca cxo-
autca. Ilycts a = inf E — HuxkHsis rpadp MHoxecTsa E. UHCIIO @, 04eBUAHO, MOXKET
OBITH KOHEUHBIM MK ~co. TakMM 06pa3oM, 0653aTeIBHO CYLIECTBYET TIpeflebHAS JTH-
HUsL X = g, Ha3bIBaeMas abcyuccol cxoouMocmuy, Takas, 4To Jiesee Hee TIpeobpasosanue
Jlarutaca He cymiecTByeT (MHTerpasi pacxoautcst). 3Hagenus npeobpasosanust Jlana-
ca B 06/1acTH BHe 06acTi D HAXOAATCS C OMOIIBIO AHANTUTUYECKOTO NPOLO/IKEHHS.
IIpy 5TOM MOXeT MoMy4MTHCS HEONHO3HauHas PyHKIMS. Te TOUKH, HA KOTOpBIE Hellb-
351 aHATTUTUYECKH NTPOJOIKUTE (PYHKLMIO, HA3bIBAIOTCS! OCOOBIMU TOYKaMU (DYHKLIMM,
AHamTHYeCcKOe NPOJo/IKeH e peobpasoBanus Jlamnaca BO3MOXKHO TOJIBKO B CIyYae,
KOrJIa MHTErpas yAaeTcs BBIPA3UTh 4eped sjeMeHTapHble ¢byHKiunu. Hampumep, ans
byuxumu f(t) =16ynem nmers

—pe |
¢ 1 Re(p)>0.

P |0 p

JTa QYHKUUS JaeT aHATUTHYECKOe NPOAO/DKEHHE BCIOAY, 3a MCKITIOYEHWeM TOUKH |
0(0, 0). CnenoBate/ipHO, Touka O — 0cobasi TouKa PYHKIUM (B JAHHOM CITyyae TOYKa
O — nomoc NepBoro Mopsijxa).

J(p)=[1-emdt =
0

Nmeer MecTo clienyonias TeopeMa (MpUHYUN anarumuyeckozo npodonxcenus)’.

TEOPEMA. Eciu ucxodnas ¢yuxyus yoosnemeopsem xaxomy-nubyos ypasuenuro ¢
AHATUMUYeCKUMU KO3 puyuenmamu, mo smomy xe ypasnenuro yooeremeopsem u
anarumuuecxoe npoooxNcenue GynKyuu.

PaccmoTpuym HexoTopsie nipumMepst. IIycts f(t) € M u

f(p)= J‘f(t)e"’"dt, Re(p) 2 c.
0

1. f(t) = 1= j_‘(p)=]ge""dt =—1—,Re(p)>0.
0 p

f(t)=e™™, a — BemecTBEHHOE YUCIO =
2.4 = ®
f(p)=[e " *dt = L Re(p)>-a.
o p+a
Sf(t) =cos(Bt), B — BewecTseHHOE YnCIO0 =>
3.¢- ®
J(p)=[cos(Btye ™dt = —L— Re(p) >0,
0 p-+B
S(t) =sin(Bt), P — BeuiecTseHHOE YMCIIO =
4.< - ®
F(p) = [sin(Beye™dt = —L—, Re(p) >0
0 p +B
5. f(t)=¢t", v>-1= f(p)= It"e"“dt = Isve_sds = F(V%:D
0 0 p p

" Cmupnos B.H. Kypce shicueit matemarikn. T. 3, 4. 2. — M. TUTTJL, 1956. 675 c.
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3nech BpeMeHHO (TIPH BBIYUCJIEHMH) TIPEATIONATaeTcst, YTo p > 0 (ec/M p — KOMILIEKC-
HOe, TO MOXXHO MHTErpupoBaTh 110 Jy4y). B cuny cBoiicTs aHannTHyeckoro mpoxo-
Kenus popmysa npuMepa 5 sepHa Juist Bcedt obsactu Re(p) > 0 (3aech p =0 — Touxa
Pa3BeTBJIEHHUS ).

6. f(t)=t", n=0,12,..= f(p)= ZL (caeacrsue 5).
p
1
i
7. f(®) ::/1—2 =t = j?(p)f?ﬁ%: = %(cnencnmeS).

f(t)=J,(at), o — BemecTseHHOE YUCIO =

8.4 % K; —— 1
f(p)=£Jo(at)e dt—\/p_—zT_—;;,Re(p»o.

9. MyHKIKUS C PA3PHIBOM:

_jLe<T L % - _T —
f(t)~{0’t>T:rf(p)—£f(t)e dt—J;e dt =

1—e "
p

B npumepe 9 npeobpasosanne Jlannaca — peryisipHas QYHKLUs AJISI BCEX 3Hade-
HUM p.

, Vp.

~

f(¢) =sh(Bt), B — semecTserHoe YNCIO =
10.< - 2

7(p)= [sh(Btyedt =—L— Re(p) > .

0 p°-P _

S(t) = ch(Bt), B— BemecrseHHoe yncIO0 =
11.¢ = 2

f(p)=[ch(ptye™dt =—L—, Re(p) >p.

L 0 p°-B

B npuioxenur npuBefeHa cBOfHas TaGinMpma HauGonee 4acTo BCTPEYAIOUIMXCS
dbyHxunit ¥ nx npeobpasosannit Jlannaca.

NPUMEYAHVE

B rabuunax npeobpasosanuit Jlannaca HesBHO 0APa3yMeBaeTCA, YTO (GyHKiMH f(£) pasHbl
Hysio npy ¢ < 0. 3Hauenus 3THX BYHKUMH NPUBOAATCS TOJIbKO NpH ¢t > 0. ITO 06CTOATENLCTBO
MOJKET HPUBECTH K CCPbe3HbIM ollinbkaM, ecsin He o6pallaTh Ha HErO BHUMaHHS.

Mosepnexune npeobpasosaHusa Jlannaca npu 6onbLInX
no MoAy/io 3HaYeHUax napameTpa (|p|-—>w)
JlokaxkeM cJeyonyio Teopemy.

TEOPEMA. IIycmo f(t) € M u umeem mecmo popmyna (6.1)

Fp)= [ ftye™ds, Re(p) 2 (62)
0 v
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Tozda

f(p) = 0npu|p| > o, Iarg(p)lsg—& 8>0,

paenomepno omuocumensto arg(p) (To ecTh KOTAa Mbl yAaIs1eMCsi TI0 IPOM3BOJIBHOMY

ayay (puc. 6.2)).
] /40 tit

D

‘t{‘

L - - - -

»
»

o

Iplsin(s)

Puc. 6.2. K gokazarenscTey TeOpemMsl

AokasarenncrTeo. MoxHo 3anucars (Re(p) = ¢)

|7(p)| =

+Jzof(t)e"“dt
0

s+f|f(t)[e““‘f"’>‘dt =
]

If(t)le—ke(p)tdt+ :i|f(t)le-Re(p1zdt+ T‘f(t)le—Re(p)zdt.

(S Sty

v

=Ji T2 =73

OneHnM Kaxaplii u3 unterpanos J,, J,, J;. BosbMem mpoussonpHoe uucio ¢ >0 u
BeIbepeM uKciia A M o Tak, YTOOB! BBITONHSIMCH HEPABEHCTBa

J, SIIf(t)Ie’“dt < -3,

Js s [|f®))edt < %
A

Oyuxnus f(t) KycouHo-HenpepsisHa s ¢ € [o, A] (o, A — duKcHpoBaHHbIE YUCTA).
ITo Teopeme BeilepuiTpacca, MOXKHO yTBEPXKAATh, YTO HANJAETCSi Takoe yucno L, uto
| /()| < L. Torna

-Re(p)a -Re(p)A

—-e
Re(p)

A A
Jr <[/ @™ Ptdt <Lfe ™ de =17

< L L
Re(p) |p|sin(d)

|arg (p) sg—s, 8> 0.
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BasiB poctatouyto Gossliioe | p], MOJHO YTBEDXAATh, YTO
L £
— <.
|p|sin(8) 3
Takum obpasom,
s T
If(p)l <& |arg(p)| $5 8 8>0.

Tak xax Y Hac € — KOHCTaHTa, He 3aBUCHILAA OT p, TO JOKa3aHO, 4TO

f(p) - 0mpu|p| - o, [arg(p)| gg—s,s >0

PaBHOMEPHO. M

NPUMEYAHWE

Ecan paccmarpusarh scio obnacts D, rae onpenester unrerpan (6.2), T0 MOXKHO YTBEPXKAATh
JIMILb, YTO

|j_'(p)l < +I SO e “dt, — orpanuuen Re (p) = ¢,
0

TO €CTb Ij_'(p)| = 0(1).

CeoiicTBa npeobpa3zosanuna Jlannaca

Mbr He cTasuM cBoeil 1e/IbI0 NOAPOOHOE M3JI0KEHHE BCeX CBONHCTB TpeobpasoBaHus
Jlansiaca. PaccMOTpMM TOJIBKO HEKOTOpbiE M3 3TUX CBOHCTB, KOTOPbIE MOHAROBSITCS
HaM B NpWJIOKeHUsX. 32 MoAPo6HOI MHpOpMaLHeli MBI OTCBIAEM K COOTBETCTBYIO-
meit cneunanstoit autepatype ([9], [10], [23])".

Bynem npennosarats, 4To BCe paccMaTpiBaeMble GYHKUMM MPMHaAIexRaT kiaccy M.

Ceoiicteo 1. [Iycts f(t) e M, f, (’t) eM, F(t)=C, f,(t)+ C,f,(¢t). Torna
F(p)= C1i1 (p)+ szz(P)

(CBOMCTBO JIMHEHHOCTH).

Hoxkasareasctro. Tax kak f, (¢t) € M, f,(¢t) € M, To cyliecTByIOT MHTerpasl

fi(p)=[fi(tye™dt, Re(p) 2 c,, (6.3)
0

Jo(p)= [f(t)e™"dt, Re(p) 2 c,. (6.4)
0

Ilycrs ¢ = max(c,, ¢, ). Toraa

' Cwm. Taxxe: Jypve A.H. Onepanuionsoe HCUHCICHHE U €10 NDHJIOXKEHHS K 3a/layaM Mexatin-
k. — M.—JL: TUTTJL, 1950; Epwoea B.B. Umiyabchbie dhyrkuuy. DyHKIHN KOMIUIEKCHOI
nepemenHtoit. Onepannonsoe ucuncaenne. — Munck: Beiuaiimas urxona, 1976,
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F(p)= TF(t) e dt =C, Tfi (e "dt+C, sz(t)e"“dt =
0 0 0

=C,[(p)+C,[(p), Re(p)2c.

Takum 06pasoM, cBoiicTso_1 fokasaHo u/isi Bcex p:Re(p)2c. ITO CBOWCTBO BEPHO
BCIONy, rie GYHKIMK f, U f, OCTAIOTCS aHAIMTMYECKUMHU QYHKUUSMHA.

pamep. ITycts f(¢) = cos’ (Bt) = % + %cos (2Bt).

meem
1 P
12—, cos(ft)y= .
P p*+p’
CaenosarenpHo,
- 1 1
f=—4 _..2_p__2_
2p 2p*+4B

Onpenenenue. ITycts f,(t) € M, f,(t) € M. Cpeprroii 18yx QyHKIUH fi®n f,(t)
Ha3BIBAETCSt MHTETPasl

F(&) = [ () [o(t = v)dr ={[,(£), /,(2)}-
0

HeTpyaHO HOKA3aTh, YTO ITOT MHTErpaj CylecTByeT 1 F(t) — HenpepsiBHas byHKLIMSE
8 unTepsaie (0,+w). Eciu 3aMeHnTs T —> ¢ — 1, TO Oynem UMeTsh

0 ¢
F(t)= _J‘f1(t‘7)f2(7)df = Ifz('f)fl (t-tydr= {fz(t)vf1 (O}
t 0

Taxum o6pasom,
{fl (t)’fz(t)} ={/s (t)’fl ()

(CBOHCTBO KOMMYTaTHBHOCTH CBEPTKH).

CsepTka AByX GyHKLMI HrpaeT poJib MPOU3BEIeHHUs B TEOPUH npeobpasosanus Jlamn-
Jlaca. A MIMEHHO, CIIpaBe/l/IuBO

Csoiictso 2. F(p) = _Z(p)]z (p).

IlOKasaTeJleTBO. PaCCMOTpI/IM HHTEerpaJ
F(p)= [F(t)e™™dt, Re(p) 2 ¢ =max(¢;,c,),
0

TZe ¢, ¥ ¢, — 4MCHa, onpelensieMble dopmynamn (6.3) 1 (6.4).
NmeeM

F(p) = [edt[ /i) /2(e-v)ds. (6.5)
0 0

3aMeHMM TIOPANOK MHTErPUpPOBaHMsi (TT0Ka GOpMalIsHO) (PHC. 6.3)



330 6. NpeobpasosaHue Jlannaca

F(p)=[fi(mdv [ fot-n)ede=[ fi(v)dr [ [y (s)e™"* Vds =
0 T s 0

=[r@erde| fu)emds <], 7,
0 0

Puc. 6.3. 3amena nopsaka MHTerpuposaHns
Taxum 06pasoM, popMasisHO CBOHCTBO 2 noKasaho. UTOOB! MOKA3aTeNbCTBO OBLIO
CTPOI'UM, HYXHO ONpaBJaTh 3AKOHHOCTh M3MEHEHHs IOPS/IKa MHTErPUPOBaHusL. Y Hac
MHTErpasibl HecobGCTBeHHbIE, TO3TOMY o61iasi TeopeMa o MepecTaHOBKe IIPEeNesioB HH-

TETPUPOBaHMsE JUUIst HETIPEPHIBHBIX PYHKUMHA M KOHEUHBIX HpeeoB HHTerPUPOBaHHsE
He npuMelnMa. BocrossayeMcs ciepyiomeit Teopemoil aHaam3a.

TEOPEMA. [Iycmy:
1) @ynxyus f(x,y) — nenpepwignas pyuxyus omx uy, x € (a,+), y € (b,+x);
2) cxodumca abcomomno 0duit u3 unmezpanoa

°idyaflf(x;y)lcbc,
aubo ”
[ax |7 oy dy.
Toeda cnpasedrusa popmyra o
fayf fxypae = de]:f(x,y)dy.
PaccMmoTpuM uHTErpan T "

]‘olf1 ('c)|d1:jf|f2 (t- t)”e""| dt < jf|f1 ('t:)]d't:aflf2 (t-v)|edt =
0 T 0 T

=@l ds[| o)™ ds < [| /i@l de[|fo(5)] e ds.
0 0 0 0

3necs y4TeHo, 4To

Ie""l =e"*P < Re(p)>c,
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M B PaBEeHCTBE CleJlaHa 3aMeHa NepeMeHHON ¢ — T =s. MHTerpanpl cnpaBa cXonsTca.
3HAYHUT, YCJOBHMSA TEOPEMB! BEINIOJHEHB! U CIIPaBEMIMBA TI€PECTAHOBKA NpeNeioB WH-
TerpupoBanus B (6.5).

CaoiictBo 3. Ilycts

F(t) = j f(x)dr, f(t)eM. (6.6)

Jlerxo BuzeTh, utTo nHTErpat (6.6) cymecrsyer u F(t) — HenpepbiBHas GyHKUKA OT L.
Y TBepxkaaercs, uTo

F(p) = %7(1»). (6.7)

HMoxasareanctBo. CripaBeniMBoCTb yTBepxnenus (6.7) cnexyer us cpoiicrsa 2. Jleii-
CTBUTENbHO, IpuMeM f, (t) = f(¢), f,(1) = 1. Torna 6ynem nmersb

Sy = /.

fi = = F =

I
= |-
o |-

Caolictso 4. Ilycts
Fy=f'(t), f(t)eM, c M.
Toraa

F(p)=pJ(p)-f(©0)
3nech Knacc M, onpenensercs ciaexywomuMu cBoiictBamu: f(1) € M, , ecan:

O dyuxuua f(¢) HenpepsiBHa Ha [0, +o0);
O d¢yukuna f'(f) KycouHo-HenpepsiBaa Ha (0, +);

+c

QO uHTerpan “ f()|e *“dt cxonuTes npH COOTBETCTBYIOIEM 3HAYEHMUH C.
0

a [f@))e " —o0.
t—x

Bce 5TH ycoBUS ABNAIOTCA JOCTATOUHBIMH.
NoxasatesscTBo. MMeeM 1emouKy paBeHCTB

F(p)= | F@ye™dt = | f'(ye " de -
0 0

t=w

= fwe |

+p [ f(tye " de =—f(0)+ pf(p).
0
O6ocHoBanne dopmaibHbIX peo6pasoBaHmif: pACCMOTPUM MHTETpast
A A
[fr@ye™de = f(Aye™ - f(a)e™ + p[ f(t)e™dk. (6.8)

CnpasennuBocTb ¢opMynsr (6.8) BeiTexaeT U3 NepBbIX ABYX yciaoBuil. [lepexomuim
K npeneny npu a — 0, A - . Torna
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lim f(a)e™ = f(0),

TaK Kak GyHkuna f(¢) HenpepbiBHa Ha [0, +o0); nanee

/()| <|f(a)e™, Re(p)2c,
M B CHJIy YETBEPTOTrO CBOHCTBA Kaacca M,
i -pA _
A_lgn f(A)e™ =0.
Re(p)zc
Hanee, B cuty nepporo 1 TpeThero CBOMACTB Kiacca M,

lim Tf(t)e’”‘dt =f, Re(p)2c.

A-ox a

Takum obpasoM, u3 (6.8) moayunm

i | /e de = £ @) + .

Ao a

PacnipocTpanum pe3ysibTaThl Ha CIyyail GYHKUMH, MMEIOMUX Pa3phbiBbl IEPBOTO POLA.
[Tycts pynximsa f(t) yRoBreTBOPSET BCeM TOCTABJIEHHbIM paHee YCJIOBUAM, 33 MCKIIIO-
YeHUeM TOTO, YTO B TOYKE ¢ = ¢ OHA MMeeT pa3pbiB nepBoro poxa. Umeem

F(p)= [ f(0ye™de = [ feye™de + | /(e ™dt =

-

=f(t)e"”‘I:; + pJEf(t)e“”‘dt+ f()e ™ ot p]:f(t)e""dt =

=f(c=0)e™” — f(0)- f(c +0)e™™ + p [ f(t)e ™ dL.
0
TaxuM o6pasom, nosyqaeM

F(p)=p f(p)-f(0)+ e ®[f(c-0)~ f(c+0)]. (69)

Ecnu 6b1 Touek paspbiBa GbLIo Gouibine (KOHEYHOE YUCI0), TO B Gopmy.y (6.9) Bouwuta
6bl CyMMa CKauKOB.

CaolicrBo 5. [Tycts
F@y=f"@), f(t)eM, c M.
Torna
F(p)=p"f(2)-p""' fO)-p" f'(0) ~...— " (0).

3nech Knacc M, omnpenensdercs clepylomMMu cBoicTBamu: f(¢) € M, , ecan:

Q dyuxkuun f(¢), f' (@),..., [ " (¢) nenpepuiBHbI Ha [0, +0);

Q dyuxums f () kycouno-Henpepbisna Ha (0, +0);

+o0
Q wuHTerpan I] f(t)|e *dt cxonuTcs IpK COOTBETCTBYIOMEM 3HAYEHHUH C;
0
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O O] 20 |f Ol 20,00 | 0]™ 0.

Jloka3are/bCTBO CBOMCTBA 5 MPOBOAMTCA aHATIOFMYHO JOKA3aTeNbCTBY CBOMCTBA 4.
Yactasii cayyaii. [Tycrs
fO=f0)=..=f""@©0)=0.
Torna
F(p)=p"1(p).
Iycrs f(¢) € M, u f(0) =0; Torza
p— 14 7
fO=plo) | f(ydie L P,
) P
OTMeTHM eme 6e3 NOKa3aTeNbCTB TAKHe CBONCTBA:
Caoiicto 6. VameHenne Maciutaba apryMeHTa OpurMHaia

flat)y= f(gj, a>0.

Caoiicro 7. TeopeMa 3ana3abiBaHKA

fE-o=e" f(p), 1>0.

O6paweHune npeobpasosanHua Jlannaca

[Tpobnema obpainenus — ato onpedesieHrne GYHKuMM (OpHUrvHaza) Mo ee mpeobpa-
3o0BaHMI0 (M306paxennto). IIpn 3ToM BO3HMKaOT ABa Bompoca: 1) Kak MOCTPOHUTDH
obpamenue; 2) 6yner gy NOCTpoeHHOe oGpaineHne efHHCTBeHHO? Boobine rosops,
obpamenune mnpeobpasosainsa Jlamnaca He eXHHCTBEHHO. [eHCTBMTENBHO, MYCTh
f(t),8(t) € M, n 3TH DYHKUMH OTIMYAIOTCS APYT OT APYTa B KOHEYHOM YMCJIE TOUEK,
MM, Kak roBopAT, f(t) =g(t) noutn Bciony B untepane (0,+o). Hetpynno Buzgets,
uyro TorAa f =g (3HaueHHe MHTErpaja He MEHAETCHA, eC/IM U3MEHHTh ITOAbIHTErPAsTb-
Hy10 GYHKUMIO B KOHEYHOM UYHCJie ToueK). EAMHCTBeHHOCTh 06paieHst fOCTHraeTcs,
ecsM ycHMTh TpeboBanus s dynkunit. imenno, ecin dyukunn f(t) n g(t) Henpe-
puIBHBI B HHTepBaje (0,+w), TO U3 TOro, 4TO f =g, BhiTeKaeT paBeHCTBO f(¢)=g(¢)
Bcionty B (0, +0). DTO yTBepxaeHe U3BECTHO Kak meopema Jlepxa [12].

YcranoBuM dopmyny obpawtenus npeobpasoBanus Jlannaca. Ilycts onpegeneno npe-
o6pasoBanue Jlannaca

Fp) = [Fre™de, f(t)e M, Re(p)=c

Bynem cuurarh B nasnbHeiimem, 4o f(t) e N <« M. Mol ckaxem, uto f(t) € N, ecin
1) ¢yukuusa f(t) kycouso-HenpepbiBHa B Hutepsase (0, +);

+a0
2) uHTerpan ” f(®)|e *dt cxonutcs pu cooTBeTCTBYIOIMEM BRIGOpE UKCIA C;
0

3) dyuxuua f(t)e ¥, a > c, UMEET KOHEUHOE YMCIO MAKCUMYMOB M MUHHMYMOB Ha
Jm060M 3aMKHYTOM npoMexyTke [o, A] < (0, +00).
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DopMyna obpanieHns UMeeT BUJ

a+ iw

[ = [[(p)e"dp. (6.10)
n

a-iw

IIpensnonaraercs, 4T0 @ > ¢, t >0 — TOUKM HernpepbIBHOCTH. 3aech WHTerpan B (6.10)
MIOHMMAETCA B CMbICTIE IJIABHOrO 3HAYEHMS, TO €CTh

a+jo a+il’

[F(pyedp = lim [F(p)e™dp.

a-io a-iT

@opmyna (6.10) naspiBaerca popmynou Pumana—Mernuna, a MHTerpan cnpasa — um-
mezparom Pumana—Mennuna.

Ana noxasatenbcTsa hpopMynst (6.10) paccMOTprM WHTErpa
a+il
Jr === | F(pye”dp, £50, a>c (6.11)
27” a-iT

Wnrerpan (6.11) uMeer cMBICH, TaK KaK IyTh WHTErPUPOBAHUSA HAXOLUTCA B 06JI4CTH,
rae GyHxnus f(p) perynapHa (3awrpuxoBannas obnacts D Ha puc. 6.4).

TA
a +iT

p=o+it

%

AN
NON N

»

L
0 c a-iT s

Puc. 6.4. Obnacts perynapHocTtu D

MoXH0 3anucaTh

a+iT

Jr =— .fe"‘dp Jf(s)e P ds.
a-iT
IlepemeHnM MOPSANOK UHTETPUPOBAHMS (3TO BO3MOXKHO, TaK Kak BHYTPEHHMH MHTe-
TPaj1 CXOAMTCH PABHOMEDHO MO OTHOIIEHUIO K p, BHEINHKH MHTErPaJ UMEET KOHEYHble
TpenesTbt nmerpuponamm). Torna

a+iT p(r—s) a+iT
_ (=) _
= Jf(S)dsaIlTe” dp = Jf( )d92 e

= 1T resygates ST =)
= n-([f(s)e P ds.

|
TakuM obpasom,

_e” T
= [ f(s)e

0

“’”ﬂT—([——S)]ds t>0 a>c
t—s '
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HoxasatenbCcTBO Teopembl 0OpaiNentsa CBOANTCS K BbIYMCIIEHHIO TIpefena OT J, TpH
T — «. BocnonbayeMcst uuterpanom Jupuxie

lim L ] F(s)ii’%i)_] ds = F(¢), 6.12)

T o T

Dopmyaa (6.12) cripaBeiivBa NIPH CAEAYIOMHUX YCIOBHAX:

1) dynxuus F(t) kycouHo-HenpepniBHa B HHTepBae (0, +);

+a0

2) uHTerpan “F(t)ldt cxonuTea (¢t >0 — TOUKM HEeNpepbIBHOCTHU);
0

3) dynkuma F(t) nMeeT KOHEYHOE YMCIO MAKCHMYMOB U MMHMUMYMOB Ha J060M
3aMKHYTOM IpoMexxyTke [a, A] < (0,+0).

B nawmem ciyyae npumeM F(t) = f(t)exp(—at). Torna u3 ycnoswuii 1, 2, 3 nna pynk-
unu f(¢) BeiTeKaoT yeaoBus 1, 2, 3 ana pyukunu F(¢t). [lostomy
Tlim Jr =e“f(&)e™ = f(t) (¢t >0 — TOUKM HeMpPepbHIBHOCTH).

Teopema mokasaHa.
B manpHefiimem dopMyny obpamenns 6yneM MHUcaTh B BHIE

f(@)= %If(p)e"'dp (¢t >0 — TOYKM HENPEPHIBHOCTH ). (6.13)
iy

Jannoe NOKa3aTeNbCTBO MO3BOJAET YTBEPKAATh, YTO 3HAYEHUE MHTerpaia obpare-
HUS He 3aBUCHT OT a.

Ecnn BeMMKHa ¢ M3BeCTHA, TO MyTb HHTEIPUPOBAHMUA (TIpAMasi) NOJKeH ObITh IPOBE-
Aen mpasee ¢. Eciu BequuyHa ¢ He M3BECTHA, TO NPSMYIO MHTETPUPOBAHUS HYHHO

TPOBECTH MpaBee BCeX 0Co6HIX ToueK ByHKUMH f(p) (B OGIACTH perynspHOCTH f(p).

B HexoTOphIX clyyadx BaXKHO HalTH 3Hauenue nuterpana (6.13) ans ¢t <0. MoxHo
1I0Ka3aTh, YTO NpH ¢ <0 uHTerpan (6.13) paBeH Hymio0. TakuM obpasomM, byxeM UMeTh

N ot | (@) >0,
f(r)—;t;{f(p)e dp—{o, ‘<0

Wnoraa Bo3HuKaeT ciexyroouas 3anava. 3anaHa ¢pyakuusa F(p) KOMILIEKCHOTO nepe-
MeHHoro p. Tpebyercs onpelnenyTh, IPH KaKUX YCHAOBUAX 5Ta (PYHKLUA MOXKET pac-
CMaTpMBaTbCs Kak npeo6pas3oBanue Jlanmaca. OTBET Ha 3TOT BONMPOC HAOT CIEAYIO-
UK€ XOCTATOUHbIE YCIOBUA:

Q dyuxkuus F(p) — perynsapHas @yukuus p npu Re(p) > ¢ (B KoHeuHol YacTy sToi
obnactn);

a F(p)z—ﬁu, M =const, a >0 (Re(p)>¢ |p|— ).
p

Mpumep. Ilycts AaHb PyHKIMH
2
F(p)= -2”— Fy(p)=
p +p+

T
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3necs F, (p) e sBnsercs npeobpasosannem Jlannaca, Tak Kak F, (p) — 1 np |p| - «;
F,(p) — aBasercs npeobpasosanuem Jlamnaca.

Jlemmbl JXXopaaHa

Ytobbt MOMYYHTh YAOOHOE LIS BBIYMCIEHHS KOHTYPHBIX HHTETPAJIOB BBIpaXKeHHE,
B GOJBIUMHCTBE CJIyyaeB CJleAyeT B HUX HaulexamuM obpasoM AedopMHUPOBATH
MyThb HHTETPHPOBaHHUA. [IpH 3TOM YacTO OKA3bIBAIOTCA MOJIE3HBIMH CEAYIOMME JIEM-
Mbt JKopnaua [10].

JIEMMA 1. Ilyctb ¢, 1 C, — Dyr'¥ OKpyXHOCTeik

lz-o|=R,, —gSarg(z—o)s u Sarg(z—c)s%j.

I
2

Nla

[Tycrs lim R, = w. Ecnu dyHKUMA f(2) KOMIUIEKCHOrO TepeMEHHOTO Z Ha AYyTaX c,

n-—wx

u C, paBHOMEPHO OTHOCHTEJIbHO arg(z) CTPEMHTCS K HYJIO NIPH i1 — ©, TO

lim j f(2)e"dz =0mput <0, (6.14)
lim If(z)e”dz =0mput >0. (6.15)
n—x C"

DokasatenbcTBo. B cHly paBHOMEPHOro (OTHOCHTENbHO arg (2)) cTpeMieHus: PyHk-
umny f(2) & Hysmo Ha gyrax ¢, u C, cymiectByeT nocratouHo 6onbioe yncao N(g) (3a-
BUCSAILIEE TOJIBKO OT €, HO He OT Z) Takoe, YTo Npu n > N(g) Ha nyrax ¢, u C, uMeeM

If(2)| <e.

Ilns moboii Toukn z = o + R, exp(ip), nexauieit Ha atux xyrax (puc. 6.5), B cuity Toro,
uto |i| = 11 |exp(ip)| = 1, Gynem umersb

|dz| =|iR,,ei°d(p| = R, do,

letz| - etoetR,, cos (@) )

Ya
o +iR,

/-éoﬂ'R,,

R, R, '
x

) o v
c,,\ ! *
Cn 1

S~ G — iRn

[
[
[

o - iR,

Puc. 6.5. K nokasatenscray n1emMmsl 1
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C noMouIbio HHTErpabHOM OLEHKH

.ff(z)dz sj|f(z)||dz[
TIOJIyYHM
[f(2)e”dz| < eR,e" Ie’R () dp = 2R, e je”‘ “(®) dep, (6.16)
‘n -nf2
If(z)e“dz <eR e” Ie‘R @@ dp =2eR, e .fe‘R"“’“(“”d(p (6.17)
n/2 r/2

s onieHKH MHTerpana

/2
I e do (t <0),
0
Bxozxsimero B (6.16), mpumem ¥ = 7—; - ¢. Torna 6yneM umers

/2 /2 _
J'e‘R"“’“(‘”d(p = .fe‘R" NGy ¢ <0, (6.18)
0 0
YuureiBas, uto (puc. 6.6) B uurepsase (0,1/2)
sin(¥) > z‘}’,
Y

HaleM
n/2 2(R,

Ie’R @ dp < I e * dv¥.

0 n/2 v

Puc. 6.6. K goka3atenscTsy NemMmbl 1

Orciona cnenyer, uro npu t <0

<2eR e“’n./fzehf d¥ = 8Tte‘”(e‘k -< ﬁ e” <ﬁ,
t t

If(z)e"dz

H TaK KaK &€ IPOHU3BOJIbHO, TO 13 ITOCJAEAHEr0 HEPABCHCTBA BbITEKACT CIIPABENJIMBOCTD
(6.14).
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Jlns oneHKY MHTerpana

n
.fe‘R"C"‘(“"d(p, t>0,
w2

pxoasiero B (6.17), npumem ¥ = —g + ¢. Torna 6yneM nMeThb

k3 n/2 ) /2 _
J‘etR,, cos((p)d(p - J‘e—tR,, sin (‘l‘)d\{, - J‘e(—t)R,, sin (‘l‘)d\{,,
0

/2 0

TO ectb onATh uMeeM uHTterpan (6.18). IlosTomy npu ¢ >0
_[f(z)e“dz <—8—t—7—t,

YTO B CHJTY IPOM3BONHHOCTH € U AOKA3bIBAET CIPABEATUBOCT (6.15). 0

B xayecTBe npuMepa IMOKaxeM, UTO LA QyHKIHH

m m-1
a,z +4a;,z +...+4,

(@)=

- 1)
b,z" +b, 2" +. .+b,

rae m u n — uenwie uyucaa, n =0, m20, n-m=r >0, a, #0, b, # 0, BBINOJHAOTCS
npeanoioxkenns seMMel JKopaana.

. 1
[Tocsie 3aMeHbl mepeMenHOM 10 Gopmyie z = E GyzneM UMeTb

) _ 1 - - ram+am—1§+"‘+aogm — er(c)
O R CRS e wrwey vl 1)

Tak Kak b, # 0, TO B IUIOCKOCTH { CyIeCTBYeT 3aMKHYThI{ KpYT paanyca R, ¢ ueHTpom
B TouKe { =0, B KOTOPOM HeT HM OXHOro Hyna nonuHoma P, (&). IlosTomy 1is Beex ¢
BHYTPHU 3TOr0 Kpyra

% <M upu|C| <R,
H, CEIOBATENBHO,
[0 <|¢|" M,
MO3TOMY
s 2.
2]

Ho 510 1 03HayaeT, 4To PyHKLMA f(2) pABHOMEPHO CTPEMMUTCA K HYJIO NPH 2 — .

IIpy TpaKTHYeCKOM NpuMeHeHMH emmbl JKoprana yacto GbiBaeT yno6HO MOJb30-
BaThcA caenymouieidl ee MonuduKanuei.
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JIEMMA 2. Ilycts ¢dyHkuus f(z) KOMILJIEKCHOIO nepe- A
MEHHOTO Z Ha Iyrax okpyHocreit (puc. 6.7) r, B
. R
~J4
Tpilz|=R, 1c—z»:<arg(z)<ﬁ+.«a e,
2 2 N’ N
YIOBJIETBOPSIET HEPABEHCTBY c kg '
M A
f@)| <=, —E
@l <55 -

rne R2R,a M n k>0 — HEKOTOpble KOHCTAHTHI, M
Puc. 6.7. K poxasarenscrey

€= arcsin(gj; TOrKa nemmbl 2
R
Jim If(z)e"dz =0,t>0.
R Fr

Aoxazarenncrao. YTBepxkKAeHHe 3TOH JIEMMBI CJIefyeT M3 NpepblAyinei semmbl 1,
eCcJIM 10Ka3aTb, YTO

Jim [f@)etdz+ [ f(z)e?dzy =0, t >0,
Ck

Cr

rne Cy u Cy nyrn AB u DE okpyxuoctH | z| = R (puc. 6.7).

Himeem:
/2

If(z)e"dz < “f(z)le”“(”Rd(p.

ch (n/2)-¢
Ho

M
|f(2)] < = HRe(z) <o,

T103TOMY

M M . (o
2)e%dz| < == e Re = = ¢" Rarcsi (—-)
Cj,f( ) R TR "’

R
[Tpu R — o« uMeem
. . (o]
lim Rarcsm(—) =g,
Row R
MI03TOMY

lim ﬂk e o =0,
Rowx R

4TO 1 TpeboBaIOCh HoKa3aTh. I10N0GHBIM XKe 06Pa3soM MOXKHO JOKa3aTb, YTO
lim [ f(z)e*dz =0, t >0.
Rox o=
R

OTtmeTuM, YTO JleMMa BepHa AJis moboro ydactka ayru I, a Takke BepHa, korna R
BO3pacTaeT He HellpePbIBHO, a AHCKPETHO
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R <R, <..<R, <R, <...
JlemMMa BepHa 3aBeZiOMO, ecyiu

= M
‘f(p)lr $—, a >0
“ nl
/leHCTBHTEJIBHO, B 3TOM Cllyvyae
< M
@), 52z =0

npu R — o0 paBHOMEPHO OTHOCUTENLHO arg (p).

MeToabl BbIMUCNIEHUA UHTErpana
PumanHa—MennuHa

MoxHO TpuMeHATh 06bIUHBIE METOAB! TEOPUM (DYHKIUMI KOMILUTIEKCHOH fepeMeHHoi
IS BBIUMCJIeHUA uHTerpaia Pumana—MennnHa

f@)= %If(p)e"’dp (¢t >0 — TOYKU HENpepHIBHOCTH). (6.19)
iy

PaccMmoTpum HekoTOpbie IPHMEDBL.

1. Ilycrs pyHKUMA f( p) — pauuoHanbHas (PYHKUUS OTP:

F(py= 2P, 6.20
f(p) o(p) (6.20)

Mox110 CYMTaTD, YTO CTETIeHb YUCIMTes He BbIllie CTelleH1t 3HaMeHarensa. byneM rak-
e cyuTaTh, 4yTo P(p) 1 Q(p) He umeltot obunx MHoxuTeneil. Ocobble Touku (6.20) —
Hynu 3HaMmeHartens. Ilycte p = p, — xopan MHorouneHa Q(p)(k=1,2,..., N). O
TOYKM ABJSIIOTCS NOJIOCAaMU TIOABIHTErpaibHOro Buipaxcenus B (6.19).

[Mocrynum cnenyromnm obpasom. ObpasyeM 3aMKHY T KOHTYP L, COCTOAIMI U3 OT-
peska npsAMoit AB, napajiebHONH MHUMOR OCH M OTCTOAIIEH OT Hee Ha PACCTOSHHeE
o >0, (6, — neiicTBUTeNbHAA YacTb camoil npasoit ocoboit Touku GyHkuuu f(p)),
W Ayry OKpYxHOCTH [ paauycoM R ¢ neHTpoM B Havase KoopAuHar (puc. 6.8).

TaA

I B
'Pj?
Rl pmoie
C .pj.pk\\‘ G
.ps—/‘A

Puc. 6.8. Ocobble To4KM — NONIOCHI PAUMOHANEHOR DYHKLMK
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Cnpaba ot npsimoii Re(p) =0 > o, dyukuus f(p) aHamuTH4HA: Bee 0cobble TOUKH
f(p) Haxomsitcs neBee 310l npsiMoit. Paanyc okpyxnoctu R noxbepem takum obpa-
30M, YTOOBI Bce 0coOble TOUKH GYHKLMH f(p) MONAIM BHYTPb IIOCTPOEHHOTO 3aMKHY-
TOro KoHTypa. Toraa Ha OCHOBaHHI/I TeopeMbl Koum 0 BbIYeTaX OYIEM UMETD

f®=— §f(p)e"‘dp =— j f(p)e"dp =

ABCA
) 2_ni If(p)emdp * 5,;”(1’)3"“1’1’ = kZ res [f(p)e™ | (6.21)
AB r -1 P=Pk

[Tepeiinem B (6.21) k mpexeny npu R — 0. Mbl 3HaeM, YyTo pauHoHa/IbHasA GyHKUMS
(6.20) ymoBneTBopsieT BceM ycnoBUsM sieMMsl JKopaana, noatoMy 6ynem umeTs

1 ¢ 1 % '
o= [J(Pe"dp—m f(0), o [ (p)e™dp— 0.
i 4p 2mis

TaxuM o6pa3oM, monyyum
N —
f(®)=2 res[f(p)e™] (6.22)
b=t P=Pk

Bbryrcnenne BBIYETOB OCYINECTBIIAETCS 10 IPaBUJIaM TeOpUH (PyHKIMI KOMILIEKCHOM
nepeMeHHol. Tak, HapuMep, eciiM p = p, — HIPOCTOH MOJIOC, TO

res[f(p)e™ 1= lim[f(p)e™(p - )],
P=Pi PP
eCca P=pPr— II0J110C KPaTHOCTHU 7, TO

reslf(pel=

1)| ,,dni

B cnygae, korga Bce nmosockl npoctsie, dopmyna (6.22) ynpouaercs. MMenno, pac-
KpbIBasi IpeAesi 110 npasiuty JlonuTass, Haxogum

res[7(p)e™] = { Pp)e” (p—pk)} - Hp)e”

[f(p)e’”(p P )

Q(p) Q'(py)
Taxum obpasom, dopmyna (6.22) npuHUMaeT BUJ
P(pk)el’k‘ 6 23
103 o ©2

®opmyna (6.23) HasviBaeTcst pasnoxcenuem Xesucatioa.

2. ITycrs dynkuust f(p) — mepomopdras Gynxyus, To ecTb ORHOZHAYHAS PYHKLUS
KOMILJIEKCHOH IePEeMEeHHOMH, He MMeIoIast B OTPAaHMYEHHOM YacTH ILIOCKOCTH KOM-
TIJIEKCHOI ITepeMeHHOI1 APYTHX 0coObIX TOYEK, KpOMeE 110110coB. MepomopdHas dyHk-
1Sl — OTHOLUeHWe ABYX Lenblx dyHKumi. Mepomopduas GyHKIMA sABiasieTcss 0006-
lleH1eM palMoHanmbHON ynkiuu. IIpuMepom MepomopdHOH GYHKLIHH sBAsETCA,
cKaxeM, GyHKImMA

F(py=2P),
p
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n+1
2
B 3TOM clydyae CTPOMM [OC/I€A0BaTebHOCTh KPYroB BO3PACTAIOIIETO pafuyca
R <R, <..<R, <R, <..
Tak, yro6bl AYTH He MPOXOAMAHN yepe3 ocobble ToukH (puc. 6.9).

[OJIOCAMU AJ1S1 KOTopoit 6yAyT TOYKH p = £ .

p=o+tit

L An

.

Puc. 6.9. Ocobbie TO4KM — NONKOCH MEPOMOPEPHON BYHKLIMK

Bynem umetn
1

7 [F(pye™dp =
T 4y ByCy A
1 - t 1 T t ot
=— [f(p)e"dp+—— [[(predp= 3 reslf(p)e™]. (629
2ni , 7y 2ni (myery PPk
~NBy N N

3necs 3amuch (p,) < [y 03HAYaeT, YTO CyMMHPOBaHHE OCYLIECTBIIAETCS IO BCEM 0CO-
GbiM TOUKAM p,, nexamuM BHyTpu ayru Iy . [IpexmonoxuM, 4to

| lf(p)ler —55—0

(paBnomepHo Ha Iy, ). Torna, no nemme JKopaana,
L [F(pyerdp—zr0,
2mi o -

KpoMe Toro,
1

i J‘]T(p)eptdphmw—’f(f)-

An By

Tostomy 13 (6.24) umeeM

fO=lm T tes[f(p)e”)

®(pp)c by PP

3. Mycts dynkuus f(p) — MHOTO3HaUHAs! PYHKIHUSA C TOYKAMH PAa3BETBICHUA p = &,
(k=1,2,..., n), n(pHIeM YHCJIO TOYEK KOHEUHO. Hanpumep,
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f(p)=

J_ p =0 — Touka pa3BeTBJICHHS;

z 1 )

f(p) =———=, p =i — TOYKM pasBeTBJIEHHUSI.
pl+1

[lycts, kpome Toro, dyHkumust f(p) umeer eute ocobble TOYKH — TOAIOCH p = b,
(s=1,2,...,N). B atoMm cayuyae noctynuM Tak. [locTpouM cucTeMy paspes3oB Tak,
4TOObI cnenarb BoI6paHHyO BeTBb (GyHKIMH f(p) opHosHauHOH. O603HAYMM Yer
k=1,2,...,n — KOHTYpBI BOKPYT TOYEK Da3BETBIEHHUS, BKIIOYAKIIUE B CeBs OKPYX-
HOCTb MaJIOro Pajinyca BOKpYT TOYKH pa3BeTsJieHust u Oepera paspesa (puc. 6.10).

LA
Puc. 6.10. Ocobbie TOHKM MHOMO3HAYHON BYHKLIMMK

Jlanee 1O0NONHUM KOHTYp MHTETPHPOBaHUS Ayrodl OKpyXKHOCTH paguyca R > maxlb_‘. |
OboznaunM I'; (s = 1, 2, ..., N+ 1) xyru 9Toil oKpy>XHOCTH Mexay paspe3aMu. Byaem

HUMETDH

Y pt g _
f(®= -z—ﬁff(p)e dp =

1 7 pt % 1 7 ot R 1 T t
= dp +) — "d - Pldp =
2m.AIBf(p)e p ;%iy{f(p)e D + émr{f(p)e b

N

=2 reslf(p)e” )

s=1

Ycrpemum R — oo, TIpu atoMm 6ymem mpexmonarats, 4yTo
f)| —50

paBHoMmepHo Ha [ [Tonyunum

103 liem1- 35 [Twrend

b=1 2T[l
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CneuuansHble MeToAbl oGpaleHvs
CylecTBYIOT ¥ ClielHalbHble IPHEMBL, IO3BOJISIOLIHME YaCTO MOy HTh Pe3yIbTaT Ge3
HE[OCPEeACTBEHHOr0 BBIYUCIIEHUs HHTerpasa. [lepedrcIMM HEKOTOPBIE U3 HHUX:

1. Hcnosnp3oBanue Tabaui npeoGpasoBanuii Jlanraca.
2. Pasnoxenue H306pakeHHs Ha CyMMY.

3. Pasnoxenune uzobpaxkeHHs Ha IPOM3BEJIEHHE.

4. Kom6unmnpoBanHbie — 2 1 3.

Mpuemst 2 ¥ 3 MpeANOIaraioT TakyKe HCIONb30BaHNE Tabaui mpeobpasoBaHuUli.
PaccMoTpHM ITpHUMEpSI.

1. Paanoskenne uzoGpaskenns Ha cymmy. [IycTp
N A
f= Z C, far

k=1

rne f,(p) — npeobpasosanyisi Jlansaca OT U3BECTHBIX dyukwit f,(t). Torma Ha ocHo-
BaHHH CBOMCTBA JIMHEHHOCTH

£ = ; Cofs(D)

ITOT MpUEM MOXHO HCIIOJNb30BaTh M B ciyyae, Koraa N — HecobCTBEHHOE YHCJIO, TO
ecth N = . Heo6X0ANMBIM yCJIOBHEM TOrAA sBJIsieTcst TpeboBaHie CXOAMMOCTH Ha
npsimoii L psina

. Z Cif
k=1
PaccMoTpuUM KOHKDeTHbIE IIPHMEDBL.
Mpumep 1. [lycts

z 1
fp)=—7"r
pi(p+1)
[IpexcraBum f( p) KaK CyMMy IPOCTBIX Apobeit
f=—AT+§+-—C—:>A=1, C=1 B=-1
p- p pt
Takum 06pa3oM, _ .
f =— -t ——= f() = -1+e”
p p +
Mpumep 2. IlycTb
- 1
f=1 +1
Umeem p
1
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BoiGepem npsiMyio uHTerpupoBanus L Tak, urobsi |p|, > 1 (puc. 6.11).

Ya

0 1 » X

Puc. 6.11. MNpaman nirerpuposanms L

| 1 1 1 1 1 S
f—_—s(l_;?-*-F_J—F——F-*-F—:f(t)—ﬁ_151+ﬁ_

2. Pazjoxenue nzoOpakenust Ha npousBeaenue. JONycTHM, YTO MOXHO TPEACTa-
BUTbH U300pakeHue B BHUJE

f=1r
rae f,(p) — npeobpasopanue Jlamnaca ot bynxuuu f;(2), f,(p) — nipeobpasosalie

Jlannaca ot dyHkwan f,(t). Ot™erum, uto f, (p) u f,(p) nomxusl y6piBath BO/b L.
Toraa

f@® = fr(t-v)du.
¢

Npumep 3.
1 1 1

f(p y Jp(p-D

— s _1 = 1
ff,—J—f e

\l

Hmeem

N

tPess f()=

1
r Vi,
1

e =2——= f,()=e".

1

TakuM obpasom,

f(t) j‘ 1 [_td et j-e T d 26[ ~/? _gzds lq)(ﬁ)
=] —08 T=——] - = X =€ 3
oVt Jrs Wt NI
3. Kom6unupoBannblii cnoco6. 31ech KOMOMHUPYIOTCS COCOOBI Pa3iokKeHNs H30-
OpaskeHUs HA CYMMY M [IPOM3BEJEHHE.

Mpumep 4. Ilycrs
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Nmeem
C 1 1 - =
frere—r——=t———=f+fi f2,
J‘(p H Jp Y- d ’
rae
_ 1 -1
fl —.\/;:>f1(t \/Es
fz———1—1:>f2(0—e

C yyetoM perienust npumepa 3 6ynem umerdb

f= ﬁ+e<1>(f>

NHTerpupoBaHue nMHeuHbIX andpdepeHumnanbHbiX
YPaBHEHUN C NOCTOSHHbIMU KO3 DULNEeHTaMH
M CUCTEM TaKuX ypaBHEHUM
3anaua Kowu ans nuneiiHoro auddepeHLHalbHOr0 ypaBHEHUA C MTOCTOSHHBIMU KO-
abduumentamu

a Yy +a,y" ™ +. va, y +ay=[() a #0. (6.25)

COCTOMT B HaXOXAEHHM pelleHus i = y(¢) 9T0ro ypaBHeHHs!, yAOBJIETBOPAIOLIEro 3a-
JaHHBIM HayallbHBIM YCJIOBHAM

y't:to =Yy, y,lt=t0 =y2)! AR y(n_l)Ipto _y(()" 1) (626)

OnepalMoHHBIM METOIOM (TO €CTh ¢ TIOMOLIbIO 1IpeobpasoBanus Jlannaca) aTa 3aia-
Yya MOKeT ObITh pellieHa B IpennonoxeHud, yto GyHKuMA f () yaoBieTBOpser yc-
JIOBUSIM, OTIPEJETISIOIIMM OPHUIHHAT, @ CJ1e0BATeIBHO, TEM XK€ YCJIOBHAM yAOBJIETBOPA-
eT U uckoMas dbyHKuus y(t) co CBOMMH IPOHU3BOJHBIMU AO 7-TO TOPAAKA BKJIOYH-
TEJIbHO M HayaibHble YCIOBUA 3aansl nput, =0.

[Tycrts
g(p)= [y(tye™ds, f(p)= [f(t)e™dt. (6.27)
0 0
,bynem umers

[y @e™dt =y = pj -y,,
0

[y"@yede=y" = p*F - py, ~vs,
0

[y @yemdt=y™ =p"g-p""yo - 0"y~ .~y (6.28)
0
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[Tonbaysick cBoficTBOM JIMHEHHOCTH H306paxkeHuii 1 cooTHoleHusIMU (6.27) 1 (6.28),
oT ypaBHeHHs (6.25) mepexoAuM K TAaK Ha3bIBAEMOMY ONEpAuUOHHOMY, WU U306pa-
HCANUWEMY, YPABHEHUIO

Gap" +a,p"" +..+a,)-Q,(p) =
U
TP(P)-Qu(p)=]. (6.29)
rae
P(p)=a,p" +a,p"" +...+a,
— Xapaxmepucmuveckull Mnozodaen ctenelu n, 0, (p)— MHorouwlen He Boiiue (n — 1)-i

CTENeHH OTHOCHTEJIBHO p, ONIpeesieMblil HayaTbHBIMH 3HaYeHUsiMu (6.26). U3 (6.29)
HaXOAUM

_ f+Q..(p)
Lzl 2 6.30
v= P.(p) (639
Otkyna
1
y(t)—ET—El—.{y(p)e dp,

npuyeM npsiMasi L mpoxoauT npasee Bcex ocoObix Touek dyHkunu 7(p).
Ecin HauanbHbIE yCIIOBUS HyJIEBBIE, TO €CTh

ylt:() =0, yllt=0 =0, ..., y(”—1)|t=0 =0,

TO B 9TOM ciiyyae Q, ,(p)=0u

_f fpye”
P,(p) P.(p)

ITpenmy1ecTBO OMEpaliMOHHOTO MeTOAA pelueHust 3anaur Komu nepes Kaaccuyeck-
MM ME€TOZAMH COCTOMT B TOM, 4TO, BO-IIEPBLIX, H300paxaioiiee ypaBHeHUe SBASETCS
JIMHEHHBIM a/re6panyecKuM ypaBHEHHEM OTHOCHTENBHO J(p) H, CJIEJ0BATENIbHO, B MaTe-
MaTH4Y€CKOM OTHOIIEHHH 6oJlee MPOCTHIM, YeM HCXOAHOE aAuGdepeHInaTbHOE ypaBHe-
Hue. Bo-BTophIX, onepanioHHbBIM METOAOM Cpa3y HAXOAMTCS YACTHOE pElleHHe ypaB-
Henus (6.25), yaoBleTBoOpsioNiee 3afaHHBIM HAYaIbHBIM yCa0BUaAM (6.26), u He Hano
HCKaTb ofliee peiueHHe 3TOrO ypaBHEHHUS,

y()—2lj

OnepannoHHBEIM METOAOM MOXHO HaiiTH M ofuiee pemeHde ypasHeHus (6.25), ans
4ero B HaYaJIbHBIX YCJIOBUAX (6.26) HY)KHO NPUHSTH

(n-1) _

y():Civy;):Czr' !yo _Cn'

Torna opurunan, cooTBeTcTBYIOMMI H30OpaxkeHHIo (6.30), 6yaeT conepxath 7 ipous-
BOJIbHBIX ITIOCTOSIHHBIX.

Mpumep 1. Haiiti pewenne sanaun Koun

Yy + 3 +2y = y(0)=1, y'(0)=-1
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Pewenue. [1yctb
g(p)= [y()e™dt,
¢
TOTr1a
[y'(tye™de =y = pj -1,
¢
[y'@yerdi=y"=p'F-p+1
¢

1 n3obpaxarwoliee ypaBHeHNE HMEET BUI

y(p2+3p+2)=p13+p+2.

OrKyJla HaXoauM
1 1

D D(p 3 pil

ITo dpopmyJte (6.23) HaxQAMM pelleHHe 3aadH Kouun

Y=

-t -3t -t -3¢
€ 2, € -t
t)y=—-e" " +—+e = .
y0== 2 2 2
Npumep 2. Haiitu pemenue 3anayn Koumu

y" + 4y =2sin(2t); y(0)=-1, y'(0) =0.

Pewenue. IIyctb
70y = [wtye™ds,
¢
TOTAA
Ty"(t)e'”‘dt =y"=p’F+p
¢
u u3obpakaiolee ypaBHEHHE HMeeT BHUI

2 4
gy(p* +4)=—— P
p°+4
OTKyna HaXoaAHM
4 4

(p*+4)" p'+4
IIpaByIo yacTb IOC/IEAHET0 PABEHCTBA NMPUBOAMTE K ofIeMy 3HaMeHaTeJ o He MMeeT
CMBICJIA, TAK KaK OPUTHHAT AJIs1 BTOPOrO CJ1araeMoro U3BeCTeH,

14
p2+4

a OpMrHHam IJis1 11epBOro cJjaraemMoro

y=

=cos (2t),
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4
(p* +4)
yaobHee HaliTH 110 TeopeMe cBepThIBaHMs. M3BecTHO, uTO
" =sin(2t),

103TOMY

4 2 ' .

; = [sin(2t) sin(2(¢ - 1)) dx.
(P +4 (P’ + ) (P’ +4) 0

Hanee,

jsin(Zr) sin(2(t -1))dt = %j[cos(zir ~2t)—cos(2t)]dr =
0 0

=1 M—TCOS(2t) :w_fcos(Qt)_
2| 4 . 4 2
Taxum obpasom,
y(t) = Sm(m -7 €05 (26) —cos (20) = —Smft )_1*2 o521,

Cucremsi 06bIKHOBeHHbIX AubdepeHIanbHbIX ypaBHEHHIH € TOCTOSTHHBIMU KO3 du-
IMEHTaMH OlEPAIIMOHHBIM METOAOM PEIlaloTCs TaK e, Kak ¥ 0Ho ypasuenne. O1ian-
une OyZeT JHIIb B TOM, YTO BMECTO OJHOTO H306PaKAMLIEro ypaBHEeHHs ByleM UMeTb
CHUCTEMY TaKHX YDaBHEHMH, IIPMYEM 3Ta CHCTEMA B OTHOIEHMH H306PaKeHUH HCKO-
Mbix QyHKumit 6yaeT nuHeiiHol anreGpanyeckoii cucteMoil. Besakyio CHCTEMY MOXKIIO
MHTEIPHPOBATDH B €€ MIEPBOHa4YaIbHOM BH/le, 6e3 Kakux 6bl TO HU Gblj10 MpeBapUTEb-

HbIX 1Ipeofpa3oBaHuil,
Mpumep 3. Pents cucteMy JMHEHHBX AMddepeHIMaIbHbIX ypaBHEeHUIT

x'+3x+y =0,
y' -x+y=0

NP Ha4YaJIbHBIX YCJIOBUSIX

x(0)=1 y0)=1
Pewenue. Ilycts

#(p)= [x(®)e™ds, F(p)= [y(t)e™dL,
0 0
TOTAQ, B CHJly HAYaJIbHBIX YCJIOBUH,
Ty'(t)e"”dt =y =pj-1 Tx'(t)e""dt =x =pT-1
¢ 0
H3obpaxaroman cucteMa Gyner HMeTb BUJ,

(p+3)x+y =1
“xX+(p+Dy =1
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Pewrenue uuem o ¢popmynam Kpamepa:

p+3 1 1 1
= =(p+2)2, Ax= :p’
-1 p+1 1 p+1
B p+3 1 B
A, = 4 1‘ =p+4,
TOr 2
=P __ g=P*i
(p+2)" 7 (p+2)
WU3sBecTHO, YTO
P at 1 at
— =0 +at)e", ——=te".
(p-a)’ (trane (p-a)
CnepoBaTesibHO,
:-=mp27:>x(t)=(1—2t)e—2t,
p+4d p 4

y= - = -+ - =
(p+2) (p+2) (p+2)

y(t)=(1-2t)e™ + 4te™ =(1+2t)e™.
Wtak, pemenreM Haureil cHCTeMbl OyRyT GyHKUHH
x(t)=(1-2t)e™,
y(t)=(1+20)e™.

OnepalOHHBIM METOLOM MOHO HaliTi 1 oblee peiueHHe CHCTEMbI 00bIKHOBEHHbIX
anbdepeHIMANbHEIX ypaBHeHHil. B 9T0M ciyyae COOTBETCTBYIOLIME HaYaJIbHbIE 3Ha-
yeHusi 6epyTcst IPOM3BOJLHBIMH.

UHTerpuposaHue nuHeiHbix andpdepeHumanbHbIX
ypaBHEHMiA C NepeMeHHbIMU koadpPpuuneHtamm

PaccmorpuM ypaBHeHHE
a,()y"” +a, Oy +..+a, (DY +a,@y = f(£), a, #0.

Cpa3ay e OrOBOPMMCSL, UTO B 0011eM clyyae oIepallMOHHbIH METOX 31€Ch He HpHMe-
ruM. OZHAKO B HEKOTOPBIX ClELMIBHBIX CJIy4asiX YAAeTCs PEIUUTh pacCMaTpHBAEMOe
ypaBHeH#e C OMOLIbI0 ITpeobpasopatius Jlaniaca. PaccMOTPUM NpHMEpSL.
/
Mpumep 1. [ycTb TpebyeTcs pelnTh ypaBHEeHHE
tw" +u' +tu=0, (6.31)

npuueM OyzeM CUMTaTh, YTO MPU t =0 cama dyHKuHMA u(t) U ee epBas NPOM3BOAHAL
orpaHmueHsl. Y MHOXHM (6.31) Ha exp(—pt) 1 IPOMHTETPHPYEM OT 0 o +oo. [Tonyuum
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+Jﬁntu"e“"'dt + +j?u'e"’"dt + Ttue"”dt =0.
0 0 0

O603HaYUM
7= {ue™dt
0
Nmeem
+o oo 1] Tt ]
jtue""dt = j ue " drt =
0 0
J'u'e-pfdt = pit —ul,,,
0
I PR L TR
0 dp dp  dp

, du _
=-p? E -2pi +ul,_,.

TaxuMm o6pasom, Bmecto (6.31) nostyynm

—pzéz—2p17+pﬁ—%=0:>(p2+1)ﬂ+pﬁ=0. (6.32)
dp dp dp

YpasHenue (6.32) npollte HCXOAHOTO. JTO ypaBHEHHE MEPBOTO MOPSAKA C Pas/e/sio-
IEMMHKCS TlepeMeHHBIMH, BylieM umeTs

di | _pdp =0:>ln(iI)+%ln(p2+1)=ln(C):>-

a (p*+1)

;|

Ipumem C =1, Torma
ptdp

1
u(t)—2—{J_ = u(t) = J,(t),

TaK KaK MbI 3HaeM, 4To
1

Jpt+at

Mpumep 2. [ycTb TpebyeTcs pemuth ypasHenwe (n=0,1,2,...)

Jo(at)y=

tw" +(1-t)u' + nu =0, (6.33)

npuyeM OyfieM CuuTaTh, 4TO NpH ¢ =0 cama GyHKIMA u(t) N ee NepBas NPOU3BOAHASA

orpaHuyenbl. Y MuoxuM (6.33) Ha exp(—pt) u npounTterpupyem ot 0 1o +w. [onyyum

J'tu”e""dt + J'u'e""dt - J'tu’ e "dt+ nJ'ue"”dt =0. (6.34)
0 0 0

0
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Hmeem
u= jue""dt,
0
o, _ du'’ d . _ du _
—|tu'e ptdt— u'e dt = =—|pii -1, 1=p—+1u,
Io I D dp[p |0 ] P

_ A7, . di’ di_,
e dt = - [u'eMde = - B == —p? ZX - 2pi +ul .
I p» { e & P P l =0

Taxkum 06pasom, BMecTo (6.34) nosryuum
p(1—p)d—u+(n+1—p)17 =0.
dp

Orkyna
i (1 1-p)dp o 15y = In(C) + j(n+1 p)p _
u p(1-p) p(1-p)

(-3
1—-—=
=111(C)+j(p'il_n+1]dp:>azc(p—l) _c\_ P/

p n+l p

BosbmeMm C = 1, Toraa

CJrei0BaTEJIBHO,
u(t) = — 1(1 —1] e™dp.
2rni; p p

Ocobble TOYKH NOJbIHTErpaIbHOil GyHKuMK: p =0 — mosmoc (n + 1)-ro nopaaxa. Ta-
KuM 06pasom,

- Lot 2 (o -1y e,
n! »o0dp"
O603HaYUM
x dx
=1-Z=dp=—7,
p p p .
TOTAA
ﬂ _ n.n n t n t n
u(t)—“'— ( 1) t X el.‘gx :ihm d ( n —;\)___i_(tnefl),
nlastdx™ | (-1)"¢" nlx-tdx” n!dt"
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(n=0,12...). [lonyyerHoe Bbipaxxenue ectb IOJUHOM CTENEHH 7. ITOT IOJIUHOM
oGo3nauaercst L, (¢) v HasbiBaeTcs nosmHoMom Jlareppa. Takum o6pasowm,

e d”
nlde

ut)y=L ()= (t"e™), n=0,1,2,...,

.2
Ly(t)=1; L(t)=1-t; Lz(t)=1—2t+%;

B 3akmio4yeHie OTMETHM, YTO MeTOoJI IpeobpasoBanus Jlannaca K HeJIMHEHHBIM ypaB-
HEHUSIM HE IIPUMEHMM.

UuTterpupoBanme anddepeHunanbHbiX ypaBHEHUN
B YaCTHbIX NPOU3BOAHDbIX

[Tyctb u = u(x,t). PaccMoTpyM ypaBHeHKe

1 8
LJ,(u)——Z?u—bE cu=F(xt), 0<x <l t>0, (6.35)

o, ou)_
Lx(u)-r{ax(paxJ qu],

v,b,¢c — NoOCTOSIHHBIE WK BellleCTBEHHbIE (PYHKLUMUH OT X; p, p, g, ¥ — HENPePbIBHbIE
byuxumd ot x Ha |0,/]; p,r >0. YpaBHe}me (6.35) — runep6osnyeckoro win napabo-
JIMYECKOTO THTA (B 3aBUCHMOCTH OT 0°).

rne

[IycTh Mo mepeMerHO# x BBINOJHSIOTCS FpaHUUYHBIE YCJIOBUS TI€PBOTO, BTOPOTO MJIH
TPeThero poaa, To ecTb JUHo

U g = 10O 4, = 11(0), (6.36-1)
6o
0 0
et I R0 T B A () (6.36-2)
ox|, .o x|,
6o
ou ou
——h, u =f,(t); —+hu =f() (6.36-3)
Ox =0 ox el

Kpome Toro, 1mocraBjieHbl HayajlbHble YCIIOBUS, HAllpUMep, MJIsi rUrepOoJIMyeckoro
ypaBHEHUs! yCJIOBHS UMEIOT BUJ

U o = @(x); o w(x).

ot

t=0

O603HaYMM

a(x,p)= Iu(x, tye Mdt.
0

YMHO)UM ypaBHeHHe (6.35) na exp(—pt) u nmpounTterpupyem ot 0 go +oo. ITosyunm
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ILx (w)e ™ dt —iz '([ e "dt - bz%:— e dt - CT(;ue"”dt = IF(x,t)e"”dt.

OTtkygna

L@ 9 = | bUPT |- <P (63)
rae

F(x,p)= T F(x,t)e ™" dt.
0
Ypasuenue (6.37) MOXHO NepeNuCcaTh B BU/e
L .@@)- l:—+bp+cj|u =g(x,p) (6.38)
rie
g0ip) = F(x.p) =5 0= =5 w() ~bo )

-~ u3BecTHast QYHKLNS.

Tpannunble ycaosus (6.36-1)—(6.36-3) COOTBETCTBEHHO TPAaHCHPOPMUDYIOTCSL B CJie-
AYIOmMe yCAOBUSL:

ﬁ|x=o:.fo; E'_r=]=j:]7 (6.39-1)
subo
ou - Oou =
- =Joo —| =Jnp 6.39-2
OX|, .o fo ox|, f’ ( )
6o
ou - o _ -
——hoitl =fo(p) —+hi| =f(p) (6.39-3)
ox =0 ox ool

Pemrasi ypasuenue (6.38) ¢ cooTBeTcTBylOmMMY ycnoBusmu (6.39-1), (6.39-2) nmm
(6.39-3), Haiinem 7 =@ (x, p). Toraa

u(x,t)= E.175_[17(ac,p)e"”dp,
L

rfle IIpsiMasti MHTerPHPOBaHHs L IPOXONMT IpaBee BCeX 0COOBIX TOYEK NOABIHTErpasib-
HOW QYHKLHMA.

310%eHHBIi MeTo CIPaBEeIMB, eCJid BMECTO yCa0BHi (6.36) paccMaTpuBaioTCs yc-
JIOBUSL
ou ou

o u+By — +Yo—
0 Boax Yoat

ou ou
= fo(0); qu+PB —+y,—| = [0
. fo( ) oy B, o Yi atl. fi(@®)

rae o, By, Yor &> By, ¥y — HEKOTOPbIE KOHCTAHTEL
B aToMm ciryyae BMecTo (6.39) 6yaem nmersb
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— on _ = ou _ =
aou"'Boa_x"”Yo(pu ~ul,2 ) = fo: 0-1”"”515;*'71(17“ —ul) =1

x=0 x=/

IIpy 3TOM BeJUYUHBI

u| r=0r=0 s Wit=0,v=t
JOJIKHBI OBITh 3a1aHbL.

OTMeTHM, 4TO AJISI YPaBHEHUH BJLIMITHYECKOTO THNA MeTo  lipeobpaszoBanus Jlarra-
€4, KaK [PaBUJIO, He IIPUMEHMM, TaK KaK B 33Ja4aX 3JIJIUITUYECKOro TUNa MoYTH HH-
KOrJia He 3a/laHbl OJHOBDEMEHHO [IPOM3BOAHASA U PYHKIMA Ha ofHOW u3 rpanuil. Kpo-
Me TOTO, A7 YCNelIHOro NpuMeHeHust Ipeobpasosanus Jlannaca HeoGxonnMo, yTOOb!
OJHa M3 TNEePEeMEeHHBIX M3MEHSMach B GeckoHeytoMm unTepBate (0,+w). 3agava pis
YPaBHEHHs! 3JUIMTITHYeCKOro THrma (i1 6ecKoHeyHoi 061acTn), AeMOHCTPUPYIOLas
UCKJI0YEHHEe U3 9TOTo NpaBuia, paccMoTpeHa aajee (cM. «[Ipumeps penrenust Turo-
BBIX 33/la4», IpuMep 2).

MocTpoeHue MmeTona npeobpaszosaHua Jlannaca
Ha cnyvait 6onbliero Yucna He3aBMCUMBbIX NepeMeHHbIX

[IycTs, Hanpumep, u = u(x,y,t). PaccMoTpum ypaBHeHue

Au_ig_”-b__-cu_F(xy,t) (x.y)eD, t >0, (6.40)
¢

rae D — Hexoropas miockast obnactsb ¢ rpaHutieit I (I' — npocToii camonenepecekaw-
IWHCA KOHTYP),

Cranem paccMaTpuBaTh AJIs1 ONPENEJIEHHOCTH IPAHUYHBIE YCJI0BUA TPETHEI'0 pola

M byl = f(Pt), h=hP)20, PeT.
r

KpOMC TOro, BBINIOJTHAKTCSA Hada/IbHbIE€ YCJI0BUA

ou
U, =0p(x); —
|o o(x) o

[Tpumensist npeobpaszosanue Jlamnaca x ypasHenuio (6.40), moayuum

= y(x).

t=0

2
AE—[—’%+bp+c}7=g(x,y,p), (6.41)
v

rae
g(xy,p)= F(xyp)——cp(xy)——\u(xy) bo(x,y)

— u3BecTHast PyHKIUS.
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I'panuyHble YCIOBUA Hpeobpa3yloTCsa K BUAY

gu-——+hz'i
on

= f(P.p). (6.42)

r

Takum o6pa3oM, eciH Mbl MOXeM DelIHTb KpaeByIO 3anauy (6.41)-(6.42) u HaiTn
byukumo # =u(x,y,p), T0

u(x,y,t) = ﬁjﬁ(x,y,p)e”‘dp.
L

OTmeTuM, 4TO KpaeByio 3axauy (6.41)—(6.42) meTolom npeobpasosanus Jlannaca pe-
IHUTh HeJb3s, TaK Kak ypasrexue (6.41) ssmnTuyeckoro TMna. 3Ta 3afaya A0XKHA
pelIaThCsl HE3aBUCHMO.

MpunoxeHue npeobpasosaHuna Jlannaca
K 3apadyaMm MmatemMaTtuieckon opum3unkm

3apaua 0 ABUXEHUU 3apm|(eHH0|7| 4acTuulbl
B MarHUTHOM none

PaccMoTpyM ABHXKeHHMe 3apsKeHHOH aCTHIBI MACChl M B OZHOPOJHOM MATHUTHOM
noJie ¢ HanpsikeHHocTbo H (puc. 6.12).

A
a

I

Puc. 6.12. 3apaxeHHan 4acTuya 8 MarHUTHOM none

YPaBHeHI/Ie JABHUXXEHHS YACTUIIBI MOXET 6BITh 3aMHCAHO B BHUIE

z . €=
mr=F=—-rxH,
c
r7e ¢ — CKOPOCTb CBET4, € — 3aPAJ YaCTHIBL. 31€eCh, KaK 0ObIYHO B MEXaHHKe, TOYKOI
cBepxy 0003HayaeTcs NMPOM3BOAHAST IO BpeMeHH. B NpOEKLHSIX Ha OCH KOOPAMHAT
Oynem umets (H = Hk)

. eH . . eH . .
I=—y;, §g=—=z 2=0.
mc mc
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H
0O603HaUUM O = ——, TOT/J]A YPABHEHHS [IBIXKEHHS B NPOEKIMAX Ha OCH NMPHHHMAIOT

BU
& =oy; §=-ot; =0 (6.43)

[TocTaBUM HayajbHbIe yCA0BUs. Bynem cuntarsh, 4T0
x|t=0 =0, y|t=0 =0, zlz:o =0,

E =0 = U, COS(Q), 4l =0 = U Sin(a), 4, =0.

Jlerko BUAETH, YTO MPU TAKUX ycaoBusAXx 2 =0 npu ¢ 20.
[Tpumenum npeobpasosanve Jlamtaca k NepBbiM ABym ypapHenuam (6.43). Bynem

-pxl =0 _‘i/1t=0 = o(py "ylz=0 )2

HMMETb
p’%
P2!7 _p!/|:=o _ylz=0 =-o(pX - =0 )

OTkyzAa HaxoAuM
p2X —wpy =v, cos(a), p’F + @pX =v, sin(a). (6.44)
Pemrast cucremy (6.44), Haxonum
P cos(a) vyosin(a) _ _ sin(a) v, cos(a) (6.45)
p*+o’  p(p’+o’) p’+o’ p(p’+o)
3aMeTnM, YTO
- t
LLS((D_Q = ISin((DT)dT,
0

. o t I
sin(wt)= — = |sin(ot)dr————— =
(o +p*) { p(e +p*)

1-cos(wt) ®
T p’ +p*)

®
Torga us (6.45) monyyum
xX= v“—cgs(i)sin(mt) + M1—)(1 - cos (wt)),
®

% sin(a)sm(mt) _w@ ~cos (t)).
® :

IocnenHiomw CHUCTEMY MOXHO 3alliCaTb B BHAE

v, sin(a .
x___o_.(—) =U—OSII1(0)t'—(1),
(0] O]

v, cos(a) o
+—°—() =L cos (ot —a).
) o
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YpaBHeHue TPaeKTOPUH YacTUIbI OyneT uMeTh BUll

(x 0, sin(ot))2 . [y L Yo COS ((1))2 =[v_0]2'
() () (O]

OTclona 3aKI0yaeM, YTO YaCTHI@A ABUXKETCS M0 OKPYXHOCTH pajnyca

vy _Uyme
o eH

R=

3apavya o Harpese nony6ecxouequoro Tena

ITycrs Teo 3atuMaeT obractb x >0 B ipoctpancTse (puc. 6.13). Hauwnast ¢ MomenTa
BpeMeHy t =0, cTeHka x =0 [OALEPXKHUBACTCA TIPY TEMIIEPAType, U3MEHsIIoNIeHCs o
3ajaHHOMy 3aKkoHy. HawanbHasi TemmepaTypa Tesia paBHa Hymo. Tpebyercs Haiftn
pacnpenesieHue TeMIepaTypsl B TeJie ipu ¢ > 0.

ya

7
¢D
T|x-0=f(r)/ T, e 0

ol >

Puc. 6.13. NonybeckoHe4Hoe Teno D

Marematryeckast GOpMyJIMPOBKA 3a/la4M:

2
a—.z—a—T=0, T=E, 0<x <o, 1>0 (6.46)
ox? ot cp
Tl.\‘=0 = f(T), T‘x—)m - 01 (647)
T|t=0 =0'

Jlns pellleHusl NOCTABJEHHOH 3aJauyyM BOCHOJIb3yeMcs mnpeobpasoBanuem Jlammaca.
O6o3Ha9UM

T(x, p)‘= [T(x, 1) dr.
0

YmHoxuM (6.46) Ha exp(—pt) u ripounTerpupyem ot 0 1o +co. [omydnm

d‘T = = 4T =
e -(pT -Tl )=0=>ZXT~pT=0. (6.48)

YcnoBus (6.47) npeo6pasyorcs B yCJI0BUA LA PyHKIHK T(x,p),

T|yo =F(p), Tlisw >0 (6.49)
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N3 (6.48) naxoaum
T(x,p)= Ae™ VP 4 B VP

Bynem cuutats, yToO
Re\/ElL >0,

ToTAa U3 ycaoBui (6.49) 6ynem umerb B=0,4 = f. Takum oGpasom,
T(x,m =felr

T, )= j T eV dp, (6.50)

rze npaAMas L MpOXOJMT MpaBee BCeX 0COObIX TOYeK.
PaccMoTpum A onpesesienHocTn ciydait f(t) =T, = const. Toraa

=

“c|"1

CaenoBaressHo, U3 (6.50) Haxonum
pr—xJ_

T(x,7) = j dp, x>0, 1>0. (6.51)

[onpiHTerpantbHas GyHKIMA B (6.51) uMeer oaHy ocobyio Touky p =0 — TOuKy pas-
persieHus (He noswoc!). [Ipumem

p=re® = \[p =Vre®".

Ecau —n < ¢ < 7, To Re(y/p) >0 B paspesanHoit miockoctu (puc. 6.14), B 4acTHOCTH,
H Ha npamoit L:

RB(@)=J7C05(%)>O, —T<QP<T

F 3
B
R
p=rexp (i)
D
C
D >
e L
G F
L1 A

Puc. 6.14. Nonioc p=0
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Takum 06pa3oM, paCCMOTPHUM HHTETPas

pr-xp pri-xyp pi-xp
L ‘ dp=i.fe dp+—1—.f : dp +
210 ppiperca P 2ni 4y P 2ni e P
po-xp pi-xp pr-xyp
+i_[ dp+—1—' _[ dp+i_[ dp +
2ni ey P 2 py D 2ni g P
pr-xp
+—17 € dp =0
27” UGA p

(3TOT uHTErpan paBeH HyO B cujy Teopembl KolllM, Tak Kak BHYTPH KOHTYypa HeT
ocobbix Toyek). Byaem umets

1 e 1 per P
2l ug P ni; p
Jlanee nerko BUAETD, YTO
pr-xp pi-xyp
lim-— [ & dp=lm-L [ £ dp=0
Ry 2751 uBC p R 2751 UGA p
JleficTBUTe IbHO,
Pl 1
S E= 0
p wBC UGA

PaBHOMEPHO, CJie0BaTeNbHO, ycaoBUs Jlemmsl Kopaana BoinosnHens! Ha WBC n UGA.
Hanee

pi-xyp pe-xyp
L el [ e
iy p an(_m'D) p
pr-xyp pr-xyp .
UL A T T I A ) (6.52)
2mi wDeF p 2mi (F -x) p
Hmeem p = —r Ha UCD u UGF. Torna us (6.52)
pe-xp P —rt+ixyr
L e L[ )+
2niy p 2niy, (-r)
pr-xp w —reeivyr
N +L.J'e d(-r) =0.
i o P 2nis  (-7)
Nan ,
pt—xﬁ © -t pt—xﬁ
i. ¢ dp+lje—sin(x\/;)dr+—1—, J' ¢ dp =0.
2niy p Ty T i pr P
Hanee
1 e 1 ¢ dp 1 e g
= | dp=ne | Po = [ Tdp=-1+0(p),

278 ,per P 2ni pp P21 5 p
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TaK Kak
e’"—x‘/;—l__l-%(p‘t—x\/;)-h..—l_ x
P P Jr

TakuM 06pa3om, nonydaeM

+...

1 pt—x,/_
—— dp +— _[——sm(x\/_)dr 1+ Of 0.
niy; p
Tlepexoas x mpezeny npu p — 0, moaydnm
pt-x,/; o -t
L gy =1- L[ sin(xdr)dr. (653)
2my; p Ty T

—

-7
17151 BBIYMC/IEHUs MHTETPaJIa, CTOSAIIEro CNpaea B (6.53), ob6o3HAYUM Jr =s. Torma

sm(xs)ds :> T * cos(as)ds = —Jl_— e-:_‘ . (6.54)

Ty T

J= 2 °j3 e
o
3ech Mbl BOCIIOIb30BAIMCh U3BECTHOH (opMynoi

w ¥
Ie'"2’2 cos (bx)dx = ﬁfe ta®
2a

Vimeem J|,_, =0. Toraa us (6.54) Haxonum
2 X
21 2 2 o x
J={—= = = eydy=(b(-——}

{ Jat (zjfy) e { 2/

TaxuM 06pasoM, OKOHYaTenbHO GyeM UMeTh
pe-xp
—1—.-[8 dp=1—<b(—x—-} x>0, 1>0, (6.55)
2ni; p 2/t

Y, cJeA0oBaTeNbHO, pellleHHE 3aJa4H 6leeT HUMETDb BHJ

T=T, (1 - (D(E%D (6.56)

[IpsiMoit NOACTAHOBKON HETPYAHO y6eauthcs, yto dopmysa (6.56) ynosneTBopsier
ypasnenuio (6.46), xpome Toro,

N, 2> L[1-20)]=T,,
T, e = T [1-®(+0)] =0,
N0 = T[1-®(+0)]=0,

TO eCTh BBINOMHAITCS Bce rpaHUYHble 1 Ha4a/IbHbBIC yCIOBHS 3ala4H.
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3apava o HarpeBe NNacTUHbI KOHEYHOW TOJNLLUMHDI

OnpeaenuTs pacnpejieieHUe TeMIepaTypol B IJIaCTHUHE TOJIIMHLI @, eCIV, HauWHas
¢ MoMeHTa BpeMeHH t =0, creHka x =0 mogaep>kUBaeTCs NIPU TeMIlepaType U3MEHsIO-
LIeHcs Mo 3alaHHOMY 33KOHY, a CTeHKa X = @ NOJAEPKUBAETC s [IPY HyJieBOH TeMIiepa-
type. HauanbHas temrneparypa IyIacTHHBL paBHa Hymo (puc. 6.15).

Y 1}/
Tlx-o=f(T)/ Tl,_,=0

Puc. 6.15. beckoHeyHasa NAacTuHa TONWMHON a

Maremaruyeckasi OpMyIMPOBKA 33/1a4HU:

2
a~£~§Z=O, r=ﬁ,0<x<¢ >0 (6.57)
ox ot cp
ﬂ,\':() = f(T)Y n,r=a = 0’ (658)
T11=0 =0'

Jlisi pelueHusl MOCTaBJIeHHOHM 3aayd Bocroab3yeMcsl rpeobpasosanuem Jlarmaca.
O6o3Hauum

T(x,p)= T T(x,7)e " dr.
0

Ymuoxum (6.57) Ha exp(—pt) 1 npounrerpupyeM ot 0 10 +oo. Tlonyunm

d’T | = = d*T =
7~ (pT -Tl.,)=0=— -pT =0. (6.59)
YcnoBus (6.58) npeobpasyioTcs B yCAOBHS
Tlyeo =/ (P). T, =0. (6.60)

Ob6uiee peiuerne ypaBHenus (6.59) yao6Ho 3anucatsh B BUAE

T = Ash(|/px)+ Bsh(\/[p(a-x)).

N3 ycnosuit (6.60) Haxoaum

/
A=0, B=—7"——.
sh(/pa)

Taxum oGpaszom, 6ynem uMeTs
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T_7 sh(\/;(a —x)).
sh(\/pa)

1 ¢= sh(J_—(a
=—|f(p)———F—
I/ sh(y/pa )

IIpsimas L pacrionoxkeHa CipaBa OT MHMMOIt OCH IIpaBee BCeX 0COOBIX TOUEK NO/IbIHTE-
rpajbHO# (PYHKLHH.

CrnenoBaTtejibHO,

B KkauecTBe mpuMepa paccMoTpum ciyuail, korma f(t)=T, = const. Torma Gyanem
HUMeTb

f(p)=T—°:>

T _ojsh(J’(a x)) e”
2ni;  sh(Jpa) P

PaccmoTpuMm /Ba crioco6a BbIYKMCIeHHs1 MHTerpana (6.61).

~—dp, 0<x <a t>0. (6.61)

1. IIprMeHeHHe TeOpHH BbYeTOB. IloAbIHTerpaIbHOE BhipaKeHHE COAEPKUT Jp. 3a

METHUM, YTO
_ 3 _ 3
sh(y/p(a-1x)) ‘/—’;(““x)“[ﬁ(c;”xﬂ]‘*"' (“'“*B%?{)“*
ar g T e

-— OJAHO3Ha4HasA Q)yHKI.[PIH, TaK KaK -/ p Ha CaMOM JeJi€¢ BbIllaJaeT U3 PacCMOTPEHMA.

CrenoBaTeslbHO, IOAbIHTETPAJIbHOE BbIpaXKeHHe — OJHo3HayHasd (PyHKuMA p (HET To-
yek BeTBjeHMs). U3 mocneaHeil GopMyanl claedyeT Takxe, YTo

sh(J_—(a x)) a-x
P‘"’ sh(\/—a) a

Oco6bIMM TOYKAMH MOJBIHTErpabHON QPYHKUUHN SABASIOTCS:

1) p =0 — nmosioc NepBOro NOPAAKa;
2) KOpHM ypaBHEHUs sh(\/};a) =0.

KopHu ypaBHeHus sh(\/};a) =0, oueBUAHO, UMEIOT BUL

2
Jpa=ikn=p=p, =—(£T£) , k=1,2,...
a

Taxum o6pasoM 0COOBIMM TOUKAMH nonhmrerpa.nbﬂon (pYHKUHMH SIBISIOTCS MOJIOCHI

nepsoro nopsiaka: p =0, p, = —(@) k=1,2,...
a

CornacHo o611ieit TeopHH, JOTIONHsIEM KOHTYp Ayroil Kpyra paauyca Ry (puc. 6.16):
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_/AN

2
Puc. 6.16. Nonockl nepeoro nopaaka p, = —[k—“) k=012, ...
a

Bynem umetn
1 shfpla-xne 1 ¢ sh(fp(a-x) e
2niANBNCNAN Sh(\/—a) 4 zniANBN Sh(\/—a) p

1 sh(\/—(a x)) e” dp_resF(szresF(p)

+
2mi BnCnAN Sh('\/-—a) p p=0 k=t  p=m

rie
sh(\/};(a -x))e”™ .
sh(\/};a) p

F(p)=

[To memme YKopaaHa MOKHO HATIHCATh
limi sh(J—(a r)e™
Now 2mi ByCy Ay Sh(\/-—a) p
1 sh(J—(a X)er Ish(\/—(a e
sh(\/—a) p

=0=>

lim

- p =
N Omi 4 sh(\/—a) P 2miy

JleiicTBUTENBHO, HMeeM

sh(p(a-x)) _ [shQJp(a-x)) 1 M
sh(\/};a) sh(J—a) Pl Ry’
HO
M — 0

dp +

(6.62)
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Mopnynb oTHOWIEH!Ss runepbOIHYECKUX CHHYCOB OrpaHuyeH Ha ayre 'y . O1o cienyer
U3 Toro, 4To Ha ayre I'y p = R, e u 3tor Moayas MoxHO Bbryuciuth. [lepexomst
K npegeny npu N — o B (6.62), nonyynm

__jF(p)dp = res F(p)+ 3. res F(p).

p=0 k=t P=pri
Nmeem
res F(p) = lim pF(p) = 1—5,
p=0 p—0 a
h _ 'I’k‘
s F(py = SNG/Pa(azaner
P=pi a
. chma)—-{
[ 2Jpe
oo )
:2sh(knz(a—x))e =——2—Sin(ﬁxje_{—“r‘J
krnich(kni) kn a )
Takum 06pa3oM, OKOHYATEIbHO MOJy4aeM
9 _[ﬁr] sin(@xj
2
T=T|1-2-2Yye'l® J 14 /| (6.63)
a TC b=t k

2. Paanoxeuue B paa. Mmeem

Sh(\/};(a—x)) ~ e,/;(n—:r) _e—,/—,;(n—-x) e—x » _e»(2a—.t),/—,; _

sh(ypa) VP - gIre {—e VP
O O
:|:e—x‘/; _ e—(2a—x),/;j|ze—2nk,/; :z|:e—(2ale+x ),/—,; _ e—(2ak+2a—x),/—,;}.
k=0

HoactaBuM 3To pasioskeHHe B KOMILIEKCHbIM HHTeTpaJl (6.61) ¥ MOYJIEHHO MPOUHTET-
pupyem. Ilonyuum

pt —(2ak+x )ﬁ 1 em—(2nk+ 2a-x ),/;
T=T, Z I———————a’p — | dp
2miy P 2y P
Cornacho (6.55),
]n'—x,/;
L_ € dp=1—<b(i}x>0, >0
iy p v

Takum o6pasoM, OyeM UMeTh

T:Tolgo{l:l—Q(QZZ;XJ:!_I:i—Q(%%H} (6.64)

ITpoananusupyem nosyueHnkie peienus. Peiuenue B popme (6.63) — pasmoxxenue no
cobcrBenbiM (pyukumsiv (Meron I'punbepra). Cxoaumocts psaa (6.63) xopoiuas,
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ecnu Gosbiune oTHomenus t/a (bosbline BpeMeHa, TOHKMe IIACTUHbL). Pemenne
B (hopMe (6.64) yno6HO pH MaJIbIX OTHOWIEHUAX T/a (Masible BpEMEHa, TOJCTbIE ILa-
ctunbl). Takum obpasom, ofa pelueHHs B3aUMHO JOTIOJHSIOT APYT Apyra. Peuienie
(6.64) nosBosseT 1IPoaHAIN3MPOBATh XapakTep npouecca. Mimeem

renfoi o)
el o7 )

TlepBbiil ueH psifa - TeryioBas BOJHA, PACIPOCTPAHSIOMAsCS OT cTeHKH X = 0 Brury6b
Tena. Eciu 1T Mao (HayajbHble CTaJUW IIpoliecca), To A0 OINpeleTeHHOT0 MOMeHTa
BpEMEHH BCe YJeHbl MaJlbi M BIUSHME BTOPOIl CTEHKH He CKa3bIBAETCH, TPOECC HOCHT
XapaKTep TelJIOBOH BOJIHBL, Mayuleit B GeckoHeunocTs. Bropoe craraemoe — orpa-
JKeHHasd TelsIoBas BOJHA, MAYIIAs OT CTeHKH X = @, U T. 1. H1ensl pana (6.64) — oTpa-
JKeHHbIe TerIoBble BOJIHBI, HAYlIMe 1160 oT cTeHkn ¥ =0, 11bo oT cTenkn x = a. Jler-

KO 3aMeTHTh, 4T0 (cM. (6.56))
imT =T, 1-®| = |
a—n 0 IV (2\/; ]:‘

3apaua 0 NpoAoNbHbIX KonebaHusx nNonybecKoHeuHoro
CTEepXHA

PaccMOTpiiM TIpOAi0Jiblibie KoJieGaiinst T0Ty6eckolieqHOro CTEPXKHS, 3dHIMAIOMEro
obaactb x > 0 BeutecTBeHOM OCH.

MatemaTuyeckas (POpMyJMpOBKa 3afayi: Halith QyHKuUMIO u = u(x,t), yAOBJIETBO-
PAIOLLYIO YyPaBHEHUIO

2 2

ou 10U g u=lE 0cxcm >0 (6.65)

ox* v’ ot p
rpaHI/I‘{HbIM yC]IOBHﬂM

U,o=S() ul, . =0 (6.66)
H Ha4daJibHbIM yC]IOBHﬂM
=0 % -0
at =0

ByzeM pemiaTh rocTaBieHHyIo 3aayy ¢ oMoulbio npeobpasosanus Jlanuaca. Ilyctb

u(x, p) = Iu(x, tye Mdt.
0

[Tpumernm npeobpasosanvie Jlangaca Kk ypaBHEHHIO Koslebanuit crepxus (6.65) 1 rpa-
HUYHbIM ycaoBHAM (6.66). Byaem 1iMeTb

au _p_zg —0, (6.67)

0 =f(p), @], 0. (6.68)
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Ob6iee penenye ypasHenus (6.67) nmeeT BUL

LN Ld

i=Ae® +Bev .
W3 rpannysbix ycaosuit (6.68) naxoaum
B=0, A=7.
Taxum obpasoM, OyJeM HMeTb

Py

i=f(pe ",

H, CJIe/I0BATENbHO,
u(x,t) = ——1_——If(p)ep( -;)a’p, x>0, t>0.
2iny

Hmeem dopmyny Pumana—Mennuna

L [J(pye™dp ={f(t)’ 020
2iny

0 <0
IMostomy opmyny (6.69) MoxkHO nepenucaTh B BU/e

f[t—-’fj, t>%,
u(x,t) = v v

0, t<X.
v

(6.69)

(6.70)

Takum ofpasom, mpouecc npeicrasisier coboil Geryuyyio BOJHY, PacnpocTpaHsio-

LIyI0CSL CO CKOPOCTBIO ¥ OT KOHLa crepxHa x =0.

3apnauya o NpoAoNbHbIX KONeOGaHNAX KOHEYHOTO CTepPXXHS

PaccMOTpHM Tenepb 3a/a4y 0 NPOOJIbHBIX KOEGaHUsAX KOHeYHOro cTepsxkHs 0 < x < /.
Marematnyeckass (popMy/nMpoBKa 3ajaud: Haiiti Qyskumio u =u(x,t), yAOBJIETBO-

PAIOLIYIO YPaBHEHUIO

2 2
g_%‘_._._l_a_?zoyv.—_ £,0<x<l,t>0,
ax? oot P

rpaHUYHbIM YCIOBHSIM

ul o= f(t) ul,,, =0
U HaYaJIbHbIM YCJIOBHSIM
ou

— =0
ot

t=0

ul,o =0,

Byznem peluath MOCTaBJIeHHYIO 3aKady ¢ NOMOIIbio ipeobpasosanus Jlannaca. Ilycrs

a(x,p)= Tu(x, tye Mdt.
0
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Paccyx/asi, Kak U B IIipeJblAyLIEeM CIyyae H0ay0ecKOHeYHOTO CTePIKHSI, Mbl IIPUXOAHM
K 3ajaye

m.x':O :f(p)’ al‘:I =0.

sh[B { —x))
N\ J
sh[p xj
v

(50—
u(x,t) = j J(p)y—S———e"dp. (6.71)
sh[ r)
v
[lpu Bbiuucienuu unrerpana (6.71) Bocnosb3yeMcs pa3jloKeHHeM B Pl

sh £(l -X) Piixy “Piexy _r, “Poi-xy
v ev —e ? e v

_'l) _e

L P _2r
Sh(’p—lj ezvl —e l’I 1"‘@ 1'1

OTKy/a HaxX0UM

i(x,p)=f(p)

H, cjaeaoBaresbto,

v

-P, Piry |2, 2f o (2Ik+z) ~Patke 21-x)
=le? - z z —e v ,
k=0 %=0

[ToacraBnsieM 310 pasyokenue B (6.71) (mpeanonaraercs, UTo MOKHO HHTEIPUPOBATH
nowienno). Ionyuum

WLy

e V|l <l

L

2k x - 20+ 21-x

]f<p>p——je( iy 6w

gl

B cuny dopmynbl Pumana—Mennsa (6.70) sanoyaeM, UTo Kaxabli 13 pajoB B (6.72)
COMIEPKUT KOHEYHOE-YHCJIO YJIeHOB (TaK Kak BCersa HaleTcsl Takoe YMCI0 R, 1pu
KoTopoMm, 1o dopmye (6.70) mbl 6yaeM HMeTb HyJb). ITO CHUMAET BOMPOC O CXOJIH-
MOCTH.

Bynem nmets:

X g o )= [t—f],
(4] U U

2l -x <t<2l+x:>u(x,t):f(t—fj—f(t—zl—xj,
v

U
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2+ x <t<4l—x :>u(x,t)=f[t—£]—f[t—21_xj+f(t—21+x),
v v v v

v

u T. 1. Takum o6pasoM, pellleHHe /Ul KAXK/I0TO MHTEPBaa BPDEMEHH IIPe/CTaBIAaeTCs
B KOHeuHoH dopme. B crepikne aBKyTCs rmockue BosHbl. OHYM 0TpaXkaloTcs OT CTe-
HOK M TIOCTEIeHHO HaKJIaAblBalOTCs APYT Ha ApyTa.

Bonpocsl K rnase 6
1. Iipeofpa3oBaHue kaKoro BU/a Ha3biBaeTcs npeobpa3opaiinem Jlamaca?

2. Kakasa (pyHKUMs Ha3biBaeTCA OPUIMHAJIOM M KakoBbl ero cBoficrBa? Ilpuseante
npuMepbl GYHKIMIA, SIBASIONMXCS opuruHanaMu. [Ipuseante npumep QyHKINH,
KOTOpYIO HeJib3sl Ha3saTb opurunanom. [loyemy?

3. KakuM cBOMCTBaM /I0JIKHA y/A0BETBOPATh (DYHKIH, YTOOBI 1/ Hee CYLIeCTBOBA-
Jo npeobpasoBanue Jlannaca?

4. Kakas CyliecTByeT CBS3b MEXy OPUIMHAJIOM U ero u3obpaxeHiem? Y Kaxute 06-
JIaCTb CYIeCTBOBaHMsI U3006pakeH!sI U HA30BHTE €T0 CBOMCTBA.

5. B xakoit obnactu uzobpaxenue f(p) SBJIIETCS peryaspHoil QyHKuUHeR?

6. Cchopmynupyiite cBoiicTsa npeobpasoBanus Jlamaca.

7. B uem cocrouT cBOMCTBO MHeRHOCTH peobpasoBanus Jlannaca?

8. Kax sanucath usobpaxenue f ™ (), ecim usectHo nsobpaxkenue Gynxuun f(¢)?
t

9. Kakoe uzobpakenue umeer (yHKIM If(r)a'r, ecin f()=f(p)?
0

10. Yro HasbiBaeTcsl cBepTKOI ABYX PyHKLMIT?

11. Hasosure npsamoe u obparHoe npeobpasoBanus Jlanmaca.

12. Kaxoso nosenenue npeoGpasoanust Jlanaca nipy 60Jb1INX 110 MOAY/IIO 3HaYeHU-
ax napaMetpa? ChopMynupyiite COOTBETCTBYIOHIYIO TEODEMY.

13. B uem sakmouaercs npobiema obpawienus npeobpasosanus Jlanmaca? Exuncr-
BeHHO Jin obpamteHue?

14. Cdopmynupyiite nemmbr KopaaHa.

15. Kak BbluucisieTcst MHTerpaji PuMana—Menauna B Cy4yae paiMOHaIbHON (PyHK-
uuu f(p)?

16. Kak Bbiymcasercsi uuterpan Pumana—Mesnia B ciyvae, Koraa f(p) — mepo-
MopdHas PyHKLMA?

17. Kak Beiumcsstercst unterpal Pumana—MennuHa B ciyyae MHOTO3HauHOM (DyHK-
uuu f(p) ¢ KOHEYHBIM YHCIOM TOYEK Pa3BETBJIEHUA?

18. TlpuBennTe NpUMeEpPDI CIIELMATBHBIX METOL0B 0bpaleHns ipeobpasopanus Jlanma-
ca, MO3BOJIAIOLIMX MONY4YUTh pe3ysibTaT (e3 HelloCPeACTBEHHOTO BbIYUCTEHHS HH-
terpasa PuMana—Mesunna.

19. B ueM coCTOUT npeuMyilecTBo penieHus AUdQepeHIHalbHOI0 YpaBHeHUa ollepa-
UMOHHBIM METO/IOM lepe]l KJIaCCHYeCKMM METOAOM?

20. [pusenure cxemy peileHus AuddepeHHATBHOTO YPaBHEHHA ONePallMOBHbIM Me-
toaoM. K kakuM mocseoBare/ibHbIM IAraM MOXKHO CBeCTU perieHue And@epe-
LHMaJbHOrO YPaBHEHHUsI ONepallloHHbIM METOAOM?
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21

22,

23.

24.

25.

26.

27.

28.

29.

30.

Kak petuaiorcst cucteMbl 00BIKHOBEHHBIX AH(depeHIHalbHblX YPaBHEHUI MeTo-
xoM Jlannaca?

K kaxum aud@epeHiaibHbIM YPaBHEHHAM M CHCTEMaM YpaBHEHHIl IIPUMEHHM
metoy npeobpasoBanus Jlamnaca?

Moo i ucrosbaosath npeobpaszoBanue Jlannaca ais peienus auddepeHiuy-
aNbHBIX ypaBHEHUH ¢ llepeMeHHbIMH kKoa(duiertaMn? [I1s peienus HenuHeid-
HbIX ypaBleHuii?

Usnoxire cxemy npumeHenus: npeobpasosanus Jlanmaca s MHTerpUPOBaHHA
AiddepeHilHanbHbIX YPaBHEHHHA B YaCTHBIX TTPOH3BOAHBIX.

Kakiie Tiibl ypaBHeH#il B YaCTHBIX TIPOU3BOAHBIX MOXKHO pellaTh ¢ IPUMEHeHHeM
npeobpasosaniis Jlannaca? K kakum Tunam ypaBHeHHi MeToA npeob6pa3oBaHHs
Jlannaca ne HpUMEHUM?

Haiire pewrerivie 3azaui O IBWKEHHUW 3apsDKeHHOH YaCTHUIbl B MalHUTHOM MoJie
¢ HoMouiblo npeobpazosanus Jlammaca.

Jlaiire pellieriie 3ala4y O HarpeBe MoaybGeckoHEYHOTo Tela ¢ MOMOLIbIO Ipeobpa-
sosaniist Jlarnaca.

JlaiiTe pelierue 3afldyl O HarpeBe IUTACTHHBI KOHEYHOH TOJIMHBL ¢ TOMOUIbIO
1ipcobpazoBanns Jlaraca.

JlaiiTe peneliiie 3aja4M O MPOACJIbHBIX KoJ1ebaHNsAX M0yHeCKOHEYHOTO CTEePXKHS
¢ 110Mo11bio npeobpazosanna Jlarraca.

Jlaitre pemeie 3afa4u O MPOAOJbHBIX KOJEOaHISIX KOHEYHOTO CTEPXKHS C IIOMO-
1blo 11peobpasoBanus Jlaraca.

3apaum ¢ npumepamu peLueHvs

1.

Haiiti usobpasxeiine GyHKIMHU f(t), €CIH OHO CYL{eCTBYeT:

2

0 f(r) :fz_; 2) f(¢) =sin®(¢); 3) f(r) = cos(2¢) sin(3t);
4) f(1)y=rte” sin(Bt); 5) f(t)—Le cos (Bt); 6) f(t)—te sh(Bt);

) (0) = tesh(Bey: 8) (1) = —5:9) [ =

10) /1) =sin(0yshoy 1) foy = EHEDE

Haiitn opm‘MHaJI (YHKILIY f(p), €CTTHT OH CYIIECTBYeT:

D)=L D ) =P8 T ==

4)](”):@7117#; 5>f<p>=§j:i;6>f<p>=m;
e’ T —e

> = 1 = e’ —e
7 = 8 =———9 =
) f(p) PEITER ) f(p) D ) f(p) 5
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10) f(p>=(%+—27+i]e"’-
p p p

3. Haittu opurunan f(t), yIOBJIETBOPSIOUUI ypaBHEHUIO

f@+[@-vf(tyd =1

4. Pewntp auddepeHIMIbHOE YpaBHEHHE!

Dy"+3y" +2y =0; y(0)=1; y'(0)=0.

2)y"+y =1 y0)=0; y'(0)=0.

3)y" +4y =cos(}); y(0)=2; y'(0)=2.

Hy"+y=tcos(@t); y(0)=0; y'(0)=0.

5y -4y =€ y(0)=1 y'(0)=1.

6) y" + 9y =sin(3¢t); y(0)=0; y'(0)=0.

T y" -2y' +2y =1+ 0(¢t -1); y(0)=0; y'(0)=0"

By -y =1 y0)=y'(0)=y"(0)=y"(0)=0.

Ny @ +2" +3y" +2y" +y =0; y(0)=yy; y'(0)=y"©0)=y"(0)=0.

10) ¥ +y™ -2y" =20¢sin(t); y(0)=y'(0)=y"(0)=0, y"(0)=-1.

Peinnth cucreMy aud@epeHIMaTbHBIX yPaBHEHUI:

Dy -y +% =0; 4y -2’ -z =4e'; y(0)=2(0)=1.

NDx'=z-y; y' =2z, 2=z-x; x(0)=y(0)=0; 2(0)=1

3y =2y +4z+cos(t);, 2’ =-y—2z=sin(t);, y(0)=-2; 2(0)=0.

Drx'=z+y, y'=3x+2z 2’ =x+y, x(0)=0;, y(0)=2 2(0)=3.

5y’ =2x —y —2cos(t); x' =4x -3y +sin (¢); y(0)=0; x(0)=0.

6)x" +2y =0; y"-2x =0; x(0)=y(0)=0; x'(0)=0; y'(0)=1

Ny +x' -y =¢€ 2x' +y' +2y =cos(¢); y(0)=0; x(0)=0.

x' =-2x -2y 47, y' =-2x+y -2z 2 =5x +2y +7z
x(0)=1; y(0)=2; z2(0)=-1

Na'=—z+y, y=2z-2x 2=-y+2x; x(0)=1; y(0)=0; 2(0)=0.

M x=z+y;, y=x+2z Z=x+y; x(0)=1 »0)=0; 2(0)=0.

. Crep:KeHb MojBellleH BePTUKAJIbHO U 3alllEMJIEH TaK, YTO CMEIEHUE BO BCEX TOY-
Kax paBHO Hy/10. B MoMeHT Bpemenu ¢ =0 cTepkeHb OCBOOOXKAAETCS, OCTABASICh
3aKpelIeHHbIM B BepxHeil Touke. Omnpenenuts Konebanus CTepXKHs 104 AeiicTBu-
eM coOGCTBEHHOTO Beca. Yka3anue: 3aiada CBOAUTCS K HHTETPUPOBAHHIO YPaBlIeHIs

t

1, t>1
3aech 8(¢ - 1) = { — exunnyHas ¢ynkuus Xesucaina.

0, t<1



372 6. Npeobpasosanne flannaca

10.

11.

. 0%u 2y
Konebanuii 57 =p? =4 g TpH CAeAYIOUMX HAYabHBIX M FPAHUYHbBIX yCJIOBH-
L

ox?

Ax: U], =0, ou =01, =0, L S
at t=0

TeMmnepaTypa 4 = u(¥,¢) B TOHKOM CTEpXHE yJOBJIETBOPAET OAHOMEPHOMY ypaBHe-
2

x=l

u 9 O°U 2 .
HHIO TeILJIONPOBOAHOCTH ? =a" —,, rae a’ — NOCTOSHHBIH koahunuent. Pac-
/A ox

CMOTpETh paclpefesieHHe TEMIIEPATYP B HOJyOrpaHUYEHHOM CTepikHe 0 <X < o,
€CJIH Ha JIEBOM KOHIE CTEPXHS MPOMCXOAMUT TEILIOU3IyYeHHe B CPeNy C HyJIeBOH
TeMIepaTypoii, HayasJbHasi TeMIlepaTypa CTePXHs u, = const. Ykasanue: 3ajaya
CBOJAUTCS K HHTEPUPOBAHUIO YPaBHEHMs TEIIONPOBOAHOCTH IIPH CAEAYIOUINX Ha-

ou 1
YaTbHBIX U TPAHHYHBIX YCAOBUAX: U] o =Uy, —| =hul, 4, h>0".
N X x=0
PaccMoTpeTh pacrpe/iesieHle TeMIepaTyp B OrpaHHyeHHOM cTepxne 0 <x </, ne-
BbIH KOHEIl KOTOPOro TEIIOM30/MPOBaH, a Ha NIPaBOM TOLIEPXKUBAETCH IIOCTOAH-
Has TeMIIEPATypa U, ; HAYaJIbHAsT TEMIIEPATYPA ¥, TaKXKe IIOCTOSAHHA.

MaTepuanbHas TOYKa MacChl 7 COBeplIaeT MPsIMOJIMHEHHOe IBUXKEHHE [TOA AeiCT-
BHEM BO3MyLIAlOEN cHbl asin(mt), BOCCTaHABIMBAIOLIEH CHJIBI mk® x, nporop-
L{MOHAIBHOI CMENIEHUIO, U CHJIbl COTMPOTUBAEHHUS 2/mni, IIPOHOPLMOHANBHON CKO-
pocty. HauanbHble OTKIOHEHHe M CKOPOCTh PaBHbI, COOTBETCTBEHHO, X, U X,.
HaiiTi ABUXKEHME TOUKM B CJIy4ae MaJoro conportusiaenus (k > n). Cuuras n =0,
paccMoTpeTh cayyail o # k U pe3oHAHCHBIH caydail o = .

Konaencatop eMkoctu C,, 3apspKeHHBI 1o noTeHnMana V, pa3psiKaeTcsi B MOMEHT
BpeMenu ¢ = 0 Ha GeckoHeunylo 1uHuio Ges norepb (R = g = 0) ¢ napamerpamu (L,C).
Haittu pacnpeaenerue toka I(x,t) B TMHUM. Ykasanue. TPaHUYHbIE U HAaYaJIbHbie
yenosust umeror Bua o =Ve " ul, L, =0(),ul,, =01}, =0, rae 1=pC, —

MIOCTOSIHHOE BpeMs pa3psfa, p =+/L/C, — BOJHOBOE COINPOTHUBJIEHUE LEMH.

Konen x =0 nonybeckoHedHoil auHuH, obnafaomeil camounaykumei L u emko-
ctbio C Ha eAMHUIYY AJIMHBI, IPUCOEAUHSIETCS B MOMEHT BpeMeHH ¢ =0 K uCTOYHHU-
ky DJIC E = f(¢). Haittu nanpsbkenue u(x,t) B KaXa0il TOuKe JMHHU. Yrasauue:
rpaHMYHBIE M HaYaTbHble YCIOBHS MMeIOT BUA U], o = (1), U, . = (1), U, =0,
Il =0 = 0.

Mpumepsbl pelleHns TUNOBLIX 3aaa4

Mpumep 1. K xoniy x = 0 nonyGeckoneuroro kabest (MHUs ¢ napametrpamu Ru C)
noaKJoyaeTcss B MoMeHT BpeMenu ¢ =0 nocrosinHas DJIC E. Halitu HanpsikeHue B
KaX 10l Touke Kabesst.

Pewenue. BoinmuimeM oCHOBHbIE YpaBHEHHs ¢ y4eTOM Toro uto L =g =0:

! 3apaun 7 u 8 paccmotpelibl B kuyre Jaspenmoes M. A. n Illabam B. B. MeTtoanl Teopun Qynk-

1nit KoMIulekcioro nepemertoro. — M.: Quamarrus, 1958. 680 c.
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M RI =0,
ox
6_I+C6_u =0.
ox ot
Nckniouns TOK, NMONyYUM
2 2
__1_.(?__1;+C91i :03y__i% =0, 02 :_1_.
R ox ot ox® o* ot RC

[TocTaBuM HauanbHble U TPaHAYHbIE YCJIOBHUS
U, =0 u,,=E u,, . —0

X oo

[ToxobHast 3amava yxxe pellieHa HaMy (CM. «3alaua O Harpese MoJyOECKOHEYHOTO Tesay ).
[IponeMoHcTpupyeM pellieHie 3Toi 3afaun B Maple.
OrmnpenesiuM ypaBHEHHE U JOIOJHUTEbHbIE YCTOBHUS:

> eq:=diff(u(x.1). x.x)-RC*diff(ulx.t).£)=0: x>0.t>0:

> bor=u(0.1)=E; t>0;
> qc:=u(x,0)=0: x>0:

2
eq ::(6 u(x, t)]—RC(%u(x, t)j:O

ax?
O0<x,0<¢
bc=u(0,t)=E
0<1t
ic=u(x,0)=0
0<x

ToaxmounM HeoOX0AMMbIe IPOrpaMMbl M3 MakeTa inttrans:
> with(inttrans.laplace.invlaplace):
[laplace, inviaplace ]

[IpumensieM npeobpasosanue Jlamnaca K HalleMy ypaBHeHUIO M NoJyvaeM OObIKHO-
BeHHOe auddepeHIIMaibHOe YpaBHEHIe OTHOCHTeAbHO TpaHchopMaHThl Jlaraca:

> laplace(eq.t.p):
62
[6__2 laplace(u(x, 1), ¢, p)] — RC (p laplace(u(x, t). 1, p) —u(x,0))=0
X
> ode:=subs(laplace(u(x.t).t.p)=U(x).ic.%):
dZ
ode = (;—, U(x)] -RCpUx)=0
2

Peinaem ITOJTYYEHHOE YpaBHEHNE

> res:=dsolve(ode U(x)):assign(res) :U(x):

res =U(x)=_CI e‘mﬁ-‘>+ C2 e(--chu/;_\-)
_Cl e(m‘fp Dy 2 e(ffRC«fp v
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Boibupaem orpaHdueHHOe Ha 6€CKOHEUHOCTH PellleHHeE:
> U:=subs( C1=0,U(x)):

U= 2D

OnpezeJisieM BTOPYI0 KOHCTaHTy M3 IPaHUYHOTO yCJAOBUS U T€M CaMbIM IIOTHOCTHIO
pelaeM 3afady s TpaHC(OPMaHThL:
> subs(x=0.U)=t/p:solve(¥%.{ C2}).assign{%):U:
E
C2e'=—
P

E
C2=—
{_ p}

E et—ﬁ?«/?x)

p
> U:=subs (U(x)=1aplace(u(x.t).t.p).%):

E
U= ¢

(~VRC fp x)

p
HaxonuM Terneps obGpaTHoe npeobpasoBanue Jlaniaca:

> invlaplace(U,p.t):
+RC
E erfc(x ]

24t

Takitm 06pa3oM, OKOHYATENbHO ITOJTy4aeM

[ (xR
u(x,t)—E{1 (D( N ﬂ,

rae @ (x) — vHTerpaya BepPOATHOCTH.

Mpumep 2. PeunTb cepyouryio sagavy:

2
96—1-{ 492 _ 36¢2 sin(3t), x>0, £>0,
ax’? ot
U, =0 L 3xe,
t=0
u,.=0, oul sin(3t).
X x=0

PeweHue. BocronpayemMces ans pelueHus Haluedl 3agadn cucreMoit Maple. Onpenenim
32434y

> eq:=9%diff(u(x.t).x, x)+4*diff(u(x.t).t . t)=
> 36%exp(2*x)*sin(3*t): x>0,t>0;

> bel:=u(0.1)=0; t>0:

> bc2:=0[1]1(u) (0. t)= in(3*t): t>0;

> 1cl:=u(x.0)=0: x>

> jc2:=D[23(u)(x.0)= 3*x*exp(2*x) x>0

& o x
eq :=9[a S u(x, t)j [atz U(x,t)j=36e(2 'sin(31)
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0<x,0<t
bel ==u(0,¢t)=0
O<t
be2 =D (u)(0,1)=sin(3 ¢)
0<t
icl =u(x,0)=0
O0<x
ic2 =D (u)(x,0)=3xe""
O0<x
[oaxarouuM nporpamMmbl peobpasoBanus Jlannaca u ero obparieHus:
> with(inttrans,laplace.invlaplace):
[laplace, inviaplace }

IIpumensiem npeobpasosanue Jlanaaca K 3aaHHOMY YPaBHEHHIO M TONyYaeM OObIK-
HoBeHHOe AU depeHIIMaTbHOe YpaBHeHHE [Jisi TPaHChOPMAHTHI

> Taplace(eq.x.p);

2 .
9 p (p laplace(u(x, t), x,p) —u(0,£))-9 D, (u)(0,£)+4 (% laplace( u( x, t),x,p)] —%

> subs(laplace(u(x.t).x,p)=v(t).bcl.bc2 %):
d? 36 sin(3 t)
9piv(t)-9sin(3 ) +4| —v(t)|=—"—"~
pPv(t) = 9sin(31) [dtz()] P

Peuraem nonyueHHoe ypaBHEHHE C yUETOM IPAHUYHBIX yCIOBUH A5 TPAaHC(OPMAHTBI

> dsolve({%.v(0)=1aplace(rhs(icl).x.p).D(v)(0)=
> laplace(rhs(ic2).x.p)}. {v(t) }):

sin(3 t)
v(t)=——=
(p-2)
> subs(v(t)=laplace(u(x.t).x.p).%):
sin(3 ¢)
laplace(u(x, t), x, p)=——=
(p-2)

BoruncasieM obpaTHoe npeoOpa3oBaHue U MOdyYaeM pellierie Hame 3agayn

> invlaplace(%.p.x):
2x
u(x, t) = sin(3 z)xe( )
Hrak, peirenne Haireil 3aaun 0Ka3aioch BO3SMOXKHBIM [IPEACTABUTD B 3JIeMEHTAPHBIX
byHK1MSIX
u(x,t) = xe** sin(3t).
BbINoHUM NMPOBEPKY pellleHust:
> ur=unapply(rhs(g).(x.t)):
> simplify(rhs{eq)-lhs(eq)):
> if $<>0 then combine(%.trig) else ¥ fi:
> simplify(rhs(bcl)-Ths(bcl)):



376 6. Npeobpazoeanune Jlannaca

> simplify(rhs(bc2)-1hs(bc2)):
> simplify(rhs(icl)-1hs(icl)):
> simplify(rhs(ic2)-1hs(ic2));

0
0
0
0
0
Bce B mopsiake!
Mpumep 3. Pelnuth ciaeayoniyo 3ajady:
2
a—l;—a—u+u =f(x), x>0, t >0,
ox ot
U, =t Uy,
ax x=0

Pewenve. BocrionbsyeMcs as peliienus Halueli sagadyu cuctemoit Maple. Onpeaennm
3agavy:

> restart;with(inttrans,laplace,invlaplace};

[laplace, inviaplace ]

> eq:=diff(ulx,t). x,x)-diff(u(x, t). t)+u(x. t)=f(x):

> x>0.1>0;

eq = —(—31 (x,t) |- —Qu(xt +u(x, t)=f(x)

q - axzu B ) ot 5 ) ulx, =X

0<x,0<t
> bei=u(0.t)=t:;bcx:=D[13(u)(0.t)=0; t>0;
) bc=u(0,1)=¢
bex =D,(u)(0,£)=0
0<¢

IIpumensieM npeobpasosanue Jlannaca no nepemennoi x. [locrpoenue pernenus:
> laplace(eq.x.p):
2 (p laplace(u(x, 2), x, p) ~ u(0,2)) - D, (u)(0, #) - (g laplace(u(x, ¢), x, p)] + laplace(u(x, 7), x, p)=
laplace( f(x), x, p)
> subs(bc.bcx, laplace(u(x.t), x.p)=v(L).%);

d
p(pv(t)—t)— (Zi_t v(t))+ v(t) = laplace(f(x), x,p)

> dsolve(%,v(t)):
BT esz”m(t *+p t+p+laplace( f(x), x, p) p’ + laplace(f(x), x ))e“"z”)”
viny=¢"""" cr+ ptpt+ptlap X, p)p’+lap X, p

P+ 1y
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Haxoaum obpatHoe npeobpasoBaHye:

- > invlaplace(rhs(%).p.x):

2+ ! 3
1 inviaplace(e'” """ p, x) + j f(_UZ)(sin(x)cos(_UZ)—cos(x)sin(_UZ))d_U2+%xsin(x)
0

+ ¢ cos(x)

V3 mony4eHHOro pelueHus HeobX0AUMO MCKIIOYUTD (3a cueT BbIOOpa NMPOU3BOJIBHBIX
MOCTOSTHHBIX) HeOTPaHUUYEHHbIE YJIEHbL:

> u(x,t)=subs(_C1=0.%);

u(x, t) = f fl_U2) (sin(x) cos(_U2)—cos(x)sin(_U2))d U2 + %x sin(x) + ¢ cos(x)
0

BhIIIoTHUM IPOBEPKY 1OJYyYEHHOTO PEUIEHHUS:

> u:=unapply(rhs(%).(x.t}):
> simplify(1hs(eq)-rhs(eq)):
> simplify(Ths(bc)-rhs(bc)):
> simplify(Ths(bcx)-rhs(bcx)):

(=]

Bce B nopsizke!
Taxum o6pasoM, pelieHue Hatlell 3afaun aaetcsi popmystoi

u(x,t) = T[f(&)sin(x -&)dE + %xsin(x) + t cos(x).

Mpumep 4. Teno orpaHudeHo 3HYTpH chepUUECKOH TIOBEPXHOCTHIO Pajuyca 4, a CHa-
py’H He orpaHuyeHo (puc. 6.17). HavaspHas remiieparypa Tesa paBHa HyJIO, a Ha
chepuuecKkoil NOBEPXHOCTH TEMIIEpaTypa IOAAEPKUBAELTCS NOCTOAHHON, paBHOU Tj.
Halitu Temmeparypy Tesla B IDOM3BOJIbHBIA MOMEHT BPEMEHH L.

_
=

Puc. 6.17. K npumepy 4

Pewenve. Bocrnobsyemces ans peluenus Halueit 3anayn cuctemoit Maple. Onpeneny
3ajavy:

> v:=[r.theta.phil:
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> eq:=simplify(1inalg[laplacian]
> (u(r.tau).v.coords=spherical))-diff(u(r.tau) .tau)=0;
> qc:=u(r.0)=0:
> bc:=u(a,tau)=T0:
v=[r6,0]
0 0
_Z(G—ru(r,t)j-kr(é—r—zu(r,t)) 5 .
eq = , —(atu(r,t))—
ic=u(r,0)=0

be=u(a,t)=T0

3nech, kak 0ObIYHO, T = kt/cp — NMPHBeZEHHOE BPEMSL.

I[Ipumensiem mpeobpasoBative 110 NEPEMEHHON T 1 Nony4aeM obbixHoBeHHOE AUdhe-
peHlMaIbHOe ypaBHEHUe 151 TpaHCHOPMaHThI:

> with(inttrans.laplace.invlaplace);
[laplace, inviaplace ]
> laplace(eg, tau.p):
d &
2 (E laplace(u(r, 1), T,p)) +r [_67 laplace(u(r, 1), T,p)]
- p laplace(u(r, 1), 1, p)+u(r,0)=0

¥

> ode:=subs(laplace(u(r.tau),tau.p)=R(r).ic,%):

d d?
ZKE'R(V)j-Fr(F R(r)J
—pR(r)=0

r

ode .=

Miem obuee pellieHuHe MOAYyYEHHOTO ypaBHEHHS:

> res:=dsolve(ode R(r)):assign(res):R(r);
_CI sinh(4p r) , =2 cosh(4/p )

r r

_CI sinh(y/p r) L =C2 cosh(+/p r)

r r

res =R(r)=

Hale pemrerne A0KHO ObITb OTPaHMYEHO Ha GECKOHEYHOCTH, 1103TOMY yHOOHO Ite-
pelTH K 3KCIIOHEHTaM:

> subs(sinh({p*(1/2)*r))=
> exp(-p™(1/2)*r) coshi(p* (1/2)*r))=
> exp(p™(1/2)*r).%):

(~fp ) Wpr
€ [

i 2

+
r r

Terepb Mbl BHAUM, YTO KoHCTaHTy _C2 clefyeT IIPHHATb PaBHO HYJIIO.

> Ri=subs(_C2=0.%):
Cl e(-JFr)
R:==
-



3apaun G NPUMEPaMN peLleHnst 379

BTopy10 KOHCTaHTYy HaXOAMM U3 FPAaHUYHOTO YCIOBUS, KOTOPOe TOXe IpeIBaAPUTEIb-
HO HYXHO npeobpasoBath 1o Jlamnaacy:

> laplace(bc.tau.p):
70
laplace(u(a, t), T, p) = 7
> subs(laplace(u(a.tau),tau.p)=subs{r=a.R).%):
> solve(%.{_Cl1}):assign(%):R;

CI 0

(~p a)
€

a p
T0 a
(~Vp a) }

e p

Toae ™"

(—{p'a)
c pr

{ Cl=

> R:=subs(R(r)=1aplace(u(r.t).t.p).¥):

(~pn)
T0ae
R:=
(~Jp a)
€ pr
BoimosHuM Teneps o6paTHoe npeobpasopanue Jlanaaca:

> Sol_u:=invlaplace(R.p.tau):
’ -a+r -a+r
70 a ( lim er{———) - erf( D
Ul - 0+ 24 Ul 2
Sol_u = - r_ ﬁ

Boluncaum npegern:

> assume(r>a) :Sol_u:=value(Sol_u):

. T0 a~ (1 - er{%’in

r~

BeinosHuM npoBepky nosydeHHoOro peutenust. ns yaoOcTBa BhIMMCIEHHI onpenennm
dyHkIUIO — pemeHye Hameil 3axauy:

> ui=(r.tau)->T0*a/r*(1-erf(1/2*(-a+r)/tau”(1/2)));

{4 )

r

u=(r1)-o

IIpoBepuM cripaBefTMBOCTD YPaBHEHUSI M TPAHKUHBIX YCAOBUIL:

> simplify(rhs(eq)-1hs(eq)):
> simplify(rhs(bc)-1hs(bc)):
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Takum 06pa3oM, ypaBHelve U TpaHHYHOe yciloBHe yaoBaeTBopsioTcs. [Iposepum Ha-
YasibHOE YCJIOBHE:

> Limit(u(r.tau).tau=0.right) value(%):

170 a~(l —er %D
lim ki

T 0+ r~

0
Wrak, pelieHye Hallei 3afaud onpeaesseTcs 1o Gopmyie

w(r,t) = ?I:l—d{;\_/;ﬂ,

rae O(x) — HUHTETpas BEPOATHOCTH.

Mpumep 5. /lBa moayGecKoOHEYHBIX TeJa H3 Pa3InyHBIX MaTepuanos (puc. 6.18), onxo
13 KOTODBIX Harpeto A0 TeMIeparypbi 1,, a Apyroe UMeeT TeMIIEPaTypy, PaBHYIO
HYJII0, IPUBOAATCS B KOHTAKT CBOMMH IIJIOCKUMH IPaHMIlaMHi HaunHlasg ¢ MOMEHTA Bpe-
MeHu ¢ = 0. HafiTh 3axoH BeIpaBHUBaHHUA TeMIlepaTyp.

u2l1_0=0,x<0\ u1|t_0=T0,x<0

» X

Puc. 6.18. K npumepy 5

PeleHue. 3afiaya CBOAUTCS K PELIEHUIO CJeAYIONIMX ypaBHEHUH

2

(914'1_[) —Ob— ‘pl,x>0,t>01
ox? o k,

2

o'u, 2@_2.:0, b, =02p2, x <0, t>0,
ox? ot k,

[PY HAYaTbHBIX
ul, =T, u2|r=0 =0
H TPaHUYHBIX yCJIOBUSIX

ou
_ 1
u1|1=o ‘—u2|x=0’ kl . 2 ox
x=0

6u2

a=0

Bocronb3yemes Ans pelieHus Haleil 3agaun cucremoit Maple. Onpenenum 3anauy:

> eql:=diff(ul(x.t).x$2)-b1*diff(ul( t)=0
> eq2:=diff(u2(x.t).x$2)-b2*diff(u2 ( ) t)=0
> qcli=ul(x.0)=TL03:1c2:=u2(x.0)=0;

I[
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> bel:=ul(0.t)=u2(0.t):
> bc2:=k1*D[11(ul)(0,t)=k2*D[11(u2)(0.t):

2
eql = (% ul(x, t)] - bl (g ul(x, t))

2= a—2u2 t)[-b2 2u2(xt
eq? =| —5u2(x, 1) 5 2% D)
icl =ul(x,0)=T,
ic2 :=u2(x,0)=0

bel =ul(0, t)=u2(0, ¢)
bc2 =kl D (ul }(0,t)=k2D(u2)0,1)

0

]

0

BoinoaxHuMm npeo6pasosaﬂue Jlannaca Hazx 3aJaHHBIMU YpaBHEHUAMU!

> with(inttrans.laplace.invlaplace);
[laplace, inviaplace )
> pl:=laplace(eql.t.p):p2:=laplace(eqZ.t.p);

82
pl = [p laplace(ul(x, t), t,p)] — bl (plaplace(ul(x, t), ¢, p)—ul(x,0))=0
x

62
p2 = [;3—5 laplace(u2(x, t), t,p)] - b2 (p laplace(u2(x, t),t,p) —u2(x,0))=0
x

TonyuuMm ypaBHeHHs 1 TpaHCHOPMAHT U HaiiieM UX oOllve pelleHus:

> odel:=subs(laplace(ul(x.t).t,p)=Ul(x).icl,pl):
> ode2:=subs(laplace(u2(x.t).t.p)=U2(x).ic2.p2):
2

d
odel = [E Ul(x)] -bl (pUlx)-T,)=0

2
odel = [—d~2 UZ(x)] -b2pUAx)=0
dx

> resl:=dsolve(odel . Ul(x)):res2:=dsolve(ode2 U2(x)):

x - ¥ T
rest = Ul(x)= e 7 _coe oMY cpi
res2 = U2Ax)= _ClI e(mw/;") + C2 e(—mﬁ,r)

YuyreM orpanuyeHHocTs GyHKLMH Ha GeckoHeuHoctu. Kpome Toro, ynobHo BBECTH
HOBble 0003HaYEeHUs U1 TPOU3BOJIbHBIX ITOCTOSIHHBIX MHTErPUPOBAHUS (pa3Hble /i
pasHbix (yHKiuiT). OXHOBpEMEHHO BBIYMCIUM MTPOU3BOAHbIE, TAK KaK OHHM IOHANO-
6sTCA JUIA ONpeNeTeHus OCTAaBIINXCA KOHCTAHT:

> assign(resl) :Ul(x);
> Ul:=subs( C2=0, Cl=A.%).dUl:=diff(Ul,x):

TP ReCRE I
B B P

C2+ Cl+



382 6. NpeobpaaosaHue Nannaca

BT o x T,
Ul =e¢' m‘["')A+—0
P

U1 = =61 fp ¢ 4

> assign(res2):U2(x):
> U2:=subs(_C2=0._C1=B.%):dU2:=aiff(U2.x):

_ClI e(mﬁ” + C2 e(—«/ﬁﬁx)
U2 =B e PP

dU2 =B b2 fp

ITonyuyuMm Tenepb ypaBHEeHHUS IJIsl OlipeliesieHHsT KOHCTAaHT A W B v penium ux:
> pcl:=laplace(bcl.t.p):pc2:=1aplace(bcZ.t.p):
pcl = laplace(ul(0, ¢), ¢, p) = laplace(u2(0, ¢), ¢, p)
pc2 := ki laplace(D,(ul)(0, ), t, p) = k2 laplace(D,(u2)(0, ¢), ¢, p)

el:=subs(laplace(ul(0.t).t.p)=subs(x=0.Ul),
laplace(u2(0,t).t,p)=subs(x=0.U2) .pcl);
e2:=subs(laplace(D[11(ul)(0.t).t.p)=subs(x=0.dUl).
Taplace(D[11(u2)(0.t) .t p)=subs(x=0.dU2) pc2):

v VvV Vv Vv

el =e’Ad+—=Be"
p

€2 :=—ki bl \Jp e®A=k2 B [b2 \[p ¢°
> res_e:=solve({el.e2}, {A.B}):assign(res_e):Ul:U2;
T, kI bl Y k2462 T, \
p(kl bl +k2.b2) p (kI bl +k2,[b2)
e T, T,
_ L0
p (ki bl +k2 /b2y P
(/b2 {p x)
Tkl [bl e’ "

p (k1B +k2.[b2)

Wrak, mpl Halwnu tpaHcdopMantsl Jlannaca:

res e :={B=

> Ul:=subs(Ul(x)=1aplace(ul(x.t).t.p).Ul);
> |J2:=subs(U2(x)=1aplace(u2(x.t).t.p).U2):

e T, T,
- L
p (kI b +k2.[b2) P

T, k1 b1 ¢/ 7"

U2 =
p (kI bl +k2.[b2)

Boinonnum teneps obparHoe npeobpasosanue Jlannaca u MoJyuuM pellieHHe HalueH
334t

Ul =
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> assume(x>0):501_ul:=invlaplace(Ul.p.t):x:="x":
> assume(x<0):So1_u2:=1nviaplace(U2.p.t):

k2 \/E T, erfc[ﬂ]
24t .

Sol_ul = -
o kbl +k2 b2 ¢
T ki \/bT erfc[— Vb2 x> xN]
241t
Sol_u2 =

kil bl +k2.[b2

Bbiro1HUM NpoBepKy HaiIeHHOro pentenus. [lia yno6eTea BHIMHCAEHHUIT O1Ipe e iuM
QYHKINN — pellleHus 3a1a4H:

ul:=proc(x.t) options operator. arrow;
-k2*b2*(1/2)*T[0]/(k1*b1*(1/2)+k2*b2*(1/2))*
erfc(1/2%x*b1*(1/2) /£*(1/2))+T(0]

end proc:

vV V. V Vv

2t
+
kI bl +k2 /b2 0
u2:= proc (x. t) options operator. arrow:
TLO1*k1*b1*(1/2)/(k1*b1~(1/2)+k2*b2*(1/2))*

erfc(-1/2*b2°(1/2)*x/t*(1/2))
end proc:

k2 \/E T, erfc(l ad mj
T,

ul =(x,t)y—> -

v V. V V

1 b2 x
TOkIJbTerf [—5 «ﬁ ]

kil bl +k2.[b2

u2 =(x,t) >

[TpoBepuM cripaBeIUBOCTb yDaBHEHUIA:

> simplify(rhs(eql)-1hs(eql)):

> simplify(rhs(eq2)-1hs(eq2)):
0
0

IIpoBepum crpaBeIMBOCTD IPAHMYHBIX YCIOBHIL:
> simplify(rhs(bcl)-Ths(bcl)):simplify(rhs(bc2)-lhs(bc2)):

0
0

HpOBepHM, HaKOHeIl, CIIPaBeAJIMBOCTb HAYaJIbHbBIX yc.flOBHﬁ:

> assume(x>0):assume(bl>0):
> Limit(ul(x.t).t=0 right)=
> value(Limt(ul(x. t).t=0,right)):x:="x";

k2 ./ b2~ T, erfc u—/;
2ﬁ T =T

lim - + T =

(- 0+ kl Jbl~ + k2 /b2~ o0
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> assume(x<0):assume(b2>0):
> Limit(u2(x.t).t=0,right)=
> value(Limit(u2(x.,t).t=0,right));

T, kI |fbi~ erfc[— ﬂj

24t

lim =0

) (=0 ki Jbl~ + k2 b2~

Bce B nopsinke. Mtak, pelienve Haineif 3agaqu onpefesisiercs: GopMynaMu

T,k b, 1—¢{x‘/EJ

2t

u, (x,t)=T, — , x20 120,
O T vk
Tyk, b, 1+q>{x2‘(7_5]
uy(x,t) = ,x <0,£>0,

b b kb

rae d(x) — HHTerpal BeposITHOCTH.

Mpumep 6. Ha rpannuy moJynpoctpancTsa x > 0 NogaeTcs TenoBoH NOTOK MI0THO-
cti q,. Hayanpnas temneparypa pasna ny/o. Haiitn temnepatypy B KaXaoil Touke
npu t > 0.

Pewenve. Tpebyetcs HAliTH pellieHle YPABHEHUS TEILIONPOBOIHOCTH
o*u  ou, 0 1= kt

— =0 t=—, x >0, >0,
ox ot . cp
[IpY HAYaJIbHbIX U TPAaHWYHbBIX YCJIOBUAX
ou
U oo =0, k— =4qy-
X xr=0

Bocrionbayemes A pelneHds Hatueii 3agauu cucremoit Maple. [Toaknounm nmaker ¢
KOMaH/aMH, BBINOJHAIONMME IIpeobpaszoBanue Jlaniaca:
> with(inttrans.laplace,invlaplace):
[laplace , inviaplace |
3anaeM 3amauvy:
> eq:=diff(u(x.tau). x,x)=diff(u(x, tau), tau):

> bc:=-k*D[1](u)(0.tau)=q0:

> 1c:=u(x,0)=0:
2

0
eq = 6_x2 u(x, 1) = ™ u(x, 1)

bc :==~kD(u)(0,7)=q0
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ic:=u(r,0)=0

Beinonnsem npeobpasopanne Jlamnaca; peimaeM nosyyeHHoe obbikHOBeHHOE nudde-
peHLHaNbHOE ypaBHEHUE U1 TpaHCGhOPMAHThI M, TaKMM o0pa3oM, HaXoauM obuiee
BbIpaXKeHHe /19 TPaHCHOPMAHTHI;

> laplace(eq.tau,p);
62
P laplace(u(x, t), T, p) = p laplace(u(x, ), 7, p) — u(x, 0)
X
> ode:=subs(laplace(u(x, tau).tau,p)=U(x).ic.%):
d2
ode = — U(x)=p U(x)
dx \

> res:=dsolve(ode U(x)):assign(res) :U(x);

(P x) (P x)
+ [

res: =U(x)= _Cle
c1e"y o2

2
(P x)
e

YuTeM Tellepb OTPaHUYEHHOCTDb Haileil GyHKIUU Ha OECKOHEYHOCTH U NpeobpazyeM
rpanuuHoe ycioBue 1o Jlanniacy:

> U:=subs(_C1=0.%):)aplace(bc,tau.p): )
U= _c2¢"?

0
~k laplace(D (4 )(0,1), T, p) = —qp—
[TonyuuM ypaBHeHMe IO TPAHUUHOMY YCJIOBHIO U OINpEAETUM MPOU3BOJIbHYIO TIOCTO-
SIHHYIO:

> subs(laplace(D[1](u)(0, tau),tau.p)=
> subs(x=0,diff(U.x)).%); -
> solve(%,{ C2}):assign(%):U:

0
k_C2.fpet=4
p
q0
(2=}
40 e(—ﬁx)
kp(zlz)

Taxum 06pa3oM, Mbl pelIniiu 3ana4y AJis TPAHCHOPMAHTDI:

> U:=%:
(/P x)
e

(32)

q0
kp

U=-

BboinosnHuM tenepb obpatHoe npeobpasosanue Jlariaca u Halinem peiueHue Haiei 3a-
Jaqu:

> invlaplace(U.p.tau);
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i)

2

q0|2 \/_{— e[—%) -x erfc(

k

BrINO/IHUM TPOBEPKY HAHAEHHOIO pellleH s

> u:=unapply(%. (x.tau)):
> simplify(rhs(eq)-Ths(eq)):
> simplify(rhs(bc)-Ths(bc)).

T ['”45;] 1 x
q0| 2,/ — e —xerfc(———
n 2./x
u=(x,1)—>
k
0
0

TakuM 06pa3oM, ypaBHeHNe ¥ TPaHHYHbIE yCIOBUA yAOBIETBOPSIOTCA. [TpoBepum Te-
nepb HayasbHOE yCJIOBUE!

> assume(x>0) :Limit(u(x. tau), tau=0.right):value(¥):

lim
T 0+ k

Wrak, pellenye Halleli 3agaui MuMeeT BUI

u(x,r)=%°— 2\/%6-2_‘ —x[1—®(—2—%ﬂ ,

rae ®(x) — uHTErpan BepOATHOCTH.
Mpumep 7. Peumthb 3axady Aast OOBIKHOBEHHOTO 1M PepeHIIHaIbHOIO ypaBHEHHA:

2
g—y-+5-dl+6y=0, t >0,
ot? dt
dy
=0, = =1
y':_o dtl,o

Pewenue. Bocronb3yeMmcs 1isi pellienusl Halllel 3aaun chcTeMolt Maple. 3neck Mbl
MOYXeM TIPUMEHUTb HECKOJIbKO CTIOCOBO0B pellreHust Hallel sagauu. [Ipexne Bcero, on-
penesnvuM 3azagy:

> del-= diff(y(t).t$2) + S*diff(y(t).t) + 6*y(t) = O:
> j¢i=y(0)=0:icl:=D(y)(0)=1:

d d
del = [;17 y(t)) +5 (EE y(t))+ 6y(t)=0

ic=y(0)=0
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icl =D(y)(0)=1

Camblit npoctoif cnocob — pelenye 3a5aqu ¢ HOMOIIBIO IPOrpaMMbl dsolve ¢ ykasa-
HUeM Win 6e3 ykasaHust Metona pelllennsi. Hanpumep, pelinm Hawy sazady ¢ Io-
MollibIo nTpeobpasoBanus Jlaniaca, HO BCIO paboTy MOPYYUM KOMIIbIOTEpY:

> dsolve({del. ic. icl}. y(t).method=1aplace);

> assign(%):del:
St

Y1) =2 e(—T) sinh[%)
0=0

3xech MBI OTHOBPEMEHHO U IIPOBEPWIN NIPABUIBHOCTD PE3yJIbTaTa.
Urtax, pellenyie Hallell 3agayu paercst popmynoil

—§l t
=9% 2shl &
y(t) =2e Sh(QJ.

MokHo peluath 3a1a4y KoMauao¥ dsolve 6e3 yKazaHUS MeTOIA PELIEeHUs:

> y:="y':dsolve({del, ic, icl}. y(t)):
> assign(®):del:

y=y
y(t)= —e(_m + e(_m
0=0

B aTOM ciiyyae MBI TOJIy4lIH pellleHue B IpYroi, SKBUBAJIEHTHOH Gopme
y(t)=—e + e

MokHo, HaKOHell, «Bpy4YHY10» IPUMEHUTH NpeobpasoBanue Jlanaca:

> y:="y':laplace(del.t.p):

y=y

p (p laplace(y(t), £, p) - y(0)) - D(»)(0) + 5 p laplace(y(¢), ¢, p) - 5 y(0) + 6 laplace( y(1), £, p) = 0

> subs(ic.1cl . laplace(y(t).t.p)=Y.%):

p*Y-1+5pY+6Y7=0
> solve(%.Y):
1

P +5p+6

> inviaplace(¥,p.t).
St

%) (e
2e sinh| —
2

Kax u cienoBasnio oxugath, Mbl MOJYUYUIIHM TOT XKe pe3yJIbTar.

Mpumep 8. Peruth 3agauy A/ cUCTEMbI OOBIKHOBEHHbBIX A depPeHIINATbHbIX YPaB-
HEHHII:

2
dx Sx«/_dyod 2y«/_——0
ot dt
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dx dy
o= — = 0' =0 = O’ —
=0 =1, dtl .o Yoo dt

Pewenvie. Bocionpsyemcs A7 pellienus Haileil 3agauu cuctemMoli Maple:

=0.

1 =
t=0

> restart:
> ODEL:={diff(x(t), t$2)-8*x(t)+sqrt(6)*diff(y(t).t)=0};
> ODE2:={-sqrt(6)*diff(x(t) . t)+diff(y(t).t$2)+2*y(t)=0};

d? d
ODE] :={(d—t-zx(t))—8x(t)+ﬁ(zy(t))=0}
ODE2 := {-/6 ix(z) + a () |+2y(¢)=0}
- dt dtzy y -
> sysODE:= ODE1 unjon ODE2;
> init:={x(0)=1.0(x)(0)=0.y(0)=0.D(y)(0)=0}:
sysODE = { /6 ix(z) + L (1) [+2y(t)=0 gix(z) —8x(t)+4/6 4 (t) |=0}
Y ) dt ar?Y AD=%122 a )=

init == {x(0) = 1,D(x)(0)= 0, y(0) =0, D(y)(0) =0}

> dsolve(sys0DE union init.{x(t).y(t)} .method=1aplace):
> assign(¥) :x:=unapply(x(t).t):y:=unapply(y(t).t);

{x(1) =—% cos(2t) +% cosh(21),y(1)=8+6 (—1—16 sin(2¢) + -1-1(-)» sinh(2 t))}

1 3
xX:=t- -3 cos(21t) + Ecosh(2 t)

1 1
yi=t— SJE(—E sin(2.¢) + 7 sinh(2 z))

IIpoBepuM nomy4yeHHbIH pe3ynbTaT:
> simplify(sysODE):simp1ify(ODE1):simplify(ODE2);
{0=0}
{0=0}
{0=0}
> simplify(value(init)):
{1=1,0=0}

Hrax, pellenne cucreMbl UMeeT B
x(t) = —%sin(Qt) + gch(Zt),

y(t) = -? cos (2t) + i2§—sh(2t).



7 WHTerpanbHble ypaBHEeHUSA
B MaremMatnyeckom dpumsuke

Humezpanonoimu ypasuenuamu OOBIYHO HA3BIBAIOT YpasHenus, cooepicaujue Heus-
secmuyto Qyuxyuio nod 3HAKOM ONpeceneHnozo unmezpanrd, Kak OJHOMEPHOrO, Tak
1 KpaTHOTo. Teopusi MHTEIPabHBIX YPABHEHHMI COCTABJIAET celiyac BHYIIMTENIbHbIf
pasjiesi MaTeMaTHYeCKOro aHaIM3a ¥ MMeeT HOJIbLIOE TEOPETHYECKOe U IIPHKJIAAHOEe
snayenue. O1aesbHble HHTErPaJIbHble YPABHEHMS BCTPEYATHCH YKE B TIEPBOIT 110/10BH-
He XIX B, cucremMaruieckasi UX Teopus Oblia 3an0xkena Ha pybexe XIX u XX Bb.
B paborax MareMatkoB B. Bosbreppoi (V. Volterra, 1860-1940), 3. . ®pexronbma
(E. I. Fredholm, 1866-1927), [I. TunsGepra (D. Hilbert, 1862-1943) u ap.

Murerpanpnble ypaBHeHUs SIBJSIOTCS OJMMM M3 HaunboJsiee TMJIOJOTBOPHBIX CPEACTB
MaTeMaTHYeCKOTO UCC/Ie0BAaHUA KaK B YUCTOM, TaK U B NPUKJIAJTHOM aHAIH3e. DTO
OTHOCHUTCS, B YaCTHOCTH, K 3a/la4aM TEODHM MeXaHWYecKuX KojiebaHHH M COOTBETCT-
BYIOLIMX 06/1aCTel TEXHUKH H TeopeTHYeCKON QU3HMKH, TIe HHTETpaibHble YPABHEHUS
He TOJbKO I10JIe3HbI, HO 3a4acTYIO JaKe COBEPUIEHHO HeOGXOHMMbI JUIA YHCIEeHHbBIX
pacyertos.

Henv nacmosiyeri znasv: — naTh CTYAEHTAM H HHKEHEPaM, UMEIONINM €10 ¢ NPUKIaL-
HOIf MaTeMaTUKOH, nepsoHauarvivie céedens 06 UHTErPANbHBIX YPABHEHMSAX, Aefast
ynop, rnaBHbIM 06pa3oM, Ha IPAKTHYECKOH cropone Bonpoca. [To aToi npuunne or
yyTaTens: TpeOyercst MUHHMYM MATEMATHYECKHX 3HaHWM (TBepAble 3HaHHMSA OCHOB
av¢pdepeHHanbHOr0 B HHTETPAIbHOTO HCHHC/IEHHS H 9/1eMEeHTOB Teopuu PyHKIMH
BIIOJIHE JOCTATOYHBI).

OcCHOBHbIE KNlacCbl MUHTErpasnbHbIX YpaBHEHUN

nterpanpHbie ypaBHEeHHs MOXKHO Pasfie/inTb Ha JBa OOJbIUIMX KJIacca: JuHeliibie
M neauneltvie nTerpaibibie ypaBHenust. IIpiumepoM nuHeitHOro ypaBHeHus MoxeT
CJLyXKUTh CJIeyIolilee YPaBHeHHe

et —1

! x
@(x)—fe"”q)(y)dy =x-% 4 ——, 0<x <t (7.1)
0 X X
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WJIN ypaBHeHUe

[sin(y)e(y)dy = f(x), 0 <x <o, (7.2)
0
IIpumep nenumneiinoro YPaBHEeHUs:
1
X
@(x)-f———y(pz(y) dy = f(x), 0<sx <1
o l+0°(y)

Takum o06pazom, nnTerpanbHOe ypaBHeHne Ha3bIBACTCSE JIMHEHHBIM, €CJIM B HETO HEeH3-
BeCTHasA PYHKLUSA BXOIHT JIMHEHHO.

Pentb unterpasbHoe ypaBHeHMe — 3HAYUT HAHTH TaKyio GyHKIHIO, KOTopast o6pa-
IMa€T Jatinoe ypaBHEHWE B BepHOe TOXAeCTBO. Hampumep, pemenuem ypashenus
(7.1) sBaserca byukums o(x) = x. JefcTBUTENDBHO, NMEeM

1 1 1
Wx)-[e”o(y)dy =x - [e?ydy =x~;1fyd(e"y)=
0 (1] 0

1 X x
y=t e et -1
—J'e“ydy =X ———+ ,
y=0 o x x?

=x—l ye®
x

4T0o U Tpe6013a110c1) J0Ka3arh.

Ypashenue (7.2) — cuHyc-npeobpazoBatue Dypbe pynkunu ¢(x). A Toraa mno ¢op-
MyJie obpauienns GyneM UMeThb

o) =2 [sinGa) foydr, 02y < (73)

Taxum obpasom, Gpopmyna (7.3) maer pelieHue ypasnenus (7.2).

VHTerpanbuble ypaBHeHHS TIOAPA3e/IAIOTCS HA Ypasuenus nepeozo poda v ypasrenus
6Mopozo poda. B ypaBHenus nepBoro poaga HeM3BecTHAs BYHKUMSA BXOIUT TONBKO MOA
3HAaKOM UHTerpana. B ypaBHeHust BToporo poma HeusBecTHas DYHKIUS BXOAUT Kak
TIO1t 3HAKOM MHTerpaJia, TaKk U BHE MHTErpasa.

YpaBHeln s 11ePBOTO 1 BTOPOTO POJA MOTYT GbITh C MOCTOSIHHBIMH npeaegaMy UHTEr-
PHPOBaHUA, 4 MOTYT UMeTb NepPeMeHHbIH BepXHUIL Ipeesi. Y paBHEeHMUS ¢ OCTOSHHBI-
MU TIPENeIaMi MHTErPUPOBAtNA HA3BIBAIOTCA ypashenuamu Dpedzonvma, a ypasHe-
HU3 € IEPEMEHHDIM BEPXHUM TIPeesIOM Ha3blBAIOTCA ypasuenusmu Borvmeppo ',

Takum obpasom, suneifoe unTerpanbHOe ypasrenue Dpexrosbma nepsoro poga
HMeeT BUJ

' B 6onbuiuHCcTBe KHUT 110 MHTErpaJIbHbIM YPaBHECHUSIM TaKKe yPaBHEHUS HA3bIBAIOTCS ypaBHe-
HUAMU BoJibTeppa (npu [IPOU3HOLIENNHU yAapeH e CTABUTCS Ha BykBe «e»), T ecTh (amuis
He cxuionserest. OAHAKO 10 NPABMJIAM PYCCKOFO S3bIKa MHOSZbIYHDIC haMUIUU MYXKCKOTO poja
Aomxiel cknousthest. Gamunus Buro Bonwreppa cxiousiercs, HanpuMep, B kHurax: Bobiuoi
SHLKone/reckuit cioBape. MatemaTuka. — Mocksa: Boabwas PoccHiickas sHUMKOMe-
aus, 1998; Beprann A. @., Cuszuxos B. C. Huterpansrivie ypaBHeHHs: METORBI, ATTOPUTMbI, 1po-
rpammer. Cripas. nocobue. — Kues: Hayk. aymka. 1986,
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b
[Kxy)o)dy = f(x), a<x<b.

Jluneiinoe uHTErpanbHOe ypasHernue Dpearossma BTOPOro poaa MMeeT BUL

(P(X)—JQK(x,y)w(y)dy =f(x), asx <b
Jluneitnoe uHTerpaabHoe ypapHenue BoJbTepphl NEpPBOro poaa UMeeT BUA
[KGe9)o@)dy = f(x), a<x.
Jluneiinoe unTerpaJbHOE ypaBHeHHe BojbTepphl BTOPOro poja UMeeT BUL

w(x)—jK(x,y)w(y)dy =f(x), asx.

Bo Bcex nepeuncieHHbIX ypaBHEHHAX ¢(X) — HEU3BECTHAA HCKOMAs (DYHKIHS; fx)—
3ajaHHast (QyHKUUsA, Ha3bIBaeMass C60000HbIM WIEHOM WHTETPAIbHOTO yPABHEHWS,
K(x,y) — sanannas GyHKuus, Ha3bIBaeMas A0POM UHTETPATLHOTO YPaBHEHHUSL,

YpapHeHus: BTOPOro pofia MHOT/A 3aIUChIBAIOT € TAPaMEeTPOM A TaK:

b
o(x)-AfK(xy)o(y)dy = f(x), a<x<b (7.4)
‘I/IJIH
¢(x)-A[K(xy)o(y)dy = f(x), a<x. (7.5)

‘Torna ypasHenus (7.4) unu (7.5) NpeACTaBAOT coboii He OXHO YpaBHEHHUE, a ceMeii-
'CTBO ypaBHEHWIA, 3aBUCAIIEe OT YHCIOBOrO Mapamerpa. [lapamerp A MoXxeT GbITh OT-
HECeH K SIPY YPaBHEHUS.

IIpenesibl MHTETPUPOBAHNSA @, b MOTYT GBITH Kak KOHEYHBIMH, TaK i HECKOHEUHBIMH.
B ypasnenusax ®pearojbMa 06bIHHO NPEANIONAraloT:

1) unrepsan (a,b) — KoHeuex;
2) anpo K(x,y)— HenpepbisHO pua <x < b,a <y < b;
3) dynxuus f(x) — HenpepbiBHa Ha [, b].

B arom ciyyae roBopsT, YTO ypaBHeHHe SIBIAETCH pezyisphbiM. Pelmienue numercs
B KJacce HempepsIBHBIX (yHKUMEH. Eciu kakoe-1mbo M3 nepevync/ieHHBIX yCAOBUit
HapyUIEeHo, TO yPaBHEHNE HA3BIBAETCA CUHZYLAPIUBIM.

YacTo HaKJIagbIBAIOTCS CAEAYIONIME YCIOBHUS

b b
K[ dxdy <+, (7.6)
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b
I|f(x)|2dx < 4o,

SAnpa, ynossiersopsoiiue yeaosuio (7.6), HassBawT ¢pedzorvmosvimu. B TakoM ciy-
yae pelleHHe HILeTCA B Kaacce MyHKLMH, KBaApaT KOTOPBIX HHTETPUDYeEM.

Ecmu f(x) =0, To HHTETpaJbHOE YPaBHEHUE HA3BIBAETCA 00HOPOOHbIM, B TIPOTHBHOM
CJly4ae OHO Ha3bIBAETCSA HEOOHOPOOHBIM.

Ypabrenus Bosbreppi Gosiee IPocTH, 4eM ypabHenus Dpenrosibma; ypaBrenus Bro-
poro pona 6oJiee TPOCTHI, HEXKEJIH YPABHEHUS [IEPBOTO POJA.

Ypapuenre BoJbTeppsl MOXHO NpH HEKOTOPBIX OrPaHHMYEHMAX PaCcCMAaTPHUBATh Kak
yacTHBIN cay4dail ypasHenust Openronsma. Anpo K(x,y) B ypasuenuu (7.5) Mo cMbic-
Jy 3ajauyy oIpexeyeHo Nnpu a <y <x. JloomnpeaeauM ero MNpH Yy > X, IPUHAB
K(x,y)=0, x <y <b. Torna ypasaerue (7.3) MOXHO pacCMaTpUBaTh KaK YaCTHBII
cnyuait ypapnenus @pearossma ¢ sapom K(x,y), onpeaeaeHHbIM CIeAYIONMM 06pa-
30M

K(x,y), y <x,

K(x,y)={0 Y >x.

[Ipu Takom onpenesennu siapa K(x,y) — nurerpansHoe ypasHenne @pexroyisma

b
o(x)-Af K(x,y)o(y)dy = [ (x)

TOXIECTBEHHO ypaBuenuo Bosasteppsr (7.9).

ITo mpocToe 3aMeyaHue MO3BOJAET NEPEHOCHTD Pe3yJbTaThl, NI0JlydeHHble /1A ypas-
Hennit Openrosnbma, Ha ypapueHus BosIbTeppsl Kak Ha YaCTHBIH ciyyail ppearosbmo-
BBIX YPaBHEHUI.

Oanako ypagHeHus: Bosbreppbl 06/1aa10T HEKOTOPBIMU CBOHCTBAMH, XapaKTePHBIMU
HMEHHO ISl HUX.

Henunefinble ypagHeHHs HACTOIBKO PA3HOOOPA3HBL, 4TO AaXe UX KIaccHUbUKALMA 3a-
TpyAHHUTe bHA. OTMETHM TOJIbKO HeJNHHeiHoe ypasnenue Ypvicona

b
o(x) = [ K(x,y,0(y))dy.
Oyuxuns K(x,y, @) 06bIMHO TPEANOJIaraeTcs HeNpepbiBHOM Npu a <x < b asy <b;

-M < ¢ <M, tae M >0 — goctaTouHo 60JibLIast TTIOCTOSHHAS.
Henunetinoe ypasnenue Borvmeppovi

o) = [ K(x,9,04)dy,

rae ¢pyuxuns K(x,y, ¢), HalpyuMep, HelpepblBHA 110 COBOKYTHOCTH apryMeHTOB X, Y, ¢
Bobnactna<x <ba<y<b-M<oM.
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Mbr 6ynem 3aHMMaThCS! HCKITIOYUTENBHO JHHEHHBIMU YpaBHEHUAMHU.

OT™meTHM ellle ypaBHEHHUS, B KOTOPBIX HHTETPUPOBAHME IIPOU3BOIUTCS IO HEKOTOPOH
noBepxHOCTH S. B TakoM ciyyae ypasHenne Dpearosbma nepsoro poaa MMeeT BUAI

[[K(M,Nyp(M)ds,, = f(N), NeS.
S

3nech unpexc M y muddepennnana ds,, o3Hayaer, uto 1M hepeHIHPOBAHIE BBITIOJ-
HSIETCA 10 KOOPAXHATAaM TOuKn M.

Ypasrenne DpearossMa BTOporo poaa uMeeT BUI
o(N)- [[K(M,N)o(M)ds,, = f(N), N e5.
N

Ilpnmep. Pacnipenenenyte 3apsiia mo MOBEPXHOCTM S TMPOBOAHMKA B COOTBETCTBHH
¢ 3axoHoM KyJiona onpezessierca ypapHeHHueM

O'(M)dS
fjecns

rae o(M) — oBEpXHOCTHAA IIJIOTHOCTD 3apsja, V — MoTeHuuan, €, — 3JeKTpuYecKas
TIOCTOSTHHASL,

=V, NeS,

47C80

Hakonen, OTMETHM ypaBHEHUSI, COAEPKALKE HHTErPAJIBI 10 KOHTYPY B IIOCKOCTH KOM-
TUIEKCHOW MEepPEeMEHHOM. 3/eCh XapaKTepHH CJEAYIOIMe UHTETPATbHbBIE YPaBHEHUS:

\ 5 ljj(yz)d = f(2), zeT, (1.7)
1 roly)
o ,[ ;_—zdy = f(2), zeT. (7.8)

Sppo K(y,z) = L Wnrerpansl B (7.7) u (7.8) NMOHUMAIOTCA B CMBIC/IE [JIABHOTO

3HAYEHNA.

Bo Bcex paccMoTpeHHBIX NpuMepax 06J1acTb H3MEHEHUS MEPEMEHHbIX X, i Gblsia ofiHa
U Ta xe. Berpeyatorcs Takke ypaBHEHUs BUAA

[K@ow)dy = f(x), asx <
“ (1.9)

[KGy)p() o) dy =g(x), ¢ <x <o

3neck K(x,y) — anpo; f(x), g(x) — 3ananusie byHxuun; p(y) =0 — 3ananHas GpyHK-
uus. YpagHenua tdna (7.9) Ha3bIBAIOTCSA NADHLIMU UHMEZDANLHBIMU YPAGHEHUSMU.
BO3HUKAIOT TakKe ypaBHEHUS IPH PELIEHHH KPAEBbIX 331a4 MaTEMATUYECKOH (PUBUKH
€O CMEIIAHHBIMU YCJIOBUSAMMU.
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HexoTopble Knaccbl ypaBHeHuUMn,
Aonyckaiwouwme ABHOe peweHue
npyv NOMOLUM CneLunanbHbIX NPUEeMOB

YpaBHeHus BonbTeppbl BTOPOro poaa ¢ aApoMm,
3aBMCALUMM OT Pa3HOCTU

YpaBHeHHst BUAA
o(x) =M K(x-y)o(y)dy = [(x), a<x,

a TaKKe aHaJIOTH4HbIE YPABHCHUS NIEPBOIO poja

TK(-’C -~y)e(y)dy = f(x), a<x

NPeACTABISIOT C000it BaXKHbBIH CHEIMaNbHbIA K1acC MHTErPaibibix ypaBHeHMH BoJib-
Teppbl, KOTOpPbie OOBIYHO HA3BIBAIOTCS ypagueiusmy Muna ceepmxiy, TaKk KaKk olepa-
L

(Ko} =[K(x-y)o(y)dy

TnpeAcTaBiser coboil ceepTKy aByX dyHKib K 1 .

3amerTuM, YTO, e Tepsist OOIHOCTH, MOXKHO CYHTATb HHKHUH Ipefe] HHTerPUpPOBaHUA
paBHBIM HyI0: @ = 0. JlelicTBUTENBII0, Cl€/1aB 3aMely TiepeMenHoii x —a =&,y —a =1,
MBI IPUAEM K YPaBHEHUIO

¢(a+8)-A[K(E-n)p(a+n)dn = (&), £20.
0
Hanee Mbi GyeM paccMaTpuBath ypaBHEHUs BUAA
o(x) - M K(x ~)o(y)dy = f(x), x 20. (7.10)
0

OCHOBHBIM CPeACTBOM H3yUeHHUs OAOOHBIX YPaBHEHHIT CiyKUT nipeofpasoparne Jla-
TIaca, MOCKOIbKY 9T npeoOpasoBatie NPU HEKOTOPBIX OrpaHH4eHHAX peobpasyer
CBepTKy B 00OblkHOBeHHOe Npon3BeneHre. TakuM 06pa3oM, pelieHue HHTerpajbHOro
ypaBHeHMsl CBOAUTCS K ofpaieHuio rnpeobpasosanvis Jlanjaca.

[Iprmensiem npeobpasoBanne Jlaunaca k ypasiienuio (7.10). B pesyanrare nmoayunm

6—?»[?6=f$6(1—7»k_)=]7:>6=1—_f}:?. (7.11)

3nech, kak 00bIYHO, BBeAeHbI 0603HaYeHNs peobpasoBanuil Jlannaca byHKIiT
P = I o(x)e " dy, K = J.K(t)e"”dt, f= J‘f(x)e”"‘ dx.
0 0 0

Takim o6pasom, obpariast ypasHenue (7.11), naxoaum
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(P(X) - LI f(:z_)) Pl
2ri 1-AK(p)
rie npsamas L pacnojoxena npasee ocoObIX TOYEK NOABIHTErpaibHO (hyHKIMM.

PaccMoTpuM npeobpasosanue NoJiyueHHOro pelleHus. 3anuimeM gopmyay (7.11)
B BUJE

dp,

__f (1-2K)+2K = AR -
Chtwry S Arwry Ay ok
O603HauHM
R =K _
- 1-AK
Toraa
$=/+AR .

ByneMm paccMatpuBath R, xak npeo6pasoBanue Jlaruiaca HekoTopoil hyHKIH
R, = T R, (t)e "dt.
0
Torga MOXHO 3anucaTh
o) = () 1] R =) ) (7.12)

Taxum 06pa3oM, ecid Mbl 3HaeM pyHKIHIO R, (¢), To Popmyaa (7.12) naet peuieniie
Hallei 3axaqu.

Nmeem
K(p)
R()__ TR

Oynkuus R, (x — y) Ha3BIBaeTCA pe3onveenmotl unmezpaiviiozo ypasienus (7.10).

dp,

NPUMEYAHWNE
Oynxunsa K(p) — perynspha s obnacti Re(p) 2 ¢, K(p) — Oupu [p|—_—> o PaBHOMEPHO OTHOCH-

TenbHO arg(p) B obnacth |arg(p)| < g - 8. Cneposatenbiio, R, = — peryaspuas Gyhk-

1-AK
ums, ecan 1 = AK =0, a aTo Tak upy foctaTouHo Goaburux Re(p).
Jlanee R,(p) — 0 npu | p| — o pasnomepto oTHocHTenbHo arg(p) B obsactn Jarg(p)] < g - 8.

Takum obpasoM, 7{; MOXKHO paccMaTpHBaTh Kak npeobpasosanue Jlannaca or Hexoropoit dyrik-
LHH.

PaccMOTpuM NpUMepHI pellleHuil ypaBHEHHH 4aCTHOIO BMAA.

Ilpumep 1. PaccMoTprM ypaBHEHMe

0 ()= sinx ~y)@(y)dy = [(0), ¥ 20
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3nech ;mpo ypasnenus K(t) =sin(¢). Haxonum npeobpasopanue Jlarniaca aToro siapa
K =1/(p? +1). CocraBnsieM Bbpaxenue a1 QyHKIMH R, . (p) v HAXoaUM OpHUTHHAN
R, (2):

= K 1 sin(tv/1-2)
R, = = =— = R (t) = —=="2
1-AK  p2+1-2 Ji-a

CrnenoBatresbHo, pelileHie HAILlero YpaBHEHUS UMEET BUI

o) = f<x>+xjs‘“[(" Ji”_)“ Mty

ITo pelileHKe CIIPABEMINBO TpH Ji060M A. OHO npencrasisier coboil 1eiyio (GyHKIHIO
oT A. Eciin A =1, ToO HYyXXHO pacKpbITb HEOIPeAeJEHHOCTb ¢ MOMOIIBIO Pa3JIoXeHust
B DAL

Ilpumep 2. PaccMoTprM ypaBHEHNe

9~ Jo(F ) o@)dy = J (), x 20.

3necs sapo ypasuenus K(t) = J(¢). Umeem K = f = 1/w/p2 +1.

[TpumensieM npeoGpaszosanue Jlannaca K HalleMy ypaBHeHHI0. ByneM uMeThb
f 1
1-2K  [pT+1-2

.q—):

PaccMoTpuM dacTHBIM cayyait, koraa A = 1. BbygeM umers

pt+1-1 p p p
2
=%+ pe+1 2_12_+ ‘1 N 1 _
p° pi*ypi+1 P pl+l piyp? +1
—f1+f2+]71f2>
IZie BBeAEHbI 0003HauUEHHs
= 1 = 1
f1=—5‘r 2 = 5
p p-+1

OTclofa HaXOAUM

Ji@)y=x, f,(x)=]J4(x).

Tenepb MOXXHO 3aIKCaTh pelieHUE Halllero ypaBHeHUs

() =x + o () + [ (x~9) ] o) dy.
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YpasHeHus BonbTeppsl nepBoro poaa ¢ a4pom,
3aBUCHALLIMM OT pa3HocTu. YpaBHeHna Abens

Peus naer o pelieHMH ypaBHEHUN BH/IA

1K<x—y)cp<y>dy - f(x), x 20 (7.13)
MOoOXHO U B 3TOM CJIy4Yae BOCNOJIb30BaThes npeobpasosanneM Jlanaca. Bynem umersb
k‘a:f:a:-}% (7.14)

Orkyna HaxoAUM
(p(x)=2—175 ! -If?((ip))e"x dp, (7.15)

rze npsamas L pacroJioxeHa Ipasee 0coObIX TOYEK IMOABIHTErPaTbHON (PYHKIUH.

MoeT, OIHAKO, OKAa3aThesA TaK, YTO ¢ He GyIeT CTPEMUTHCA K HYJII0 TIPK ]p] — «, To-
rza dopmysa (7.15) Tepsier cMmbici. OTCIoa BBITEKAET AOMOJHUTENBHOE YCIOBHE
PAa3pEIIMMOCTH C TOMOIIBI0 Tpeobpasosanus Jlamnaca paccMaTpuMBaeMOIo ypaBHEHHS
(7.13)

ol =%LW0. (7.16)

Brimosnenue yesiosus (7.16) sapucut ot Buaa ¢yuxunit f u K. Takum obpasoM, Me-
Tox npeo6pasosanus Jlansaca He BCErAa MPUMEHMM K PElIeHMIO NOJOGHBIX ypaBHe-
HUM.

YpaBHeHne Abens

Tak Ha3bIBaeTCs ypaBHEHKE BUAA

T[(—f%dy=f(x), x20 0<a<l (717)

3necnp AIpPO 3aBUCMT OT pasHOCTH M mumeeT Bua K(¢)=t"*. OTkyma HaxoauMm
K =T(1-a)/p'™. CirenosateibHo, coriacHo dopmyJie (7.14), bynem umets

p'f
rd-a)

'q‘):

Tax kak 1 — a >0, To ycaosue (7.16) npunumaet sua p'™® f|, — 0 1pu |p| - «. Bynem
CYMTATh, 4TO 3TO ycJIoBHeE BhinosHeHo. Toraa

1 1 7 f-a  px
r(1_a)%{f(”)” e dp. (7.18)

e (x)=

IMepenumem dopmyy (7.18) B Bune
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1
r(i- )dx2n

Terepb MOXHO BOCIOJIb30BaThCA (hopMyJiolt aisi ceepTku. IIpumem g = 1/p®. Toraa
g(x)=x"""/T'(a). Takum obpasom, us (7. 19) HaXOUM

o(x) = L[ F(pyp e dp. (7.19)

_ 1 adl _ ~i+a
¢(x) -————r(a)r(i_a)dng(w(x y)y'dy.
YunreiBas dopMmyy
n
Hard-a)= sin(ra)’
TOJIyMUM OKOHYATEIBHO
_sin(mo) d ¢t f(y)
o) =— dx{(x_y)m dy. (7.20)

B yacTHOM ciydae npy o = 1/2 GyneM nMeTh ypasHeHue

| J‘;(ijly dy = [(x) (121)
H, COOTBETCTBEHIO,
j f ) d (7.22)

®opmyiet (7.17) 1 (7.20) (a takxe (7.21) u (7.22)) MOXHO pacCMaTpUBaTh KaK HEKO-
TOPO€ WHTErpajibHOe NpeoOpPasoBaHUE U ero 06 paleHue.

PaccMotpum ewte ypaBHeHMe BUga

’j (p(y) _dy = [(x), x 20

ITO ypaBHEHUE MOXET ObITh CBEEHO K ypaBHeHHI0 AbGesist. JefiCTBUTEIBHO, CAeiaeM
3aMeHy nepeMenHbIX x° = £, y* =n. ByneM uMeth

j:"/(_‘/_—_)zji S(B= j"’(ﬁ’% = (o)

O603Hauum

@(yn)
M) ==, (8 = f(E).
Ay Ve

Toraa 6yaeM MMeTb ypaBHeHHE

N’

&
[RALPIERG)

il
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cosragaioiee ¢ ypasHenueM (7.21). Ero peureHue uMeer BUI

00D _1dEGR)

2 rdifen |

Bosppamasck K crapbiM II€PEMEHHBIM, NOJTy4YUM

o)=2 L1 1) _g,

YpasHeHuus ®Opegronbma c 4POM, 3aBUCALUUM
OT pa3sHOCTM U Npegenamm oT —x A0 +o©

PaccMOTpUM ypaBHEHUE CIIEAYIONETO BUAR:
0(¥) 1] K(x=9)o()dy = f(x), ~e0 < <+ (7.23)
STO YPaBHEHHE TaKX€e OTHOCUTCA K ypaBHeHMHM THIA CBEPTKH, 3€Chb onepaunus
(Ko} = | K(x-1)0y)dy

npencrasiaser coboil ceepTKy ABYX dbyHKuui K 1 @.

Hoatomy a5 peutenus ypasHenus (7.23) yno6HO BOCIIO/Ib30BaTbCS npeobpasoBaHreM
Oypbe. YMHOKUM ypasHeHue (7.23) Ha €™ U NPOMHTETPUPYEM O HHTEPBAITY (—00,+00).
[Monyunm

o-AKo=/. (7.24)
3nech BeeAeHb 0O0O3HAYEHUA

K(s)= TK(t)e“‘dt,
Fo) = | ferye dx,

9(5)= [ o(x)e™ dx.

00

W3 ypaBHenus (7.24) naxoanm

¢=——
1-2K

Orcrona 1o dopMyJie o6paieHns TOLyInM

(p(x)=—1— —————f~e"‘*'ds.
2 o1 ~AK
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Tak e Kak U B cjlydae ypaBHeHHsS BosbTeppsl, 3eCh TOXe MHOTAA YAOOHO M0Jb30-
BaTbCA pe3osibBeHTOH. MOXHO 3anucath

/
1-2

K
1-2

=]+Xf

(B: =;+}‘-]RA,

it
>

rae
R, =X
1-AK

Bynem paccmarpuBath R, kak npeotpasosanue Dypoe HexkoTopoit dyHKimu

Ri(s) = [R.(t)e™dt,

R (t) :2—1 Ikk(s)e‘i‘“ds.

Torma MOXHO 3arnucarh
0(x) = f(x)+ A [ Ry (x =) [(y)dy. (7.25)

Taxum obpaszoM, ec/ii Mol 3Haem dyukuuio R, (¢), To dopmyna (7.25) naer peicnie

Haureit 3anaun. Oyukius R, (x - y) Ha3bIBAeTCA Pe30JIbBEHTOH UHTEIPaJbHOTO yPaB-
nerus (7.23).

OueBuaHO, AJiS pa3peiinMocTy ypaBHeHus (7.23) Heo6X0AMMO BBITOJIHEHHE YCIIOBUS
1-AK(s)#0, —o0 <5 <+, (7.26)

Taxoe ycjioBue He TpeGOBAJIOCH NPH PACCMOTPEHHH YpaBHeHuii BoisTeppst 8TOporo
poaa (IyTh HHTErPHPOBAHHUS B UHTerpaie Pumana—MesuimHa npoxoams npasee Beex
ocobblx To4ek noabiHTerpanbiol dyikiuy, raoe 1 —AK(p) = 0).

Takum obpa3om, us Gopmysi (7.26) BuaHo, 4ro ypaBHeHHe Mpearoasma (7.23) pas-
PeriiHMO He 1PH BCEX 3HAYEHUSIX Mapamerpa A.

IIpumep. Paccmorpum ypaBHeHHe

(p(x)—xTe""“”‘ o(y)dy = [(1), —o <x < +. (7.27)

-1

3nechb sapo wMeet Bua K(t) = e Mmeem

K(s)= TK(t)e’“df = Te_M [cos(st) + isin(st)]dt =

= 2]206“M cos (st)dt = Lz (el=1 t>0)
0 1+s
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OTciofa HaXOAUM
1% 2™
R(t)=—| —————ds
(0 2n_J;s2+(1—2k)

YcnoBue pazpemmmocty: s2 + (1-20) # 0= A < %

(7.28)

U3 dopmys (7.28) HaXOI[l/IM
T cos(st) qqvitzn 1
R()==|——"*—ds=e —_—
nyst+(1-21) Ni=-2)
Taxum 06pa3oM, pe3oJibBeHT2 MHTErPaJbHOTO ypasHeHus (7.27) umeer Bul

i
R(x-y)=el >
Wx Ny

Pewmenne ypasHenus (7.27) naetcs (bopmynoﬁ

0(x) = f(x) + ——— J.— Tet 7 gy dy.
1
npHYeM A < 7

NPUMEHAHUE

OTtnocurenbho ypaBaenuit OpearobMa ¢ AApoM, 3aBUCANIMM OT PasHoCTH, HO C APYTHMH Tipe-
AeJlaM{ MHTErpUpOBaHUS MOXKHO BbICKa3aThb cjelyloilee. PaccMOTpuM ypaBHeHHUs BUla

0¥~ [K(x ~p) o) dy = f(x), 05 < +oo (7.29)
0
niaun
b
o)~ MK(x-y)o)dy = f(x), a<x <b, (7.30)

rae a, b - miobbie.

VYpasuenue (7.29) oTHOCHTCS K KJacCy ypaBHEHMI, KOTOpble JOIYCKAlOT pellenie B sBHOM
Bujie. Takoe pellenue ToJyvaercst ¢ ITOMOUIbIo npeobpasoBanusi Dypbe U METO/OB TEOPHH
dyHKIMI KOMITIeKCHOIH nepemenHoN. MeToz peluenunsi Ha3biBaeTcss MeTofioM Bunepa—Xonda.
Ypasuenue (7.30), Boobiie roBopst, He pelaercs B ABHOM BUIE.

CreneHb CAOKHOCTH pelieHnst MHTerPalblioTo YPaBHeHHs 3aBUCHT OT CTPYKTYPBI SI/1pa, a TaKKe
OT Npe/ieioB UHTerPUPOBaHUS.

YpasHeHus Ppepronbma c sppamu,
3aBMCALWMUMU OT CYMMbl U NPOU3BEAEHUR

PaccmaTpuBaioTcsl ypaBHEHHS CJIeAYIOLLErO BUAA:

+a0
. [ cos(bx T
! 3pech Mbl BOCITONBL3OBANHCH (GOPMY.JIOH I 5 ( Q)dx =—e a>0b>0.
xr+a a
0
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(p(x)—kJ'K(x +y)o(y)dy = f(x), —®o <x < +x, (7.31)

9() =2 [ K@)o)dy = f(x), 0<x < 4o (732)
0

[Tokasxem, yto ypasHenue suza (7.31) pemmaercs: ¢ omowbio npeobpasopanns Dypre.
[Tpumennm npeobpasosanie Dypse k ypasHenuo (7.31). onyunm

¢(s)-A[e™dx [K(x +y)o(y)dy = F(s).
MoxHo 3anucars
Jede [K(x+y)ow)dy = [o(y)dy [ K(x +y)e™ dx.

Cnenaem 3ameHy nepemeHHoilt 1o dopmyJiex +y = ¢t. Iloayunm

Tw(y)dyTK(x +y)edx = Tw(y)dyTK(t)e‘““y)dt =

= [o(y)e™ dy [K(t)e™dt = §(~s)K(s).

Taxum obpasom, 6ynem MmeTs ypasHeHYe A TpaHchopmanThl Dypre

$($)~1G(=5)R(s) = f(s). (7.33)
CootHomwenne (7.33) BepHO MpH Beex § € (—o,+0). 3aMeHUB § Ha (—S), MOJYYUM
G (=) =1 ()R(=s) = f(-). (7.34)

YmuoxuM Tenepb (7.34) Ha AK(s) 1 cloxum pesyJsTart ¢ (7.33). Honyuum

¢ ()= N $()K(s)K(=s) = f(5)+ L f(=5) K(s).

OTKyla Haxonum

J$)+ 1 J () K(s)
1-22 K(s)K(-s)

o(s)= (7.35)

CrenopaTensHo, pellleHre ypaBHeHUs (7.31) MoxHO HallTH 110 dopmy.ie

If(s)+kf(—s)l<(s) ~isr g
1-2% K(s)K(-s)

3[l€Cb, KOHEYHO, Tak>Ke JOJ/KHO BRINIOJIHATBHCSA YCIOBUE Da3pelnIMMOCTH

1-a I?(s)[?(—s) 20, —0 <5 < +o0,
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Yro xacaercs ypasHeHuUs (7.32), To OTMETHM TOJIBKO, YTO € TIOMOIIBIO COOTBETCTHYIO-
el 3aMeHbI TepeMEHHbBIX OHO MOXeT OBITh CBelleHO K ypaBHenuio Buaa (7.31). Kpome

TOro, ypaBHeHHe BUaa (7.32) MoXHO pemaTh ¢ IOMOIIbI0 TpeoOpasoBanus Mejiu-
Ha [23]

c+io

BO) = [ 9(0dn o) =55 [xHo)ds
o - i

¢ =i

3pech npearoJiaraeTcs, YTo0 UHTErpal

J'x"" | ()| dx
1]

OrpaHMYeH JJIst HeKoToporo & >0 u ¢ > k.

UHTerpanbHblie ypaBHeHna Ppearonbma
C BbIPOXA,EHHbIM SAPOM

CylecTByet K1acc UHTErpaJIbHBIX YPaBHEHUIA, KOTOPBIE JIETKO CBOIATCSA K JIMHENHBIM
anrebpaudecKUM ypaBHeHUSIM. TaKMMM MHTErpajibHBIMM YPaBHEHUAMH SABJIAIOTCA
YPaBHEHMS C TaK HA3HIBAEMBIMU GbIPONCOEHHBIMU AOPAMU.

PaccMoTpuM ypaBHeHHe o6u1ero Buaa

b
w(x)—KIK(x,y)w(y)dy =f(x), asx<b. (7.36)
a \
MBI ckaxeM, YTO SIAPO STOTO YPaBHEHUS BHIPOXKIEHO, €CJIM €r0 MOXHO MpPeJCTaBUTh
B BUJIE

K(oy) =3 (0B () (737)

3necs a; v B; — HenpepbiBHBlE (GYHKUNM; N — KOHEYHO.
IIpuBeneM rpuMepsl BBIPOXKAEHHBIX fAfiep. BHIpoXKAEHHBIMU sapaMu OyayT GyHKIUM
Kxy)=(x+y)*,
K(x,y)=cos(x +y),
K(x,y) =sin®(x +y),
K(x,y)=P(x,y)

rie P(x,y) — nponaBosbHbli noanHoM. Haobopor, sinpa

K(x,y)=e"
u
K@y)=—
1+(x+y)?

He ABJIAIOTCA BBIPOXICHHBIMU.
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YpaBHeHHUS C BRIPOXKAEHHBIM SIAPOM IOIMyCKaloT ABHOe peweHue. Bonee Toro, peire-
HUe YpaBHeHHs: O6ILEro BUAa MOXKHO alllIPOKCUMUPOBATH PellleHHeM YPaBHEHUA C Bbl-
POKIEHHBIM AAPOM.

Paccmotpum ypasHenue (7.36) ¢ BoipoxaeHHBIM sxpoM (7.37). Byaem cuutars, 4o
&yHKiMA f(x) HETPEepBIBHA, H MPEAIION0XKHM, YTO CYLIECTBYET pelleHNe ypaBHEeHU
(7.36) B xiacce HerpepsiBHBIX GyHKumit. Iloxcrasum dopmyny (7.37) B ypapHenue
(7.36). ITonyunm

b
o(x)- lf[i a,-(x)B,»(y)}P(y)dy =f(x)=

2Li=t

w(x)—kga,»(x)i&(y)w(y)dy - /)
O603HaYMM KOHCTAHTHI
G = fB;(y)cp(y)dy-
Torxa a

«p(x)—xlea.(x)ci - f(x). (7.38)

OTMeTM, uTo B dopmyJie (7.38) dynxims f(x) 3agaHa, o, (x) — u3BecTHble PyHK-
wn. TakuM 06pasoM, 3aj1adya CBOAMTCA K OINpeneIeHHMIO YMCJIOBBIX Koa(dHULMeHTOB
C,. Ecnu xoHcTanThl C; HalineHbl, TO pelIeHKe Hallled 3aa4H ONpenesAeTcs 1o dop-
MyJie

N

@(x) = f(x)+ 1Y Cia;(x).
i=l

" SIcHo, uTo yHKIMA @(X) HenpepbIBHa Ha oTpeske [, b].

Yrobel HaiiTH Koabduunentsl C;, yMHOXUM ypaBHenue (7.38) Ha bynxunn B, (x)
¥ TpouHTerpupyem ot a xo b. Ilomyunm

b b b
[o@x)Bu(x)dx —xi C, [ o (x)By(x)dx = [ f(x)B(x)dx. (7.39)

a a

O6o3Ha4uM YUCIOBbIE KOHCTAHThHI
C, - fo@urds, aufa, B fi=[f@B @ (40)
Torna u3 ypasHenus (7.39) moayunm
ck-xiaikci = fy k=1,2,..,N. (7.41)

CoBoKynHOCTb ypaBHeHuii (7.41) — cuctema N JIMHEHHBIX ypaBHEHUH OTHOCHTENIBHO
N neusectHbIx C,;. Obpa3dyeM onpezenurelb cucTembr (7.41)
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1-%a,, oy -0 Aoy,

—-AQ 1-Aa X
a}\)z 12 22 N2

-,y A,y o T=RAoy

SlcHo, uto onpenenurens () — nosuHoM creneHu n £ N oTHocuTe bHO A. PaccMmort-
pUM ypaBHeHHe

D(A) =0. (7.42)

10 ypaBHeHMe OyzneT uMeTh 7 KopHel. O6o3HaunM KOpHU ypaBHeHust (7.42) uepes A,
s=1,2,...,n

1. ITyctb napamerp X B ypaBHeHuM (7.36) He coBmNajaeT HU C ONHUM U3 KOPHEW ypas-
HeHusa (7.42), To ectb A= A, s =1,2,..., n. 310 03Hauaer, uro D(X) = 0; cucrema
(7.41) paspeinviMa ¥ UMeeT eAMHCTBEHHOE peliieHNe. JTOo pellieHHe MOXKeT ObITh 3amu-
cano B Buze (dbopmynsl Kpamepa)

_bi)

.= ,i=1,2,...,N,
D)

rze onpexenutesnn D, (L) nonyyatorest U3 onpenenutens (L) 3aameHoidr i-ro crosnbua
cTonbuoM cBOGOAHBIX uNeHOB (fy, fo,..., fy )

I-Roy,  —hay  ofi ey,

Ao 1-2o, - f, -+ Ao
D= " ST

Aoy Aapy efy e T-Ragy

3ameTHM, 4TO onpeaenuresu D, (A) — MOJMHOMBI OTHOCHTEJIBHO A.
Takum 06pa3oM, B 3TOM cJlydae pelieHue Hau{eﬁ 3314y MOXKeT OBITH 3aITNCaHO B BUJIE

o(x)=f(x)+ kﬁ%a,-(x). (7.43)

Wrak, ecniu L= A,,s =1 2,..., n, rne A, — xopuM ypaBHenUs (7.42), To UHTerpabHOE
ypasHenine (7.36) ¢ BbIpoXneHHBIM AnpoM (7.37) UMeeT peleHue, ¥ [IPUTOM €AUHCT-
BEHHOE, KoTopoe 3aaaetcs dhopmynoit (7.43).

[Ipeo6pasyem nomydentoe pemenue (7.43). [lns sToro pasnosxkum onpenesnrens D, (A)
10 371eMeHTaM i-To cTonbua

D,(A) = ki(—i)"*’?D,-k(x)fk, (7.44)

rae Dy, (A) — MUHOPEI COOTBETCTBYIOLLErO 3JieMeHTa onpeaenurens D, (). Ioncrasum
(7.44) B (7.43), nonyyum

o) = f(X)+ éé(—i)” —'j%’fka,(x) (7.45)
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Ternepn B bopmyJty (7.45) BMECTO KOHCTaHT [, noactaBuM uHTerpalt (7.40) u nomens-
€M 3H4KHM CYMM U uHTerpajia (cyMMbl KoHeuHble). Ilomyunm

b
o) = fG)+ 4] F)dy 3 3 D2 e, (),

Ri(xy)

Ob60o3Ha4MM

_E & ik Da(M)
R;\(.ﬂy)—;;( H oy {(X)B(y)

TOI‘lIa peueHue Haumel 3agadyy MOXXKHO 3allucarhb B BUE
b
@(x) = )+ A [ R(xy)f (W)dy, =\,

OueBuIHO, TIOJTy4EeHHOE PellleH1ie — HerpepuiBHast byHKuua Bla, b).
BripaxkeHue niisi pe3osbBeHTH R, (X, ) MOXKHO 3ANMCATh TaK:

Ru09)= 2 2005 1) DaIB 1) =

1-Rhoy, Aoy e Bi@) Ay,
Ay, 1=Rhag, o By(y) e Ay,

1 N
:-D—M;ai(x) (7.46)

“hayy Aoy o By () 1- oy

®opuyna (7.46) cosnanaet 1o crpykrype ¢ dhopmynoit (7.37).

2, Tlycts napamerp A B ypaBHeHuM (7.36) coBnajaer ¢ OfHNM U3 KOPHeil ypaBHEHHA
(7.42), 0 ectb A = . 1O 03HauaeT, uto D(A) =0; cucrema (7.41) ne paspeuma npu
[POU3BOJILHBIX NPaBeIX YacTsx. [loaToMy MHTerpajisHoe ypaBHeHMe (7.36) He paspe-
UTKMO TIpY TPoN3BOJbHON (yHnkuuu f(x). Ecnt xe D,(A,) =0, D(X, ) =0, To cuctema
(7.41) umeer GecunciieHHOe MHOXecTBO peleHnit. MHrerpaisioe ypasHenne (7.36)
TakKe Oyner MMeTh HECKOHEYHOE MHOXECTBO pPemieHMi.

OKOHYATENILHO pe3yAbTAaT MOXKHO c(OPMYJIMPOBATh B BHAE CJlefyIolleil TeopeMbl.

TEOPEMA. Humezparvnoe ypasnenue (1.36) ¢ eviponcoennvim adpom (7.37) umeem
eduicmeennoe peulerue, eciu napamemp A Omauden om KOpHel XapakmepucmuiecKozo
ypasuenus (1) =0; ne umeem pewenud unu umeem 6ECUUCTENNOE MIHONCECTMBO Pelle-
nuii, ecau napamemp A cosnadaem ¢ Kaxum-1ubyos us xopuet ypasuenus D(A) =0.

Cryuait 6eCKOHEYHOTO MHOXECTB2 PEllEHNt peayIM3yeTcsl, KOTAa YMCINTeNb U 3Ha-
menaresb B ¢opmynax Kpamepa obpaiaiorcst B Hyjb, B 4acTHocTH, koraa f, =0
k=1,2,..., N, 10 ecth cuctema (7.41) — onnopoanas. PaserctBo f, =0 o3Hauaer, uTo
Jinbo f(x) =0, mibo f(x)# 0, Ho f(x)oproronansHa Ko BceM pyHKIMAM B, (x) Ha oT-
peske [a, b].
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Mpumepsl
fMpumep 1. PaccMoTpuM ypaBHeHHE

1
o) =M xyo)dy = f(x), 0<x <1 (7.47)
0
3nech a1po K(x,y) = xy — BEHIPOKIEHHOE.
Nmeem
1
o)Ay oY)y = f(x)=> o(x) = f(x) + AC,x, (7.48)
: C
1
C, = [yo(y)dy.
0
YmHoxum (7.48) Ha x n npouHrerpupyem ot 0 ao 1. [oayunm
1 1 1
J'xgo(x)dx = Ixf(x)dx +AC, Ixzdx =
0
(7.49)

0(1—_) jxf(x)dx 1,
l.

XapakTepucTHY€eCcKoe ypaBHeHHe B HallleM ciydae umeet Bua D(A) =1-=

1. IIycts & # 3. Toraa D(A) # 0 u, cienoBatensHo,

fi
C, =~
T
3
Orcroza HaxonuM
o) =f@)+ L 123
1=-%
3
Win
@(x) = f(x)+ —jyf(y)dy =
1__
3
e(x) = f(x)+ xj ALE
01__
3
3 _ X
lieCh pe3osbBeHTa R, (x,y) = — A= 3.

1=-4
3



408 7. VHTerpanbHbie ypasHEeHNs B MaTemaTnyeckoin duavke

2. Ilyctp teneps A = 3. Torxa, ecnn f, # 0, To ypaBHeHUe (7.49) He MMeeT pelleHHH.
Ecnu xe

fi =[x (x)ydx =0,

10 ypasHeHue (7.49) — BepHoe ToXzecTBo, C; — NMPOU3BOJILHO; PEIeHNe HHTErPalb-
HOTO ypaBHeHUd (7.47) 6yneT UMeTh BUT

0(x) = f(x)+ MC,x.
Mpumep 2. PaccMOTpMM ypaBHEHUE

1
o) - (x+y)ow)dy = f(x), 0<x <1 (7.50)
0

3nech sinpo K(x,y) = x + Y — BBIPOXAEHHOE.
Nmeem

o(x)-rxfo)dy -A[yo()dy = f(x)=
0 0
c, Ca

(x) AC,x =AC, = f(x), (7.51)
C, Iw(y)dy, C, = Iytp(y)dy

ITpouHTerpupyem ypaBHeHMe (7.51) ot 0 no 1. HOJIy‘{I/IM

f‘P(x)d’f AC, dex lCzIdx Jf(x)dx. (7.52)
% —

YmHuoxum (7.51) Ha x 1 npounterpupyem ot 0 zo 1. IToayunm

j[xgo(x)dx -AC, j‘dex —kCdex = j‘xf(x)dx.
0

0 0
— ——
=C3 =/

Taxum o6pasom, Mbl OyneM MMeTh CHCTEMY JIMHEHHBIX aire6paMuecKUX ypaBHeHMii
oTHocUTenbHO KoHcTauT C, u C,

61(1—-;-)—“32 = f,, —%cl «C (1~—J /. (7.53)
3[[er BBEJIEHLI O603Ha‘{eHHﬂ

=[f@)dx, £, = [2f (x)dr.

Onpegenurens cuctems! (7.53) pasen

LY

Dy =| 2 =1-r-=
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Bolunc/iuM Takxe onpene/InTenn

f1 —A _(4 A N
DIO\): f2 1__% —( —‘Q"Jfl + f2'
A
-2,
nw=| 2 |=(1-3)5 30
2
3

Haiinem KOpHM xapaKTepUCTU4ECKOTO ypaBHEHHUS

2
D(k):l—k—%=0:» Ay =6 43,

1. Iycrs A # A, ,. Toraa D(A) # 0 u, ciienoBaTeNbHO, cucTeMa (7.53) 0fHO3HAYHO pas-

penmMa
A A A
1-=|f, + 4 1—— +—
C_&_[ s C=&=( L IASY,
1 SR TTT— 7 G — :
D D D D

Pewrenvie Hameil safaumn 6yaetr UMeTb BUA

(1—%‘)f1x+ kf2x+(1—%Jf2 +%f1
D(Y)

e(x)=f(x)+1r

WJIK, OKOHYaTeJlIbHO,

, Ay +(1~%)(x+y)+—g
o(x) = f(x)+ 1]
0

fWdy, A= 4,,.

2
1—7\—7\—
12
PesonbBenta ypasHeHus (7.50)
kxy+(1—-—)(x+y)+&
3
Rx(x»!/) = 7\2
1-A—-=
12

Buaum, uto pemenue ypasHeHus (7.50) u ero pesosibBeHTa — CYTb paiMoHaIbHBIE
bYHKIMHY OT napamerpa A.

2. Iycts Teneps A = A, umu A = A, . Toraa npu npoussosbHOM dynKumy f(x) pewe-
HUit HeT. PaccMoTpuM ciyuait, xoraa f, = f, =0, To ectb
1 1
fi =[fx)ydx =0, f, = [xf(x)dx =0.
0 0

B sTom ciyvae cucrema (7.53) 6yner umeTh BUA
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A A A
01(1-5]_>\.C2 =0, —§C1 +C2(1—§]:0. (754)
M3 nepsoro ypaBHenus cucteMsl (7.54) HaxoanM
A
2 2Cy :01[1_17’2} (7.55)

[ToactaBuM cootuoletine (7.55) B dopmyJty (7.51); mosryunm
e(x)=f(x)+h,Cx+ C1[1 —&‘2—2)
WJTY OKOHYATEIbHO PellleHUe I1PHILIMAaeT BU]
o(x) = f(x)+C, {kmx +1 —%—{l,

rize C; — TIPOM3BOJBHO.
Taknm o6pa3oM, B 3ToM ciiyqae GyzeM uMeTb GecumciieHioe MHOKEeCTBO PENIEHNH,

Ob6uwee pewieHne ypasHeHus Bonbteppol
pa3noxeHnem B psa4 No CTeneHsM napameTtpai

PaccmaTpuBaetcst ypaBHeHUE
e(x)- M K(xy)ey)dy = f(x), a<x. (7.56)

Bynem npeanosarars, 4T0:
1) dyuxums f(x) HeupepblBHA B [@, +0);
2) dbyukunsa K(x,y) uenpepsBHa 11 x € [g,+x), iy € [a,+®).

Pemenite ypasitenns (7.56) OyzneM uckarb B Bije
o(x)= Y. C, ()", (757)
n=0

st oripenenenyst HeussecTHuIX dyHKMi C, (X) NOACTaBUM Pa3NOXKeHHE (7.57) B un-
TerpajibHoe ypaBHeHue (7.56); nomyunm

$C,0N -A[K(oy) 3 C) X dy = f(2). (7.58)
n=0 a n=0

CunTas BO3MOXHBIM M3MeHeHHe MOPsKa CyMMHUPOBAHNS ¥ MHTEIPUPOBaHNA, 3allit-
uieM ypasHeHue (7.58) Tak:

SC, @ = SN [Kxy)C, () dy = f(x). (7.59)
n=0 a

n=0

3aMeHMM Terepb MHAEKC CyMMHPOBaHUs BO BTOpoil cymme B (7.59) n + 1 Ha n, nony-
4UM
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5 C.@t - [R@AIC, )y = fx)=

n=0 n=1 a

Co(xN’ + Z[C (*)- j K(xy)C,. Ay)dy} =f(x)=

Co(x) = f(x), (7.60)
Co(x) = [K@y)Coy(y)dy, n=1,2,3,... (7.61)

Takum 06pa3oM, Mbl TOTYyYHIH peKyppeHTHbIE (popmyJsl (7.60), (7.61) ans Bbruncie-
Hus Koadduumentos C, (x) pasnoxenus (7.57).

Ing 060CHOBAaHHMSA TOJYYEHHOTO PELIEHHs MPEeAIIONIOXUM, 4To X € [a,b] C [a +x).
B atom nntepsane gynukumu f(x)u K(x,y),(y €[a b]) umeoT Bepxuue rpani. Taxum
obpasom, moxHo samucarts |f(x) S F, |[K(x,y)| s M.

3ameTHM, 4TO TIPH BBIYMCJAEHUH 1O (opMmynam (7.61) nox 3HakoM HMHTerpajia — He-
npepbiBHble QyHKiMU. CaenosatenbHo, Bce C,(x) 6yAyT HENpepbIBHbI Ha OTpE3KE
[ b]. Takum 06pa3oM, koabduuHeHTH psna (7.57) — HempepbiBHbie PyHKIMH.
Nmeem

|C0(x)| <F,
€. = || KGr) o) | < - MF(x -a),
€, (x)| = < MZF(L;—-;ﬁ.

o uHAyKUMH MOTy4YaeM

IC. () <M”F(x “)  n=0,12,...
MOXHO yCHIUTh TIOCTENHEE HEPABEHCTBO, 3aIHCaB TaK:

|C,,(x)| < M"FQ%)", n=0,12,..
Orciona

"< ‘Z M F(b a) M _ oo, (7.62)

Taxum 06pasom, pan (7.57) MaXOPUPYETCH CXOAAMMMCS PALOM, ToaToMy pan (7.57)
CXOIMTCA IIPH BCex 3HayeHusx mapamerpa A. Dopmyia (7.62) noKasbiBaeT He TOABKO
cx0xMMOCThb psazna (7.57), HO U ero paBHOMEPHYIO CXOAHMOCTD II0 [IEPEMEHHOM X BO
BceM uHTepBase [a,b). Ynenst psina (7.57) — HenpepbiBHble GyHKLMH oT x. Cienosa-
TeJIbHO, IO BTOPOH Teopeme Beitepmtpacca, cymma psisa (7.57) — HempepbiBHAs
dynkuua ot x. TakuM 06pasoM, PyHKUKS ¢ (x) HEIpepbIBHA B [4, b], a Tak xak b — mo-
60e, To GyHKUHA @ () HENPEPLIBHA B [, +).
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Ilokasxem Temepb, 4TO MOJNydYeHHass PYHKUUSA ((X) YAOBIETBOPSET HALlEMy ypaBHe-
Huto (7.56). Vmeem

<P(x)—7uf K(xy)o(y)dy =

8

=>C,(x)A" -ij(x y)ZC W)N'dy =

n=0

—zc ()N ~ ZX'“IK(xy)C (y)dy =

n=0

= ZC (TN - zmz«x ¥)Co i (y)dy =

n=1

—Co(x)?»°+Z[C (x)- IK(x,y)Cnl(y)dy}l" f(x).

Sy ™

=0
Taxum obpasom, pyHkuusa ¢ (x) — pelieHre ypaBHeHus (7.56), HerpephIBHOE B [a,+o0).
Wrak, MbI (haKTHYECKH TOKA3aTU CIEAYIOIYIO TEOPEMY.
TEOPEMA. Humezpanvuoe ypasuenue Borvmeppu ¢ nenpepoieubim S0poM U Henpe-
PoLeHOl npasoti uacmsio donyckaem HenpepbisHoe pellenue npu oGl 3HAUEHUSX na-
pamempa \. Imo peuiene nPecCcMasIsIeMcs PIOOM N0 CMENeHAM napamempa \, npu-

ueM Kosp@uuuenmv. pada GvIPANCAIOMC PekyppenmubiMu Gopmyramu. Pewenue
SA6NSeMCs Henpepblenol Pynxyuel om x u yerol pynxyuel napamempa .

JlokaxeM Tenepb TEOPEMY O €IMHCTBEHHOCTH pPELIEHHS.

TEOPEMA. Humezpanvioe ypastenue Borvmeppw ¢ nenpepvisnoin adpom u nenpe-
PLIBHOLE NPABOIL UACNBIO JONYCKAem eOuUHCMEEHHOe HENPEPbIBHOoe pellenue.

AokasarenbctBo. PaccMoTpum ypaBHenue BoabTeppol

0@ - A Ky o) dy = f(x), asx. (763)

JonyctuMm, yto ypasHeHue (7.63) uMeeT aBa pelIeHHs B KJIaCCe HEMPEPBIBHBIX (YHK-
umit. O603HaYuM 3TH pelreHus @, (x) 1 @, (x), mpuyeM ¢,,0, € C([g, +x)). Paccmor-
PHM pasHoCTh W(x) = @, (x) — @, (x). AcHo, yto ¥ € C(|a,+%)) 1 GyHKUUA Y(X ) YIOB-
JIETBOPSIET OfHOPOJHOMY YPaBHEHHIO

w(x)-A[K(xy)w(y)dy =0, a<x. (7.64)

OueBuaHo, yTo Y(x) =0 ecTh peutenue ypaBHeHus (7.64). Ilokaxem, yTo APYTUX pe-
meHuit ypaBHeHus (7.64) He CyLIeCTBYyeT.

Honyctum, yTo x € [a,b] < [a,+x), b — moboe. Torxa B[a, b]Mbl Meem
lw(x) < N.

C yuetoM ypaBHeHHs (7.64) MOXHO HamHMcaTh



Obiiee pelueHre ypaBHeHus BonbTeppel paznoxeHnem B pag, no crenensm napametpa » 413

W) =2 Ky w(w) dy. (7.65)

Ortkyza

X—-a

v} s M K Gy vl dy <[] MN dy = p| MV (7.66)

3necs [K(x,y) M, y [ab]
U3 ypasnenus (7.65) ¢ yuetom HepaseHcTBa (7.66) nmeem
x 2
) < p M|X|MNy—I9- dy =[\* M? N(x_i‘_;)_

U T. 1. TakuMm 06pa3oM, Mbl MOXKEM HAITHCATh

() <]p]" M"N(x;!a) :

Jl0Ka3aTeNbCTBO MOCIEAHET0 HEPABEHCTBA 3aBEPLUIAETCA 10 HHAYKIHH.
Hrtak, s moboro 7 Mbl HMEEM OLIEHKY

[|X|M(b -a)l"

lw(x) <N oy

(7.67)

IpUYeM JieBasi 4acTh HepaBeHCTBA (7.67) ot n He 3aBucut. OTCIOa ClemyeT, YyToO
W(x) =0 n1a x €[ab], a Tak Kak b — moboe, To W(x) =0 B [a+x). CrenoparesbHo,
9 (x) =9, (x) . O

CNEACTBUE. OnHoponHoe ypaBHeHHe BoIbTePPBI KMEET TOIBLKO OfHO HEMPEPLIBHOE
peurenre @(x) = 0.

Mpumep. PaccMoTpuM ypaBHeHMe
0()=]yo(y)dy =1, 20

CornacHo o61weii Teopuu, HineM peuieHue B Buzae (7.57)

o(x)= ;Cn(x)l”, IA| < .
Pmeem f(x)=1= Cy(x) =1, |

C,(x)= ]'yC,,_1 (dy, n=1,2,3,...
Takum obpasom,
G =Jydy =2,

2

x 4
C,(x)=[yLdy =2
2 (%) _(.:y 9 Y 5.4
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x6

2-4.6

X y4
Co@)=[yo—dy =

AT I,

2n .2n
C,(x)= ad =X n=012..
2-4-6.--(2n) 2"n!

Orcioaa HaxOAMM pellleHHe Halllell 3afaun

&
« | 2 et
<P(x)=Zo——~—=e 2.

n!

O6uwee peweHue ypaBHeHus Ppearonbma
pa3noXeHuem B psg MO CTENeHAM napameTpani

PaccmarpuBaeTcsa ypasHeEHHE
b
o(x)-A[K(x.y)o)dy = [(x), asx<b. (7.68)

[Ipeanonaraercs, yro uxtepBan [a,b] — xoHeueH, Gpynkuus f(x) — HenpepbiBHA Ha
[a,b], pynkuus K(x,y) nenpepbiBHa aJisi x € [a,b], y € [a,b}.
Bynem cTpouTs penienue ypasaenus (7.68) B Bune

9(x) = 3.C, ()X, (7.69)
n=0

[Ipeo6pa3oBaHnsAMHU, AHATOTHYHBIMH NPOLENAHHBIM IIpeobpPasoBaHMAM B pasjele
«O61mee peltenvie ypaBHeHUst BosbTeppbl pasioikeHHeM B DS/ [0 CTETEHIM [IapaMeT-
pa A» IpH IOCTPOEHHH PellleHHs! ypaBHeHNna BosbTeppol, Noayuum

Co(x)=f(x), (7.70)
b
C"(x)=j1<(x,y)c,,_1 (Y)dy, n=1,2,3,... (7.71)

Taxum obpasoM, U B caydae ypaBHeHMsi Dpenroibma Mbl MOJYYHIH PEKYPPEHTHbIE
dopmyJbt (7.70), (7.71) ans sbruncienus koadduunenros C, (x) pasnoxenns (7.69).

MOXHO CuMTaTh, 4TO B HHTepBaje [a b] dynkuun f(x) u K(x,y), (¥ €[a b)) umeor
BepxHue rpary, TakiuM o6pasoM, MoxHo 3armcats |f(x) < F, [K(x,y) < M.

3aMeTHUM TakXe, YTO [IPH BbiuMcIeHnH 1o dopMynaM (7.71) noa 3HakoM HHTerpajia —
nernpepbiBHbie PyHkyun. CaenoBarenbHo, Bece C, (1) 6yayT HenpepbiBHbI HA OTPE3Ke
[a,b]. TaknM obpasom, koo duumenTs psaa (7.69) — HenpepbiBHbIe QYHKINH.

HNmeem
ICo(x)| S F,
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b
€, () < [IKGxp)||Co(y ) dy < MF(b-a),

b
1€, < [KGem)|IC ()l dy < M*F(b~ a)’.

[To MHAYKLKHK T0JIy4aeM

IC,(x)| s FIM(b-a)]", n=0,1,2,...

HNmeem nanee

0 © F
C A M-\ =——— 7.72
S e n|s FEMb -l == (7.72)
pH yCJIOBHH, YTO
1

Ecnn ycnosue (7.73) He BBITONHAETCS, TO Maxxopupytowuit psig B (7.72) pacxoanTes
1 HHYEro HeJb3s CKa3aTh 0 CXOAMMOCTH pana (7.69). Ecim xe ycnosue (7.73) Bbiros-
Heno, To Qopmyna (7.69) naer peumenue ypasHeHus (7.68). [ledcTBUTENBHO, TOMAQ
psan (7.69) cxoauTcsi paBHOMEPHO Ha OTpeske (4, b], cnenoparenvto, ¢(x) € C([a b)),
11 JIETKO 3aMETHTb, UTO (PYHKIHMS (X ) yAOBJIETBOPsieT ypasHeH O (7.68).

TaxuM 06pa3oM, MOXKHO C(POPMYIMPOBATH TEOPEMY.

TEOPEMA. Humezpanmvioe ypasuenue ®Opedzoroma ¢ nenpepbievim A0pos u nenpe-
puisnoll npasoti uacmyio GonycKaem peusenue 6 6ude pa0a no CMenenam napamempa A,
cx00sue20ca npu DOCMAMOUNO Marbix N. Imo pewenue S613emMC HenpepbleILol Pyk-
yueti om x 6 [a,b]u pezynapnoil pynxyuel napamempa \ 6 Xpyze cxoduMoCmu.

MOXHO MOKA3aTh, YTO IIPH OrPAHUYEHHAX, HAJOXEHHBIX Ha A, [I0Jy9eHHOE pellenne
y
ypasHeHus1 OperonbmMa eIMHCTBEHHO B KJ1aCCe HEMPEPbIBHBIX pyHKLMI.

Mpumepsl

MNpumep 1. PaccMOTPUM ypaBHEHHE
1
(p(x)—lj'e"y(p(y)dy =1, 0<x <1
0

slapo namero ypasHenus K(x,y)=e™. Comnacno obuiei Teopuy uileM pelenie
B Buze (7.69)

o(x)=3.C, (N,

n=0

Umeem M = e, b —a = 1. [ToaToMy pAn CXOAMTCS nPH YCJIOBUH, YTO lk[ < 1 Hanee
e
fEy=1=Cy(x)=1,

i
C,(x) =Ie"y C,,(y)dy, n=1,2,3,...
0
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OTcrlona HaXOAUM

1 x
C,(x)=je’ydy=e _1,
0

e’ -1

Cz(x)=j‘exy

ITocnexuuit MHTErpaj He BHIPAXKAETCS yepe3 aeMeHTapHble PyHKuun. Takum obpa-
30M, MBI HMeeM

_1X+

o(x)=1+2 ,|x|<1.
[4

B yactHOCTH, ecu A= 1, TO paCCManI/IBaEMbIﬁ METOJ TEOPETHUYECKU HE TOAUTCA.

Mpumep 2. PaccMoTpuM ypaBHEHHE
1
q)(x)—lj'xyq’(y)dy =1, 0<sx <1
0

Slnpo namero ypasHenus K(x,y) = xy ABIAETCA BHIPOKAEHHBIM.
Wmem peutenrie ypaBHeHHs B BUAE PAxA

o(x) = f:oc ()N (7.74)
Hmeem M =1, b -a =1. [Tosromy psiz CX(;I[PITCS, ecin |A| < 1 Hdanee,
fx)=1=Co(x) =1,
C, (x)= j‘xyC,,_1 (y)dy, n=1,2,3,...
0
Orciona HaxoguM

f x

Cy(x) = Ixyydy—§—3
X

Cy(x dy =
J(x) = jxy2 Sy =
U 1. a. [To MHAYKUMH TIOTy4aeM
x
C(x)y=—"-—,n=1,23..
@)=

Taknm 06pazom,

/ o(x)=1+3 ¥ =1+%

i =1+ . (7.75)
n=1
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[TonydenHoe pemienue (7.75) — pallHoHaTbHas PyHKIMA OT A ¢ 0COOEHHOCTBIO B TOY-
ke A = 3. Takum o6pasom, psa (7.74) cxonutesi B Kpyre paauycap = 3, B TO Bpems Kak
o obLieit TeOPUH PAaUYC CXOAMMOCTH p = 1. Jl€HCTBUTENbHBIA PafilyC CXOAUMOCTH
PaBEH PACCTOSIHUIO OT Hayajla KOOPAMHAT A0 Gipkaiiiei ocoboit Touku (B 1aHHOM
cayuae — TOYKH A = J).

Ypasuenust Openrospma BCera MMEIOT 0COOble TOYKH. ITH TOYKH OTPaHMYUBAIOT pa-
AUYC CXONMMOCTH psAfa. [l BBIPOXKAEHHBIX SIiED PAAUYC CXOAUMOCTU p = mjn|)»_\_|,
A, — KOPHHM XapaKTepHCcTUYecKoro ypasHenus D(A) = 0.

B o ke Bpems ypaBuenns BonbTeppsl Aa10T pelleHus KaK Lesbie GyHKLUHH [1apaMet-
paa.

3ameuaHue 0 pelleHun ypasHeHusa ®dpegronbma
npyv NPoU3BONILHOM 3Ha4YeHUN napameTpa A

BHoBb BepHeMcs k ypasHeHHo (7.68)
b
o(x)-MK(xy)o)dy = /(x), asx<b.

CornacHO H3JI0)KeHHOMY paHee

o(x)= ‘Z C, (0N, A <p, (7.76)
Co(x) = f(x),

b
c,,(x)zjK(x,y)c,,_,(y)dy, n=1,273, ..

3nech paanlyC CXOAHMOCTH p He U3BECTEH.

MoxHo noxasarh, 4To pelileHHe ypaBHeHust (7.68) MoxeT ObITh IPeACTABIEHO B BUAE
OTHOILEHUSA CTEIIEHHBIX PANOB ‘

Sa, @
px) =220 (7.77)
b, (x)\"
n=0
an/Iqu pﬂ[[bl
3 a,(x)¥
n=0
Hu
3 b, ()N
n=0

CXOMATCS Ha Beeil r1ockocTH [A| < o, by(x) # 0, A # A, rae A, — Hyan QyHKuMH

EM) =35, (ON.
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Takum o6pasom, penlenue ypasHenuss OpexronbMa — mepomop@Has GyHKUHS ¢ No-
JIIOCaMU A, .

Ecnu A Madio, To bynkuus (7.77) MoxeT ObITh IpUBesieHa K Buay (7.76) nenenueM pa-
AoB. IIpu aTom paauyc cxonuMocty paza (7.76) p = mm|l l A, — Hynu (ocobbie ToY-
K1) dyHkuuu g(A).

JIns ypaBHEHHMsI C BHIPOXKAEHHBIM siAPOM Psizbl B (7.77) 0OPBIBAIOTCA HAa KOHEUHOM
YHciIe CIAaTAeMbIX, U PellIEHHEe eCTh PAlMOHANbHAS QYHKIHS OT A.

O6wee noHATUE Pe30NbBEHTHI
ANA ypaBHeHuii dpearonbma

PaccMoTpuM ypaBHEHHE
b
¢(x)-A[K(x,y)o@)dy = f(x), asx <b. (7.78)

Mmu ckaxeM, yTo PyHKUKA R, (x,y) ecTh pe3osnbBeHTa ypaBHenus (7.78), ecan pete-
Hue ypaBHeHuUs (7.78) MOXKeT OBITh PEACTABIEHO B BHJE

b
¢(x) = f(x)+ M| R (x.)f (y)dy. (7.79)
[onyunm ycnosus ans GyHkuuu R, (x,y), Ipu KoTOphix QyHkuua (7.79) asndercs

pelieHeM ypaBHeHus (7.78). s atoro B (7.79) 3aMeHUM NEPEMEHHYI0 HHTETPHPO-
BaHHUA Yy Ha ¢

b
o(x) = f(X)+ L[ R (n0)f (D).
Jlanee 3aMEeHUM X Ha Y

b
o) = W) +A[ R (5.0 (t)dt.
Bynem nmets

b b
o(x)-A[K(x,y)o¥)dy = f(x)+ 1| R (x,0)f (£)dt -
b b
-Af K(x,y>dy{f<y>+ A Rx(y,t>f(t>dt} =
b
= {f(x)—le(x,y)f(y)dy} +

a

+X.ff(t)dt{R (x,t) - XIK(x y)R, (y,t)dy}

[Totpebyem, uyTobbl

b
R, (x,t)- M K(x,y)R, (y,)dy =K(x,0), a<x <b ast<b. (7.80)
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Torna

o(x) - M K(x,y)0(y)dy = f(x) - [ K(x.y)f (y)dy +

+Xf K(x.6)f(t)dt = f(x).

Taxum obpasom, npu ycaoBuu (7.80) Buipaxenue (7.79) yAoBJIeTBOPsAET YPABHEHHIO
(7.78).

BuauM, 4TO OThICKAHHE PE30JTbBEHTBHI CBOAMTCs K pelienuio ypasnenns (7.80). Ho
3TO IOC/eaHee YPaBHEHHE €cTh YacTHBIN cJy4ail ucxomHoro ypaBHenus (7.77) npu
o(x) =R, (x,t), f(x)=K(x,t). 3 ypasuenus (7.80) scHO, 4TO pe3onbBeHTa ONpee-
JIIeTCA UCKIOUHTENBHO CTPYKTYPOIl siapa N He 3aBUCUT OT MPaBOoii YACTH yPaBHEHUS
(7.78).

OnHopopaHblie ypaBHeHnsa Ppepnrosibma

ypaBHeHI/IC Ha3blBaeTCA OAHOPOAHBIM, €CJ1 IIpaBas 4YacTh 3TOrO ypaBlHeHHs TOAKAECT-
BE€HHO paBHa HYJIO. Takum 06p330M, OJIHOpOHOE YpaBHEHHE UMEET BUI

b
<p(x)~xj1<(x,y)cp(y)4y =0, a<x <b (7.81)

Ouenpiio, ypasrenne (7.81) Bcerna umeer TpyBHaibHOe peulenne ¢(x) = 0.

Besikoe HeTpHBHabiioe pemienve ypaBienus (7.81), nenpepbiBHoe Ha oTpeske [a,b],
GyneM Ha3biBaTh cobcmeeniioi @ynxyueld d3TOro ypaBHeHUs. Te 3HauyeHHs fMapamer-
pa A, npy KOTOPBIX CYI[ECTBYeT HETPHBUAIbHOE pellleHHe HHTeTPAIbHOIO ypaBHEeH!S
(7.81), Ha3bLIBAIOTCS COOCMBENNBIMU 3HAUECHUSMU ITOTO YPABHEHUS.

JlanHoMy coOGCTBEHHOMY 3HAYEHHIO MOKET OTBEYaTh OJHA MJIM HECKOIbKO JIMHEITHO
HE3aBHCHMBbIX COBCTBEHHBIX QyHKIMIA, MHOXeCTBO BCex COOCTBEHHbIX 3HAYeHHH 06-
pasyeT cnexmp AAHHOTO HHTErPAbHOrO ypaBHeHIS. YUCIO MuHelHO HE3aBUCHMBIX
cOOCTBEHHBIX (PYHKUHIT, OTBEYAIOIMX JAHIIOMY COOCTBEHHOMY 3HQUEHHIO, HA3bIBAETCS
paneom 3Toro cobcTBeHHOro 3HadeHud. PellleHle 01HOPOANOro ypaBHEHHs onpesee:
HO C TOMHOCTBIO 10 1IPON3BOJbHOM KoHCTaHThl. Ciie10BaTeIbHO, cOOCTBeHHblE (YHK-
{IMM UHTETPabHOrO YPABHEHHS OlpeeIeHbl ¢ TOYHOCTbIO A0 IIPOH3BOJIBHOTO MHOMKM-
tessi. YacTo BbI6IPAIOT TOCTOAHHBIH MHOXHTE/b TaK, YTOObI

ol =If|q>(x)l'“’dx -1,

Ecau A = &, — cobcTBelHOE 3HAUYEHHE PaHTa r HHTerpajibHoro ypastetius (7.81), To
9TOMY 3HAUEINMI0 OTBEYAIOT COOTBETCTBYIOLIHE JMHEHHO 11€3aBHCHMBbIE COOCTBEHHDIE
bynkiH @, (1), ©,(x),...,@,(x). Torna, ouesnano, U HyHKIUs

0 () =3 Cro,(x)

eCTb TaKXKe CobCTBeHHAs PYHKIHs HHTEerpaipHoro ypasHenns (7.81).
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PeunTh 0HOPOAHOE MHTErPajbHOE YPABHEHHE — 3HAUMT, HAUTH COBOKYITHOCTbH cob-
CTBeHHBIX (QYHKLWMHA JAHHOTO yPaBHeHHS (TIOJHYIO CHCTEMY).

OnpepneneHne co6CTBEHHbIX 3HA4YEHUR U COBCTBEHHbIX
bYHKLMIA QNS HEKOTOPbIX UHTErpabHbIX YpaBHeHUNn

PaccMOTpPHM orpesieienie COBCTBEHHBIX 3HAaYeHMil M COGCTBEHHBIX (GYHKUMI MHTe-
rPaIbHBIX YPaBHEHHH Ha MpHMepax.

Mpumep 1. PaccMOTpHM ypaBHEHHE

(p(x)—stin(x)cos(y)q;(y)dy =0, 0sx<m

0

Snpo storo'ypasHenus K(x,y) =sin(x)cos(y) — BbipokaeHHoe. MmeeMm

o(x) = Xsin(x)f cos(y)o(y)dy = CAsin(x).
0

——
=C

OTcona HaX0aAuM

f(p(x)cos(x)dx = XCfsin(x)cos(x)dx =

-
-

AC .
€ ="Z[sin*(x))| _ =0.
2 r=0
Takxum obpasom, ¢{(x) =0, TO eCTb faHHOE YPABHEHHE UMEET TOJIbKO TPHBHAIBHOE pe-

ieHye; cOBCTBEHHBIX 3HaYEHM 1 cobeTBEHHBIX QYHKLUMIA y Hero HeT. CrieKTp ypaBHe-
HHSI — TIYCTO€ MHOKECTBO.

Npumep 2. PaccMoTpyM ypaBHeHUE
1
(p(x)—XJ'(x +y)o(y)dy =0, 0sx <1
0
SInpo aroro ypasHenuss K(x,y) = (x + y) — Buipoxaenuoe. Vimeem

o)~ hrf o(w)dy ~ 2] yo(y)dy =0 =

=Cy =Cy

@(x)-AxC, =\C, =0,

OTciona HaXOguM

j(p(x)dx—xcljxdx—xcgjdx =0,
0 0 0

j'x(p(x)dx -AC, j[xzdx —XCQ]‘xdx =0,
0 0 0

HJIH
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(1—5)61 ¢, =0, —2¢, +(1-5)CE - 0.
2 3 2

Jlnst Toro yTo6Bl MOCJAEIHSST CHCTEMA MMe/a HETPHBHAJIbHOE PEIIEHHE, HeobxoauMOo
¥ I0CTATOYHO, YTOGb! ee onpeaeuTeNb 6611 paseH Hy/io. Takum obpasom, cobcTBeH-
HBlEe 3HAYeHHsT HALIEero HHTErPaJbHOTO YPaBHEHHMS COBNAJAIOT C PeilleHHAMI VPABHEHUA

)\2
DOV =1-A-""=0.
(*) T

Byaem umers: A;, =-6% 4/3 — cobCTBeHHblE 3HAUEHMST HHTErPATbHOrO ypaBHEHHS,
COOTBETCTBYIOLIHE UM cOOCTBEHHBIE QYHKUNH

cpl(x)zCl:klx+ 1—%‘}, cpz(x)zC{)\?_x+ 1—%},

C — 1pou3BOJLHO.

Taxum 06pasoM, paccMaTPUBAEMOE MHTEIPAIbHOE yPAaBHEHHE NMEET /1Ba cobCTBEHHBIX
3HAUEHHST; KAKA0e U3 HUX paHra exunuia (r = 1). CriexTp JaHHOrO ypaBlieHHst — Ko-
HEeYHOEe MHOKECTBO, COCTOsINIee U3 ABYX 3JIEeMEHTOB.

Npwmep 3. PaccmoTpum obutee ypasrente Dpenronbma

b
@(x) - M K(x,9)9(y)dy =0. a<x <b, (7.82)

rae K(x,y) — npoi3BoJbHOE BBIPOXKAEHHIOE ANPO

N
K(x.y)=_§_:a,~(x>ﬁ,<y).

Nmeem
N b
o(x) =AY, e (x) [ 9()B,(y)dy =0
i=t a
=Cl
Uan

9(r) =AY C,0,(x) =0,

Orcona HaxXoaUM

b N b
Jo@Bux)dr -2 C, o, (x)Bu(y)dy =0

«
i =ik
U
N
Co-2Y 0,C, =0, k=12, N. (7.83)

i=1

st Toro utober cuctema (7.83) uMena HeTpUBHAIBHOE pElIEHME, Heo6xoa1MO U 10~
CTATOYHO, YTOOLI €e olpeeiTeb Obll paBeH HYJIO, TO eCTh
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1-Aoy,  —Ao, 0 =Aoy,
Y Y cee =

DOy =| o2 1R RRE ) (7.84)
Aoy, “Ad,y 0 1-Rayy

Ifycts Ay, Ay, ..., A, (n < N) — pewenus ypasnernus (7.84). Kaxnomy takomy snaue-
HUIO A =)\, COOTBETCTBYET HETPUBHAJIBHOE pelileHie HMHTETPAaJbHOTO YpPaBHEHMs
(7.82). Kopuu ypasHenns (7.84) — cobGcTBeHHble 3HAYEHUS] UHTETPAIBHOTO ypaBHe-
aus (7.82); coorsercTByone UM PYHKIUH — cobcTBeHHble QYHKIIMU HHTErPAJIbHO-
ro ypasHenus (7.82).

Wtax, B ciydae uHTerpasbHoro ypasHenuss (DpefrosibMa € BBIPOXKIEHHBIM SIPOM
CIIEKTP ypaBHEHMs — KoHeuHoe MHOoxecTBo. CoBCTBEHHbIE 3HAYEHUST WHTETPAJIbHOIO
ypaBHEHHS COBI1QJAIOT C KOPHAMMU olipefenutens (7.84).

MNpwmep 4. PaccmoTpuM ypaBHEHME

1
@) - A K(x,y)o(y)dy =0, 0 <x <1, (7.85)
]
rae sinpo K(x,y) umeeT BUL
1-x), y <x;
K(x,y>={y( >
x(1-y), x <y.

B nenoM, siapo He sIBASIETCS] BBIPOXKAEHHBIM; OHO HellPEPBIBHO, HO He aHAJIMTHYECKOe.
Taxue sapa nassiBaotcsa sopamu muna Gyuxyuu [puna.

ITepennimem Haite ypasHeuve (7.85) B BuzE
x 1
o(X)-A[y(1-x)oy)dy -1 [x(1-y)o(y)dy =0. (7.86)
] x
ITpoauddeperuupyem ypasHernue (7.86) o x (aubdepennyposane 3aKolHO, eClu

Boobule CyllecTBYeT HeTpepbiBHOe pelieHHe). [Ipu sToM BoCHmo/b3yeMcsl M3BECTHOM
opmynoit nuddeperipoBaHus

d B(x) (X) f
— [fydy = | ——dy+Bx)f(xB)~a'(x)f (x,0).
d‘xu(\) ot(r)a

Bynem nmets

@' () + A yoy)dy - Ax(1-x)o(x) -
0

—M (=)o) dy + Ax(1-x)o(x) =0
@851

0 () + M yoy)dy -2 [(1-y)e(y)dy =0.
[} x
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ITponnddepeniupyeM eine pas
(X)) +rxe(x)+ A(1-X)ep(x)=0=
@"(x)+ hp(x)=0. (7.87)
Hanee, umeem n3 ypasHeHus (7.86)

9(0)=0¢(1)=0. (7.88)

Takum o6pa3om, BUANM, UTO JaHHOE MHTErpasibioe ypasiienue (7.85) cBOAUTCS K 3a-
nade ltypma—J/luysunis (7.87), (7.88). CrenosaTensto, cobcTBeHiible 3HAYCHUS U
cobcTBeHHBle (DYHKIMK HAIEro MHTErpaibHOro ypasHenua (7.85) cosnagaor ¢ cob-

CTBEHHBIMM 3HAUEHUSIMU U cobcTBenHbiMu PyHKuMsamu 3agauu Ltypma—JInyBunns
(7.87), (7.88).

Mbi 3Haem, uto A, = n’n®, n =1,2,3,... — cobcTBeHHbIe 3HAYEHUS 1 ¢, (x)=sin(nax)—
cobcrsennsie Gynkuny 3anaun (7.87), (7.88). Takum o6pasoM, JaHHOE HHTErPabHOE
ypaBHEHHE UMeeT GECKOHEYHOe MHOXKECTBO COOCTBEHHBIX 3Haueluil. CekTp ypasie-
HUSI — CYETHOE MHOXECTBO 0e3 Todek cryuienus. Takoi criexTp, KaK Mbl 3HaeM, Ha3bl-
BAETCH NUCKPETHBIM.

Mpumep 5. PaccMoTpuM ypaBHeHHe
o(x)-Ae ™ o(y)dy =0, —o0 <x < +o0, (7.89)
rae aapo K(x,y)vuMeer BUA

y"r < .
R (7.90)

K(xry)=e"? =0
eV, x<y.

Aapo (7.90) raxoke spasiercs sapom tuna dpyukiuuu Ipuna. Ypasueuwve (7.89) — cun-
FyJSIpHOE MHTEIPAIbHOE YPaBHEHWE,

Hmeem
O(x)-A[e' ™ o(y)dy - [e ¥ o(y)dy =0. (7.91)

Ecnu cyuiecTByer HenpepbIBHOE pelllele, orpaHHyeHHoe Ha 6eCKOHeHiI0CTH, TO MOXK-
Ho auddepennposaTh. byneM umers Torga

(@) + A e o(y)dy ~ho(x)~

-~

L[ o(y)dy + ho(y)=0=

o' @)+ A [ e o(y)dy - 1] e o(y)dy =0.
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Hanee,
o"(x) 1] € o) dy + k) -1 [ €V o(y)dy + hp(x) =0
uny, ¢ yderom (7.91), |
o"(x)+(2r -1 e(x)=0. (792)
Kpome Toro, pelilenue J0MKHO ObITh OrpaHudeHo Ha GecKkoneuHOCTH

o), ,,. =0 (7.93)

Taxum o6pa3oM, NaHHOe WHTEIDAIbHOE ypaBHEHUE (7.89) sxBHBaNeHTHO 3aja4e
[IIrypma—Jlnysuins (7.92), (7.93).

Ob1ee peutenne ypasHenus (7.92) umeer Bun
¢(x) = C, cos(xv2h-1)+ Cysin(xv2h -1).

B cuny orpaHuyeHHOCTH Ha GECKOHEUHOCTH TOJYvaeM A >1/2. Taxum obpasom,
CTIEKTp 3a7auu — HenpepuiBHbil: A €[1/2, +0). ITpu sTom cobeTBennble QyHKIMM
GynyT

@ (x) = cos(x2h —1), @y(x)=sin(xv2r-1). (7.94)

Jltak, CleKTp Hallero WHTerpaibHoro ypashenus (7.89) — feckoleuHoe HecYeTHoe
MHOXeCTBO (HernpepbiBHbii). Kaxaomy cobcTBeHHOMY 3HaueHMIO A € [1/2, +0) oTBe-
4aloT ABe JMHEHO He3aBHCHMbie cOOCTBEHHbBIE QYHKIHM (7.94). Bce cobcrBennble
3HAYEHHMS UMEIOT PAHT 7 = 2, 3a CKII0UeHHEM COGCTBEHHOTO 3HAUEHHS A =1/2, xoTo-
poe umMeeT panr r = 1; eMy oTBeYaeT olHa cobereentas dynxuns ¢f (x) = 1.

[ToxBOAs UTOT PACCMOTPEHHBIM ITPUMEpAM, MbI MOXKEM CAeNaTh BRIBOA O TOM, HTO
CTIeKTpP MHTErpaibHbIX ypaBHenuit DpearonbMa MOXET OBITb CAaMBIM Pa3HbIM.

Bce ypaBHeHUA Boaneppb} UMEIOT CBOUM CIIEKTPOM IYCTOE MHOXECTBO.

AnbtepHaTtuBa ®Ppegronbma

AnsrepratuBa MpenrosbMa ycTanasanBaeT CBA3b MEXLY PaspelIMMOCTbio OAHOPOL-
HOTO ¥ HeoAHOpoaHOTo ypasHenuil DpearonbMa.

PaccMoTpUM ypaBHEHUS

b
0 (x) - A K(x,9)o(y)dy = f(x), a<x <b, (7.95)
(p()C)—-ljl K(x,y)o(y)dy =0, asx <b. (7.96)

Bynewm npearonarath, 4T0 QyHKUHH f(x)n K(x,y)nenpepoisibl 8[a,b], y € [a b, uH-
Tepsai [a, b] — xoHedeH.



WHTerpanbHble ypasHeHus OpearonbMa ¢ CUMMETPUNHBLIM SADOM 425

I'py6o rosopsi, MoxHo chopMyaMpoBaTh CIEAYIOUYIO albTEPHATUBY: €CJIH OAHO U3
ypasHeHu# (7.95) unu (7.96) paspemnMo, To Apyroe ypaBHeHWEe — HE Pa3pellnMo.
Takasi curyanus HasbiBaetcst arsmepramueoti Opedzonvma.

PaccmoTpum criermanshblit caydail. Jonycrum, urto K(x,y) — BHIPOXKAEHHOE SAPO

K(x,y)= Zai(x)ﬁi(y)'

Mubi 3Ha€M, YTO B CJIyYyae BBIDOXAEHHOIO sAApa CIEKTP HHTEIrpaJbHOI0 ypaBHEHUSA —
KOHEYHOEe MHOXECTBO U COGCTBEHHbIE 3HAYEHUS COBIANAl0OT C KOpDHAMU YpaBHEHHA

T-%oy, Aoy o Aoy,
—A Ay ot —AOLy.

DOy=| M 17hen Mve g (7.97)
Aoy Ao,y o 1-Rogy

Mycte A=X,s=1,2,...,n(n<N) — cobcrBeHubie 3HaueHusi ypasHeHus (7.96).
[Ipuseaem tounyio opmyauposky aisrepHaTussl Ppearosbma s ciaydast BBIPOX-
IEHHBIX sijep:

Ecau ) = ., mo ypasuenue (7.95) umeem pewenue, u npumom eduncmeeiinoe, 8 Kiacce
nenpepwienbix Gyuxyui. Ypasuenue (7.96) ne umeem pewenus, kpome mpusuaiviiozo
¢(x)=0.

Ecau X =),, mo ypasuenue (7.95) ne umeem peienus (Kpome xax ons CHEYUATLHbIX
npagvix vacmeti f(x); 6 smom cayuae — ne eduncmeennoe). Ypaenenue (7.96) umeem
pewenue (cobcmeennas Gynkuus um Habop codcmeennvix QyHurkyui, ecau pane v > 1).

CrpaseauiBocth copMyTHPOBAHHON ANBTEPHATUBBL CJIEAYET U3 TEOPHH, PacCMOT-
penHoii panee. B obuem ciydae Npou3BosibHBIX (HEBBIPOXKIAEHHbIX) fAep (opMmy-
JIMPOBKA aJ1bTEPHATHBBI COXPAHSETCS, 34 UCKIIOYEHUEM TOTO, YTO TeNepb yXKe A, HE
SBJASAIOTCSA KOPHAMHU onpenesurtesns (7.97), a ABasiioTcst Tpocto coOCTBEHHBIMI 3HAYE-
HUSIMH MHTETPATbHOIO yPaBHEHHUS.

MHTerpanbHble ypaBHeHus ®dpenronbma
C CUMMETPUYHBLIM 4POM

Teopus NMHeliHOT0 MHTETPANIBHOIO YPaBHEHHs ¢ TTapaMeTpoM A

@(x) - A K(x,y)o(y)dy = f(x), asx <b, (7.98)

pa3sutas DpenrosbMoM, aJIEMEHTHI KOTOPOM MBI PACCMOTPENH paHee, OCHOBBIBAJIACh
HAa IIPeAToJIoXKeHusX, 4yTo aapo K(x,y):

1) BemecTBeHHO,
2) HernpepsIBHO,
3) TOXAECTBEHHO HE PaBHO HyMO B obractu R={a <x <b, a<y < b}.
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4) B teopun I'mnpbepra—IlIMuara nenaercs eie 4eTBEPTOE HPEATIONOKEHHE, YTO AAPO
CUMMETPHYHO:

K(xvy) = K(yyx)
[pumMepsr cummerpuunsix aaep: K(x,y) =(y +x)*, K(x,y)=e¥, K(x,y) = elvol

Kotieuno, Bce pesysibratsl Teopiu DpenrosibMa HOJTHOCTBIO COXPAHSAIOTCS H 31€Ch.
Ho xpome Toro, H3 10MOMHUTENBHOIO YCI0BHS 4 BBITEKAET LIEJIBHI PSIZl HOBBIX PE3YJIb-
TaTOB.

Kparkuit 0630p Teopun ypaBHeHUiA
C CUMMETPUYHbIM A4POM

[Tapannensho ¢ ypasuenuem (7.98) 6ynem paccmarpusarh OJIHOpO/JHOE ypaBHeHe
b
o) - A K(x,9)o(y)dy = f(x), a<x <b. (7.99)

[Tpeanonaraem, uro sapo K(x,y) — BellecTBeHHas 1enpepbiBHas QYHKIUA OT X U ¥,
asx <basgy<b, f(x)— HenpepsiBuas QyHKuMA oTx U K(x,y) = K(y,x).

OcHoBHbIE pe3ybTaThl C(OPMYJIHPYEM B BHAE TEOPEM.

TEOPEMA 1. Humezpanvhoe ypaeienue ¢ CuMmempuuinim A0pOM umeem no Kpaunel
Mepe 00110 cobemeeniioe navenue.

TEOPEMA 2. Bce cob6cmaeniible 3)iauenuss umezpansiozo Ypasienus ¢ CUMMenpuy-
1bLM AOPOM Beulecmeeitoi.

TEOPEMA 3. 3a ucknioyenuem cayuds, K020a s0po ebipoicoeno, umeemcs 6eckoreusioe
MIHONHCECTNBO COOCMBEHIUBLY INAUENUL, 0OPA3YIOUUX OUCKpemIbIT cieKmp.

TEOPEMA 4. Panz cobcmeenibix 3uauenusi ulmezpaipiivix Ypasnenuti ¢ CumMmempuy-
NbIM AOPOM 8CB20A KOHEUelL.

TEOPEMA 5. Co6cmaenivie Qyukyuu Unmezpaiviiozo Ypasuenus ¢ CUMMEmMpUuHbiM
AOPOM, OMEEUAIOULUE PAILUNHBIM COOCTNEEHILIM SHANENUSLM, OPTOZONATLILL 11 OMPEesKe
la,b] ¢ secom, pasnom eduiuye.

TEOPEMA 6. [Iycmb ¢, (x),9,(x),...,0,(X),... — noanas opmonopmarenas cucmema
cobcmeennvix pynxyuid ypasuenus (7.99), npuves maxas, umo

Q cobcmsennomy snavenuio b, omeevaiom cobcmeentivie PyuKUUU @, @y, ..., 9, ;
Q cobcmsennomy 3nauenuo k, omseevaiom cobcmeenivie Gynkuuu P ST . 3
um.o.
A <ha] <.

Tozda, ecau npoussonvian Pyuxuus g(x) moxcem 6vimv npedcmaerena é gopme
b
g(x) = [ K(x,y)n(y)dy,

2de u(x) ecmo Qynxuus, nenpepuigras 6 unmepsane [a,b|, mo
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oHa moxcem Gvimy paznoxcena 8 paod no cobcmeennvim GyHKUUAM
8x)=2.C,0,(0),
npuyem
C, =fg(x)cp,,(x)dx.
Yxazannwii psad cxodumcs pasrnomepro u abconomuo na ompesxe [a,b)
TEOPEMA 7. Cnpasedrusa gopmyara IlInuoma
o) = fx) + 1 5 L2922,

n=i 7\' 7\'
20e

b
fo=[f®) o, (x)dx, A=,

MpubnuxeHHble MeToAbl peLueHns
MHTEerpasnbHbIX ypaBHEHUA

B npakruueckux mpobieMax GU3NKKU U TEXHHKH YacTO BCTPEURIOTCS 3a/layH, Ie TOY-
Hoe peiieHue JubO He MOXeT ObITh HallZIeHO, TMOO UMEET HACTOJIBKO CJIQXKIOE CTpoe-
HUeE, 4TO UM TPYAHO IOAb30BATHCS NP pacderax. B Takux cayuasx npuxoamTCst Ipu-
GeraTh K MpHONMIKEHHBIM METONAM PEUIEHHA 3aaY MATEMATHUYeCKOH (M3HKH. 31ech
Mbl PAaCCMOTPHM HEKOTOpbIe NPpHEMB! IPUOTMIKEHHOTO MCCAe0BAHUS HHTETPAJIbHBIX
YPaBHEHUH.

CeefieHue MHTErpanbHOro ypaBHeHMs K ypaBHEHMUIO
C BbIPOXAEHHbIM SAPOM

Bo3MOXXHOCTE yn106HOTO pellieHHs] ypaBHEHWH C BbIPOXKAEHHBIM SJAPOM IIPHUBOAMT,
€CTECTBEHHO, K MBICJIM O TOM, YTOOBI IPH PELIEHUN YPABHEHUS C JIOOBIM SIIPOM 3aMe-
HHUTb 3TO AAPO TPHOIMKEHHO Ha BBIPOXKIEHHOE W DPEIINTH COOTBETCTBYIOLIEE €MY
ypasHeHue BMECTO JJAHHOTO YPaBHEeHMS.

IlycTs MbI MMeeM HHTerpaJibHOE ypaBHEHHE

\ 4
e(x)-A[K(xy)o(y)dy = f(x), asx<bh (7.100)

C TIPOM3BOJIBHBIM (HEBBIPOXKIEHHBIM) HETIPEPHIBHEIM sapoM K(x,y) v HelnpepbiBHON
npasoit yacTeio f(x).

O6pasyem HekoTopoe BbIpoxaenHoe saapo H(x,y)

N
H(xvy)=§ak(x)ﬁk(y)»
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KOTOpOe noabepeM Tak, yToOb
|K(x,y)-H(x,y)l <& a<x<h a<y<h

Torna mosxHo cuuTaTh (¢ HekoTOpbIM MpubMDKeHnem) K(x,y) = H(x,y). Bysem umers
BMecTo ypasHenus (7.100)

b
e(x)-A[H@x Y o)dy = f(x), a<x <b (7.101)

Iyctb @ (x) ecTs peurenve ypasnenus (7.101). MoxHoO oxuaats, 4To peleHue @(x)
ypasreHus (7.100) takoe, 4to | @(x) - ¢(x)| < 81 @(x) = ¢(x) (8 3aBucHT OT € 1 O1I-
penessiercs £).

Taxum 06pa3oM, — 3To MOKHO cTporo Tokaszats [11]!, — ecan nmocTpouts gocTaTOUHO
6sm3koe x aapy K(x,y) BeipoxaenHoe siipo H(x,y), To, PELIHB ypaBHEHME C BBIPOX-
AeHHBIM sapoM H(x,y), Mbl 1l07ydumM pelileHne, 6JM3KOe K PEUIEHHIO yPaBHEHMS C
anpom K(x,y ) ipu Tolt xe npasoit yactu. Bosee Toro, eciin Mbl ocTposiM nocienosa-
TenbHOCTS {H , (X, )} BHIPOKAEHHBIX SA1€P, PABHOMEPHO cxoasnlyocs K aapy K(x,y),
TO MOCNENOBATENBHOCTD {@, (x)} pelienuit ypasHenuit ¢ sippamu H, (x,y) 6yner pas-
HOMEPHO CXOAMTHCS K peleHuto ¢(x ) ypasnenus (7.100) ¢ snpoM K(x, ).

Criocobbi nocTpoents BBIPOXKAEHHDIX sifep, GJIM3KNX K AaHHOMY sapy K(x,y), MoryT
6b1Th caMbiMu paznnaneiMit. Ecan siapo K(x,y) HeripepbisHo, To, 110 TeopeMe Beiiep-
HITpacca, 3TY MYHKUMIO MOXHO allpOKCHMIPOBATh [OAMHOMOM C 3aJ4aHHOI CTe-
NIeHBIO TOYHOCTH, TO €CTh CYlleCcTBYeT Tako#i MmojsHRoM P(x,y), uro

K(x,y)-P(x,y) <e, a<x <b,a<y<h

IpaxTuueckyn aToT crioco6 mano nipuroser. O6bIYHO AAPO pasnaraerTcs B Psj TOIO
HJIM HHOTO THTIA U 3a alllIPOKCUMUPYION[YIO PYHKIMIO BEIOUPAIOT OTPE30K 3TOTC Psifa.
Hanpumep, ecin sinpo K(x,y) pasiaraercs B psaj

K(x,y) = f:a,,,(x)ﬁ,,,(y), asx<b, agy<h,
m=0

TO

HGoy)= 3 a, (0)B, (1)

m=0

NIPIYEM

|K(x,y)—H(x,y)| =

e .
N 0

3 0, (0B ()

YeM Gosablie N, TEM TOUHEE alllIPOKCHMALUA, HO CJI0XKHee pellieHHe ypaBHEHHA C Bbl-
POXIAECHHBIM AAPOM.

' Cm. raxe Kpacnos M. JI. Wrrerpanstinie ypasHeuus: (Bseaeuue B Teopuio). — M.: Hayka,
1975. 304 c.
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Ha npaktuke 06bi4HO sapo K(x,y) IpHGAMKAIOT YaCTHYHBIMH CYMMAMH CTENIEHHOTO
(psan Teitnopa) unu Tpuronomerpudeckoro (psia Oypse) psina, ecant siapo K(x,y) pas-
JlaraeTcsl B PaBHOMEPHO CXOASuMicsS B NpsMoyroybHuke {a <x < b,a <y < b} cTte-
NEHHOW MM TPUroRoMeTpHueckuit psis. Moxkno taxske npubymxkats sapo K(x,y) an-
re6panyecKuMH MM TPHIOHOMETPHUYECKUMH UHTEPIOJIAIIMOHEBIMU TTOJHHOMAMH.

Mpwmep. PaccMoTpuM MHTErpasibHoe ypaBHEHHE

Y e () dy = f(x), 0<x<m 0<e? <1
@(x) l}[l-—SQCOS(x)COS(y) y = f(x), 0<x<m 0<eg” <1

Pasnaraem siapo atoro ypaBHeHust B psj,

K(x,y)= !

1-¢&? cos(x)cos(y) B

=1+¢&” cos(x)cos(y) + &* cos? (x)cos’ (y) + ...
B xauecTBe anpoKCHMUPYIONIEro sipa 6epemM OTPe30K 3TOr0 psifa B BHIE

H(x,y) =1+ &* cos(x)cos(y).
Torna
|K(x,y) - H(x,y)| < O(e*).

Bonee TOI'0, MOXHO OLHEHUTD [TOTPEHIHOCTD alIpoKCUMalluM

N-1
|K(x,y)— > &’ cos™(x)cos" ()
m=0

2N

® 5 €
< ZE " =—2.
m=N

Zez"’ cos™ (x)cos” (y)
1-¢

m=N

Mbl mpesocTaBiseM YMTATENI0 BO3MOXKHOCTh CAMOCTOSITENBHO NOBECTH pelieHHe
YPaBHEHHUS 10 KOHLA.

CBepfieHne MHTErpanbHOro ypaBHeHUs K cucTteme
NUHEeWHbIX anrebpanyecknx ypasHeHUMn

HyCTb JaHO HHTerpajbHoe YpaBHEHie BTOPOTro poaa
b
o(xX)-M K(x,y)o(y)dy = f(x), asx<b (7.102)

Bxoasimii B 9T0 paBeRCTBO HHTETPaJ Mbl MOXKEM C TIOMOUIBIO J11060i U3 KBaapaTyp-
HbIX (hopMYT MPUOIMIKEHHO 3AMEHUTb HEKOTOPHIM IIPOCTOTO BHAA BhIpPaXKEHHEM, He
COAepKauIUM 3HaKa mHTerpasa. Pasobbem orpesok [a,b] Toukamu &, =a, &, , &,, ...,
&y = b Ha wacTH; Toraa, HapUMep, C NMOMOLbIO (POPMYJ/IbI Tpareruii onpezxéneuﬂblﬁ
HHTerpaJj NpeacTasisieTcs B BUIE

Nt b —-a

b
Jeeds =] o)+ e+ Sece|h 1= 2

N
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B rtakom cnyuae Hame unTerpajsbHoe ypasHeuue (7.102) 3aMeHsieTcs caenyommm
ypaBHeHVEM:

cp(x)—thK(x,ao)cp<ao>+N2:'K<x,a,,. >w<am>+§1<(x, En)0(Ex )} -
= f(x). (7.103)

B aToil dopmyne HeU3BECTHBIMU SIBJISIOTCS 3HaYeHUST PYHKUMU @ B Y3MOBBIX TOUKAX
aenienys, To ecTb 3HaueHust ¢(&, ), ¢(&,; ), ®(&, ), ..., ¢(Ey ).

Pasenctso (7.103) cnpaBeanuBo Bo Bcex Toukax uHTepsana {a,b]. Toraa, npunss
x =§,, noay4nm

N-1
w(én)—lh[% K(&,, &)0(&) + 2 K(E,, ém)w(ém)+§1K(ém En )@ (Ey )} =

m=1

=f(&,), n=0,1,2,3 .. N. (7.104)

TaxuMm obpasoM, Mbl nipuuiv K cucteme N + 1 ypasHeHuil ¢ N + 1 Heu3BeCTHbIMU —
3HAYEHUSAMI MCKOMON (DYHKUIMYM B Y3/10BbIX ToUKaX @( &), (&), 9(&;), ..., 9(&y).
OyeBUIHO, YTO TOYHOCTD Pe3yJibTaTa, IOAYYeHHOTO [P 3aMeRe HHTErpajJbHOTO ypas-
nenust (7.102) cucremoil anHeiinsix ypasuennil (7.104), 6ynet TeM Bblllle, YeM MeHb-
IIYI0 TOTPEUIHOCTh MBI COBeplLIaeM, 3aMeHsid HHTerpanl cyMmol. Tounble oLeHxH
MOrPEeIHOCTH, HOIYYAOUIENCS PY MPUMEHEHNY 3TOTO METOMA, ¥ HEKOTOPble PeKo-
MeHIALHH 110 BBIGOpY TOU MM HHOH KBAAPATYPHOH QOPMYbl MOXKHO HAHTH, HanpH-
Mep, B kHure [11].

NMpunoXxeHus UHTerpanbHbiX YypaBHeHUN
B Mmatemarudyeckom pusuke

WuterpanbHble ypasHEHNWs MMEIOT 0OIMPHYO 06AaCTh NPUIOKEHMH B MaTeMaTHye-
ckxoil pusuxe. OTMETUM, HATIPHMED, NIPHJIOKEHUS B CTATHYECKOH TEOPHUHU YIIPYTOCTH,
B 3a7a4ax o6TeKaHus B IUAPOANHAMUKE, B TEOPUM KoseOanuii, B 3agayax o6 ycroiiun-
BOCTH CXKATBIX CTEPXKHEH M BO MHOTHX APYrUX 3aZadax.

CeseneHue 3agaum Wtypma—JinyeBunns
K MHTerpanbHOMy ypaBHEHUIO

Paccmotpum peryisipuyio 3apady Ultypma—/Tuysuins ans ypaBHeHM
[p()X' ()] + [Ar(x) - g(x)] X(x) =0, a<x <b

C TPAHNYHBIMH YCIOBHUAMMY I1E€PBOI0, BTOPOTO WM TPETHETO poJa.

Takas 3azaya Bceraa MokeT ObITh CBEIEHA K PELIEHHI0 MHTEIPAJIBHOIO YPAaBHEHHS
¢ cummeTpuunbiM aapom. Cobcreennbie GYHKIMM 1 cobCTBeHHble 3HAYERUST 00eux
npobJieM COBIAAIOT.

st npocToTh npeo6bpaszoBatuil Gyaem cuurath, uto g(x) =0, H pacCMOTPUM IPaHHy-
Hble YCJOBHS IIEPBOIO PoJa. byreM MMeTh CAeYIOILYIO 3aJa4y:
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[P()X' (O] + Ar(x)X(x)=0, a<x <b, (7.105)
X(a)=0, X(b)=0. (7.106)

IIpeo6pasyem ypasuenue (7.105) tax
[p(x)X'(X)) ==f(x), f(x)=Ar(x)X(x), (7.107)

rae 6yaem cuutath (BpeMeHHO) PyHKUMIO f(x) U3BECTHOI.
Hpounrerpuposas (7.107), nonyyrnm

p(x)X'(x) = —Tf(y)dy + M, M = const.

Ortciona
X'(x )———~—jf<y) y+ 2 p@)>0, (x)>0.
p(x)

[TpounTerpupyeM eie pas:

X(x)= j If(y)dy+N N = const.

p(2) ,,p()

HepeCTaBI/IM NOpAAOK UHTEIpHpOBaHMA, NOJTYUNM

X(x) = Mj j f(y)dy}%dum (7.108)

p(2) .

O603HaynmM
_ (9
o(x) = ;[ @) x ela bl
Torpa gopmyny (7.108) MoxHO nepenucarb Tak:
X(x) = Mo(x) - | f(y)[o(x) - o(y)]dy + N. (7.109)

Koncrautet M u N BpiGrpaeM Tax, YToOB! BRINOTHAMUCH yesioBus (7.106). meem

X(a)=0= N =0,
b
X(b)=0=> Mo(b) - [ f(y)[ex(b) - o(y)}dy =0.
SlcHo, yto w(b) >0, a Toraa HaxoAUM

o b)jf(y)[m(b) o(y)]dy.

®opmyna (7.109) npruHUMaeT BUA

X(x)—m(x)jf(y)[m(b) o(y)ldy - If(y)[m(x) o)dy.
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HepenuuieM aty dopMysy B BiLze

X(x)= (b){m(x)If(y)lm(b) w(y)]dy +

+ m(x)f Flo(d) - o(y)ldy ~

- ()] f()le(x) - o(w)ldy,

NN
X(x)= W{ fow)lo(d)y - o))/ (y)dy +
+J o(x)[o(b) ~ m(y)]f(y)dy},
NI R
X(x) = [Gxy)f(y)dy, a<x <b, (7.110)
npuyeM ‘
O CIORITED)
Glry) = o(b)
o@le®) oWl ,
o(b) T

Oyuxuus G(x,y) — ussectHas GyHkUuA. Ita GyHK1MS HasbiBaeTca Gyrkuued ['puna
paHHOM 3amaum  (7.105), (7.106). @yuxumsa [puHa HenpepwiBHa B o61acTd
{a<x <ba<y<b}, HO He ABIAETCA AHANUTUYECKOH (TTPOUIBONHBIE MPU Y = X He
cosnazaior). Kpome Toro, oueBunno, G(x,y) =G(y,x).

HMeeM panee

J(x) = ar(x)X(x).

Taxum obpasom, (7.110) npuHuMaer Bux
X(x)- kf Glx,y)yr()HX(y)dy =0, a<x <b.
[Tocneanee ypaBHEHNE MOXHO MEPEITHCATh TaK:
(p(x)~ka(x,y)(p(y)dy =0, a<x <p, (7.111)

rae BB€ACHbDI obo3HaueHns

VT (x) X(x) = ¢(x),
N (X)) r(y) G(xy) = K(x.y).
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’
1

Wurerpanbhoe ypasuenue (7.111) — oueBHaHO, ypaBHEHHE ¢ CUMMETPUYHBIM 5 POM
K(x,y) = K(y,x). TakxuM obpasom, Halla 3a4a4a CBeJach K ONHOPOAHOMY MHTErpasb-
HOMy ypaBHenuio (DpearoybMa ¢ CHMMETPUYHBIM SIIPOM. AHANOTHYHbIE BBIKJALKU
MOXKHO NPOJIE/IATh 7151 YCIOBHI BTOPOTO M TPETHErO POAY, a TakxKe 1pH g(x) = 0. Ot-
METHUM elllg, YTO CUHIY/IApHasA 3afava Lltypma—J/IuyBuiuis cBOAUTCS K CHHTY NSIPHO-
MY MHTErpaTbHOMY YpaBHEHHUIO.

Npumep. PaccMotpnym cieayloutyio 3azauy LITypma—Jlnysuiis
X"(x)+ 2 X(x)=0, 0<x </,
X0)=0 X{)=0.

Csenem 37y 3a7auy K HHTETpaJIbHOMY ypaBHeHHIO. Bocriosibayemces nonydeHHbIMH pa-
Hee pesynbTaTamMu. UmeeMa =0, b =/, p(x) =1, g(x) =0, r(x) = 1; nanee

o(x) = Ta’z =x, o(b)y=w(l) =]

yl-x) .
l ) b ,
x(l-y)
l ¥

Kpowme Toro, o(x) = X(x), K(x,y) = G(x,y). Takum 06pasoM, oKoHYATENLHO MOyYa-
€M cJiefyIollee HHTErpaibHOe ypaBHEeHHE:

G(x,y) =

x<y

X(x)—ij(x,y)X(y)dy =0, 0<x </
0

rae

K(x,y) =

CeepeHune NNOCKOW 3apaum ruapoANHaAMUKK
K MHTerpanbHoMy ypaBHeHuio Ppearonsma

[lycTs unAMHAPHYECKOE TEI0 MOMEUEHO B MJIOCKONApaiie bHbiil TI0TOK MAeaNbHOM
HecXKHMMaeMoi skuaKocTH. TpeGyeTcs HallTH CKOPOCTh YCTaHOBHBLIETOCS IIOTOKA B Ka-
XJIOH TOYKE MPOCTPAHCTBA.

Yn06HO npeicTaBUTh BEKTOP CKOPOCTH Kak CyMMY ABYX BeKTOPOB O =0, +7,, rue
Uy — CKOPOCTb HEBO3MYIUIEHHOIO MOTOKA (IIPH OTCYTCTBUM Tena), , — BO3MYIIEHHE.
CooTBETCTBYIOMME MOTEHIMANB 0603HAYNM Uy U U, , TAK 4TO Ty = -Vu,, T, = -Vu,.
[loTeHtinan HeBO3MYIIEHHOrO NOTOKA, OYEBUIAHO, €CTh JHHEHHAA QYHKIIIST KOOPAU-
HAT X M Y u, = 0% —v;’y + const, rne v’ u v;’ — NPOEKIMH BEKTOpa CKOPOCTH U, Ha
OCH KOODAIHAT X W Y coorBeTcTBeHHO. [loreHuMan u, ynosnerBopsieT ciemyioueit
KpaeBoii 3asaye Jis ypaBueHus Jlamnaca:
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o*u, 0’u _
Au, =—>++ "1 =0, N(x,y)eD, 7.112
= T oyt (x,y) ( )
rae obacTs D — BHELIHOCTh LHIHHAPA;
Sl _y9(P), Per, (7.113)
an r
Uy ||0N|—m =0,

rae vg (P) — HopMaJTbHasI K KOHTYPY UMaMHApa I cocTapiAoLast BEKTOpa CKOPOCTH U,
N(x,y) € D — HekoTtopas Touka B nipoctpaHctse, O(0,0) — Hayaso KoOpAMHAT B LieH-
Tpe uuauHApa (puc 7.1).

‘ N
r

Puc. 7.1. O6tekaHue unnuHapa

Bynrem uckaTh petnieHye Hamei 3agaun u, =u, (x,y) =u,(N)B Buge

u (N) = -[w(M)In|MN|ds,,, (7.114)
r

rne M — HekoTopasi IPpOU3BOJIbHAS TOUKa Ha KoHType I', u(M) — HekoTopas Henpe-
pBIBHAs HeM3BeCTHas (YHKLUHSA OT MOMOXKEHUS Touku M(x,,,y, ). IIpu aTom Gynem
NpeArosaraTs, YTo

[u(M)ds,, =0. (7.115)

Wurerpan suna (7.114) HassiBaercs rozapugmuueckum NOMEHYUANOM NPOCMOZ0 CLOS.
Oyukung p(M) — mioTHocTs 31010 CN0os. MoxHo yTBepxaars, uro (7.114) cyuecr-
BYET 1 ABJISETCS HenpepblBHOi (yHKuuMel ot Touku N, 6onee Toro, u, (N) € C* (D).
Hanee

Au, =-[w(M)AIn|MN|ds,, N €D,
r

Ho Aln|MN| = 0. Taxnm o6pasom, Au, =08 ob1actu D, To ects ypasnenue (7.112) sbr-
MOJIHEHO HE3aBUCHMO OT BHaa QyHkuuu u(M).

[IpoBepuM cripaBeaIMBOCTh yciosus Ha GeckoHeuHocTH. Vimeem

IMN| = /|oM]” +|ON]’ —2|OM|[ON]cos(a),

rae o — yroja Mexny BeKTopaMnO_K/I u ON (cM. puc. 7.1).
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Yuntsisas, uto |ON| — oo, [OM| — orpanuyeno, MoxHO Mpeo6pasoBaTh, pas/iaras B psit

loM| (%
[MN| =|ON| |1-27—— cos(a) + —> =
|ON| low|
0.
= |ON] 1—I—M]cos(a)+---
[ON]
|ON |—»o
[loatomy
0. OM
In|MN| = InjON| + ln{ 1 —lTO%VﬂT cos(a) + } » = InjON| —ll?)ﬁll cos(a)+ .
Taxum o6pasoM, MpK yCIOBHH, YTO |ON| —> 0,
1
u (N)= ‘111|ON”H(M)dYM + ———Ip(M)|OM|cos(a)dsM o=
r Ny}

=0

{
=O[|ON|J o0

TaK KaK MePBblit MHTErpas ClipaBa paBeH HyJIO B cuiy (opmyst (7.115).
Ocraercs noaobpars dyukumio p(M) tak, 4To6sl BeIMoOMHANOCH yeaosue (7.113).

HNmeem

ou, 0
— =—| u(M)— In|MN|ds,,,
- !u( ) InjMN|ds,,

IMN| = J(x =, ) +(y -y )

d 8 ~ 2 ~
P In|MN| = — (In]MN}) cos(7, ) + P (In|MN]) cos(7, )

_ (=, )Cos(x) + (y ~ Yy )os(iy) _
MNJ*

_ cos(ﬁ\’,x)cos(fz})+ cos(WV,y)cos(ﬁ/,;) _ cos(ATN,ﬁ)

N v
[loatomy
ou (MIN, 71y
o [ EBSENR) e
Orcona
ou | . ow cos(MN, 7)
T, A G = im MO TR
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ITpu samene Touxku N Ha TouKy P (Ha KOHTYpe) MHTErpan Mpespalaercsa B HecobCT-
BEHHLIH, HO, TEM He MeHee, NpeneJl CyuecTsyer. Boiuncienns naior

Ou,

2 _ "I“(M) cos(MP n)dg
n

P T |MP|

Crporoe noKa3aTenabcTBO 3TOTO (haKTa AaHO B Teopuu MoteHuuana [13}, [26].

—au(P). (7.167)

Monyyaem, Taxum obpasom,

cos(MP n) ds,,

7 -nu(P) =v,(P)

—j (M)

NN

cos(MP n)dg _ v (P)
|MP| T

Taxum ob6pasoM, maoTHOCTE u(P) — pemeime HHTerpajgbHoOro ypasHenus (7.116)
¢ AapoM

B(P)+ = [u(M)  PeT. (71.116)
Tr

5~
cos(MP, 1)

K(M,P) = IMPI

(7.117)

U napaMmeTpoM A = —1/m.

Mo3HO MoKasaTh IS UIMPOKOTO KJIacca KOHTYPOB, 4TO A = —1/n He sBisercs cober-

BEHHBIM 3HaY€HHEM OJHOPOIHOI0 YPaBHEHMUsI, COOTBETCTBYIOIIEr0 ypasHeHuo (7.116),
U, cexoBaTeNbHO, ypasHenue (7.116) paspeuwimo (no ansrepHaTHBe MDpearosnMa),
IIDK 3TOM OKa3bIBAETCS BBITIOJIHUMBIM ycI0BHe paspetnnmoctH (7.115).

Mpumep. PaccMoTpuM ciyyail o6TeKaHus KPyrioro WMIKHAPA, Koraa I' ecTb kpyr pa-
auyca a (puc. 7.2).

_’r

Ya
! » x

Puc. 7.2. O6tekaHue Kpyrnoro usnuHapa

=~
B arom ciyuae |OM| = a, |MP| = 2a cos(MP, 1), cieaoBaTeIbHO,

K(M,P) = cos(ﬁP,ﬁ) _1
’ IMP| 24

— . 4N
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Hanee

0 pn (= 5~
v, (P) =|T,| cos(OP, x).

Taxum 06pa3oM, HHTErpasbHOE ypaBHEHHE OYNET UMETh BHL

|60| cos((ﬁ’jx)

n

1
h(P)+ o~ I w(M)ds,, =-

Ho B cuity dopmyset (7.115) unterpan ciesa paseH Hymo. MTax, Mbl OMy4ItIm

W(P) = _|770| cosT(tO_l)’,x).

Bonpocsbl K rnase 7

Kakue ypaBHeHns HasblBalOTCS MHTErpaibHeiMu? IlpuBenute nmpumepsl.

Yro Ha3BIBAETCS! pelieHHeM HHTEIPAIbHOIO ypaBHEHMA?

IIpusennTe obuinit Bia MHTErpanbHOTO ypasHenus Mpearonbma MepPEOro poaa.
[Ipusenure obuimit BUI MHTErpaibHOIO ypaBHeHHust DPearosbMa BTOPOTO poja.
Hpuseante obunit BUX MHTErPaJIbHOIO ypaBHeHHs BoJbTepphl NepBOro poja.
[Tpusenute 061t BUI MHTETPAILHOIO YpaBHEHUS BOJIbTEPpPLI BTOPOrO PoAA.
Yr0 HasbIBaeTCst AAPOM HHTETPAILHOTO ypaBHEHHUS?

YTo HasbIBaeTCS NPaBoil YACTbIO HHTErPAILHOTO yPaBHEHMS?

© N W~

Kaxue Tpe6oBanus 06b1YHO HAKJIAAbIBAIOTCA HA SIPO H TPaBYIo YacTh MHTErpasb-
HOro ypaBHeHMs? B kakoM kiacce QyHKUMIl MIIETCS PelleHHe HWHTErpajibHOro
ypaBHEeHUs?

10. Kakoe uHTerpanpHOe ypaBHeHHE Ha3blBAeTCs PEryaspHbiM? CHHTY/ISPHBIM?

1. TlpusexuTe npUMep MHTETPAIBHOIO YPABHEHHUS, B KOTOPOM I/XHTerIIDOBaIII/Ie npo-
H3BOJMTCA 110 IOBEPXHOCTH.

12. TlpuBenuTe MpuMeps HHTErPAJIbHBIX yPABHEHHIA, CONEPIKALMX MHTErPaIbl [0 KOH-
TYpY B IJIOCKOCTH KOMIIJIEKCHO! MepeMeHHOH.

13. Kaxoe unTerpanpHoe ypaBHeHMe HasbiBaeTcs uHeitHbiM? Henuneiinnim? Tpuse-
aUTe MPUMEpHI.

14. [lafite peienue MHTErpanbHOro ypaBHeHNst BosbTeppsl BTOPOTo pojia ¢ SapoM, 3a-
BHCSLLHM OT Pa3HOCTH.

15. [lajite peuienue MHTErpaJbHOrO ypaBHeHHs BosbTeppsl iepBoro poaa ¢ siapom, 3a-
BHCSIIMM OT pasHocTH. Kakoe NONOSHUTENBHOE YCJIOBHE Pa3PeLIMMOCTH JOJIHHO
BHIIIOJIHATBCSA B 9TOM Cayyae?

16. Kaxoe ypaBHeHue HasbiBaeTcsi ypaBHeHHeM A6ensi? Jlaiite pellieHue 3TOr0 ypaBHe-
HUSL.
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v

17. Kak peutaiotcsi MHTETpaJibHble ypaBHeHHs1 (DpearosbMa ¢ sSIAPOM, 3aBHCALIMM OT
PasHOCTH, ¥ ¢ GECKOHEUHBIMHU TIpeaeiaMu uHTerpuposaHus? Kaxoe yciosue pas-
PEIIMMOCTH JOJIKHO BHITIOJIHSATHCA B 3TOM ClIyyae?

18. Kax pemraiotcss MHTErpaibHble ypaBHeHus DpearosibMa ¢ SAPOM, 3aBUCSIIMM OT
cyMMbl, 1 ¢ GeckoHeuHpIMM TIpeaenaMi HHTerpupoBaHus? Kaxoe ycnosre paspe-
MIKMMOCTH JI0JKHO BBHITIONHSATHCS B 9TOM Cliyyae?

19. Kakoe simpo HasbiBaercs BuipoXxaeHHbIM? IIpuBeanTe nprMepsl.

20. U3anoxure METOJ PEIIEHUS WHTErPAIbHBIX YpaBHeHHH DpeiaroasMa ¢ BhIPOKAEH-
HBIM SIIPOM.

21. Jlaitre obiuee pelieHne ypasHeHns BosbTeppsl pasyioxeHueM B psj 110 CTENEHAM
napamerpa.

22. Chopmynupyiite ¥ JOKXKHUTE TEOPEMY €AMHCTBEHHOCTH PELIEHKUA UHTErPAJIbHOTO
ypaBHeHHUs! BosbTepps.

23. Jlaiite obmee peulenue ypaBHeHus Dpearonbma pasiokeHHEM B PSIA 110 CTENIEHsM
napamerpa.

24. YTo HA3BIBAETCS PE30JIbBEHTOH WHTETPAIBHOIO YPaBHEHMA?

25. Kax onpenesisieTcsi pe3ojibBeHTa MHTErpaibHOro ypasHenus Mpearonpma?

26. Kakne MHTEerpaibHble YpaBHEHUs Ha3bIBAIOTCS opHopoxHbeiMK? HeonHopoanbvu?
27. Yro Takoe cobcTBeHHBIE (PYHKLMMA HHTETPAIBHOIO YPABHEHUS?

28. Yro Takoe cob6CTBEHHbIE 3HAYEHUS] MHTErPAJILHOTO YpaBHEHUs?

29. Yro Ha3bIBaeTCs CIIEKTPOM MHTETPAILHOTO ypaBHEHUA?

30. Yto Takoe paHr COOCTBEHHOro 3HAYEHUsI?

31. Ykaxure cBs3b MEXIY Pa3pelIMMOCTbI0O OZHOPOJHOIO M HEOAHOPOAHOIO MHTE-
rpaybHbIX ypasHeHuit Mpenroyibma.

32. Cdopmyaupyiite ansrepHatuBy Dpenronbma.
33. Kakoe sapo Ha3pIBaeTCsl CUMMETPUYHbIM? [IpuBeauTe NpHMepBH.

34. Cdopmyaupyiite OCHOBHBIE TEOPEMbI TEOPHM MHTErPaJIbHBIX ypaBHEHHMH C cuM-
METPUYHBIM SIPOM.

35. Manoxure MeTon CBei€HUS MHTErPAILHOTO YPaBHEHN K YPaBHEHHIO C BRIPOXKAEH-
HbIM siipoM. IIpuBennTe npuMep.

36. UanoxuTte METON CBEIEHHS] HHTETPAJbHOIO YPaBHEHHUS K CUCTEME JIMHEHHBIX all-
rebpanyecKiX ypaBHEHHIL.

37. Csemurte peryaspHyio 3agauy ltypma—JInyBuiis K MHTErpasibHOMY YPaBHEHHUIO
€ CUMMETPHYHBIM SIPOM.

38. Csemute IJIOCKYIO 3ajayy IHAPOAMHAMUKYA K MHTErpajbHOMy ypaBHeHnio Opex-
roJibMa.

3agaun ¢ npuMmepamu peLueHna

1. TIpoBepuTs, 4TO HaHHBIE QYHKLUMH ABJSIOTCA PElIEHUAMH COOTBETCTBYIOUIMX HH-
TerpaybHBIX YPaBHEHUIL
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B I +2x? F3r+2x°
De@ = a+ )5/2' o) = 31+ x?)? '([ (1+x)

¢(x) = ¢ [cos(e™ )~e" sin(e")];

@(x) = (1 -2 )cos(1) — e sin(1) + Jr‘ [1-(x-y)e* Jo(y)dy.

o(y)dy.

3 e(x)=xe"; p(x)=e" sm(x)+2fc05(x y)e(y)dy.

3

4) p(x)=x —?; ¢(x)=x —Ish(x—y)w(y)dy-
0

T o(y)
—_ dy =1.
x I -y ”

2. Pewntp ypasueHue

5) o(x)=

P(x)=2+ fxycp(y)dy
3. Pemuts ypaBHEHME
P(x) =3 -2+ 3ixy ¢ (y)dy.
4. Pemnrs ypaBHEeHME

¢(x) = 3r -2+ 32y ¢(y)dy.

5. Ilpy xaxnx 3HaueHMsX napamerpa ) CHCTEMA MMEET HETPHBHATbHOE pelieHue
1
¢(x) =M (x -y)w(y)dy,
0

y(x) = ki(y -X)o(y)dy.
6. Haiiti cobcTBeHHBIE 3HAUEHUS U COOCTBEHHbIE dyHKUMHK ypaBHEHMS
¢(x) = ki(x2 +y*)o(y)dy.
7. Haittit cobcTBEHHBIE 3HAYEHMS 1 COBCTBEHHbIE (hYHKUIMHK ypaBHEHUS
9(x)= xj[?vcy -2y oy
8. Haittu cobcTBeHHBIE 3HAYEHMS 1 COBCTBEHHBIE (DyHKIMHK YpaBHEHNd

w2
0 (x) =2 fsin(x + y)o(y) dy.
0
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9.

10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

Penuiuth ypaBHeHUe

a2 "2 . g(Z—y), 0<x<y,
o)== [Kxyprew)dy =5, K(xy)=
0 %(2~x), y <x.

Haiitu cobcTBeHHBIE 3HAYEHUST 1 COOCTBEeHHbIe QYHKIMH YPABHEHUS

o(x) = A K(x,)o(y)dy, K(xy)= {zzg:zg; Z i;

Pemutb ypaBHeHUe
o(x)— 4Tsin2 (X)e(y)dy =2x -
0
Pemntb ypaBHeHHe
@(x)- kfsin(x)cosw Yo(y)dy =sin(x).
Pewntsh ypaBHeHHe
o)~ sinGe ~y) 0 (y)dy = cost),
Penuts ypaBHEHHE

e(x)~- kf[x cos(y) +y° sin(x) + cos(x)sin(y)] ¢(y)dy = x.

-

Peututs ypaBHEHHE

p(x) =€ —ieI'y ¢(y)dy.
PewinTh ypaBHeHKe

p(x)=x —16"'” ¢ (y)dy.

Peuinth ypaBHEHME

T

o(x)=e" +[e' ™ o(y)dy.
0

Pewnts ypaBHeHMe

-2(x-y)

(p(x)=1+x+J'e o(y)dy.
0
Pewmute ypaBHEHHE

Pp(x)=x+ ]sin(x -y o(y)dy.
0
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20.

21.

22.

23.

24.

25.

26.

27.

28.

Pewutp ypaBHeHUE

o) =x~ [shx ~y)o(y)dy.
Pewuts ypaBHeHUE
0() =" +2f costr —y)ow)dy
Peuuts ypaBHeHUe
9(x) =1+ 2] cos(x - ¥)0(y ) dy.
o
Peumts ypaBHeHue
o) = cos(x) + [ o)y

Pemurs ypaBHeHue

fe'“'y ¢(y)dy =sh(x).

Peurutb ypaBHenue

e’ o(y)dy =sin(x).
0
Peuintb cucreMy ypaBHeHui

0 (x)=e™ + [, (y)dy,
0
0y (x) =1~ {e* o, (y)dy.
0

Pemute cucremy ypaBHeHU#

o, (x)=¢" +[o,(y)dy - [e™ 0,(y)dy,
0 0

0, (x)=—x —T(x ~9)0,(¥)dy + [ 0,(y)dy.
0 0

Pewuts cucremy ypaBHeHU#H
o (x)=¢" —[o,(y)dy + 4f ¢ 0,(y) dy,
0 0

¢2(x)=1—]ey"r¢1 ()dy + [0, (y)dy.
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29. Peunrb cucreMy ypaBHEHUHR

0, (x)=x+{0,(y)dy,
0

9, (¥) =1~ 0, (¥)dy,

. 1%
93(0) =sin(®) + = [ (x =) @1 (1) dy.
0
30. Peuinrhb cucreMy ypaBHEHMH

¢1(x)=1—j¢z(y)dy,

L gy(x) = cos(x)~ 1+ | 03 )y,

93 (1) = cos() + | 0, (¥)dy.

Mpumepbl pelueHus TUNOoBbIX 3aAay
Mpumep 1. Petth ypaBHEHME

e(x)=x" +2[(1+3w)o(y)dy.

Pewenve. JlaHHOe YpaBHEHHUE SIBJISIETCS] YPABHEHHUEM C BBIPOXKIEHHBIM sapom. [lepe-
IuiieM ero B BUze

1 i
o) =x" +2[ @(y)dy +6x[yo(y)dy.
0 0
0O603HauuM

CI = (P(y)dyv

C, = |yo(y)dy.

O ey = D Gy

Torza Halle ypapHeHHe [IPUMET BUI
o(x)=x% +2C, +6xC,.

CHauaJjla IpOUHTETPUPYEM MOCIIe[IHEE YPAaBHEHHE, 3aT€M YMHOXHM €T0 HA X M ONATH
npounTerpupyem. [losyynm aBa ypaBHEHHs! OTHOCUTENBHO KOHCTAHT C; U Cy:

1 1 i i
'[cp(x)dr=Ix2dx+2C1'[dx+6C2'[xdx:> C, =—é+2C1 +6C, %
0 0 0 0

i i 1 i
Ixcp(x)dx =J‘x3dx+2C1J'xdx+6C2Ix2dx:> C, =%+2C1 %+6C2 %
0 0 0 0
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Ocraercs TONbKO PEIIMTE MONy4eHHbIe ypaBHeHNs OTHocuTebHO C, u C, . Bee 310

ya06HO BBIMTOJHUTB HA KOMIIbIOTEPE B cucteme Maple. 3anaem ypaBHeHe

> restart:
> with(Student[Calculusl]):
> eq:=phi(x)=x"2+2*int ((1+3*x*y)*phi(y).y=0..1):

1
eq :=¢(x)=x2+2f(1+3xy)¢(y)dy
0

Bsonum o6o3nauenus xoucraut C, u C,
> phi(x)=
> x*2+2%int (phi(y).y=0..1)+6*x*int(y*phi(y).y=0..1);

1 1
¢(x)=x2+2f¢(y)dy+6xfy¢(y)dy
(1] (1]

> s0):=
> subs(int(phi(y).y=0..1)=Cl.int(y*phi(y).y=0..1)=C2.%):
sol =¢(x)=x"+2CIl+6xC2
DopMupyem CHCTEMY YPaBHEHMH OTHOCHTENbHO KOHCTAHT C,ucC,

> el:=
int(Ths(s01).x=0..1)=rhs(Rule[+  J(Int(rhs(sol).x=0..1))):

1 i 1 1
el :=f¢(x)dx=fx2dx+f2c1dx+f6xc2dx
0 0 0 0

> e2:=int(x*Ihs(s01).x=0..1)=
rhs(Rule[ "+ I(Int(expand(x*rhs(s01)).x=0..1))):

e2 = J-Ix ¢(x) dx= J-
0

0

1 1 1
x3dx+f2xC1 dx+f6x2c2dx
(1]

0

> el:=subs(int(phi(x).x=0..1)=C1.1hs(el))=value(rhs(el)):
e2:=subs{int(x*phi(x),x=0..1)=C2,1hs(e2))=value(rhs(e2));

e]:=C1=%+2C1+3C2

eZ:=C2=%+C1+2C2

Pewaem monyuenHyio cucremy

> res:=solve({el,e2}.{C1,C2}) assign(res);

-1 -5
reS.—{CZ-ﬁ,C[:EZ}
> sol;
5 1
=yl _
W) =x" -3 3*

> phi:=unapply(rhs(%).x):
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5 1
= 2__._—_
p=x—ox TR

[enaeM npoBepKy MMOJIyYeHHOTO pelieHus!

> simplify(Ths(eq)-rhs(eq)):
0

Wrak, peienueM Haluero ypasaenusi byner QyHKIUs

, 1 5
X)y=x'——x-—.
o(x) YRART

anlMep 2. Pemints ypaBHEHHE
n/2

o(x)—4 Isinz(x)cp(y)dy =2x ~ 7.
0

Pewenune. Peinaem B Maple:

> restart:
> with(Student[Calculusl]):
> eq:=phi(x)-4%int(sin{x)*2*phi(y).y=0. Pi/2)=2%x-Pi:
phi{x)-4*sin(x)*2*int (phi(y).y=0..Pi/2)=2*x-Pi;
b4
F)
q = ¢(x)-4f sin(x)26(y) dy=2x— 7

0
b4
2
o(x)—4 sin(x)zf 6() dy=2x-7

0

> eqn:=subs(int(phily).y=0..Pi/2)=C.%):
eqn = §(x) - 4sin(x)’C=2x-n

> Rule[ "+ 1(Int(Yhs(%).x=0..Pi/2)):

3 3 3
J¢(x)—4sin(x)2Cdx=f ¢(x)dx+J 4 sin(x)? C dx
0 0 0

> value(subs(Int(phi(x),x=0..Pi/2)=C,rhs(%)))=
simplify(int(rhs(egn).x=0..Pi/2));

i
C-nC=-—
" 4
> res:=sotve(%.C):C:.=%:

[ '_——‘*—'—nz
R G

2

i
C'"4(—1+n)

> solve(egn.phi(x)):
sin(x)?n?~2x+2xm+n— 1’
-l+n=
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> collect(%.sin);
sin(x)2n? -m?-2x+2xm+nm
-1+ -1+

> op(1.%)+normal(op(2.%));
sin(x)? n?

+2x-m
-1+
> phi:=unapply(%.x);
: 2.2
sin(x)“m
¢:=x—>4—£~)—-+ 2x-m
o

> simplify(eq):
2x-m=2x-7

Wtak, perieHneM UHTErPabHOTO ypaBHeHUs Oymet QyHKIusI

2 2
cp(x)=1r—512—1£x—)+2x—n.

Npumep 3. Haiitu coberBentbie 3HadeHMs! ¥ cobCTBeHHbIe DYHKIINY OHOPOAHOTO MH-
TerpajbHOTO YPABHEHUS C BBIPOKAEHHBIM SITIPOM

e(x) =2 [(x* +y")o(y)dy.

Pewetrue. Pemaem B Maple:

> restart:

> eq:=phi{x)=1ambda*int ((x*2+y*2)*phi(y).y=0..1):
phi(x)=lambda*x*2*int (phi(y).y=0. 1)+

Jambda*int (y*2*phi(y).y=0..1):

1
eq = §(x) =% f (*+y*) §(y) dy

0

1 1
¢(X)=>»x2j¢(y)dy+7vj¢(y)y2dy

0 0

> eqn:=
subs(int(phi(y).y=0..1)=Cl int(y*2*phi(y).y=0..1)=C2,%):

eqn =¢§(x)=Ax*Cl+ X% C2
> egnl:=int(Ths(egn),x=0..1)=int(rhs(eqn),x=0..1);
egnZ:=int(x*2*1hs(eqn).x=0..1)=int(x*2*rhs(eqn) .x=0..1);
1
1
eqnl :=J¢(x)dx=§k Cl+%C2
0

1 I
eqn2 :=fx2¢(x)dx=gx Cl+32 C2
0

> eqnl:=subs(int(phi(x).x=0..1)=Cl.eqgnl):
eqn2:=subs(int(x*2*ph1(x).x=0..1)=C2 eqn2):
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1
eqnl :=C1=§).C1+).C2

eqgn2 :=C2=é). C1+%%. c2

> A:=linalglgenmatrix]({egnl, eqn2},{C1.C2});

Al
5 3
A= A
1—3— -A
> Delta:=linalg[det](A):
=32 2
A 45%. 1+3).

> res:=solve(Delta.lambda):

15,945 15 945
res.——7+ 2 ,—_4— 2

I/ITaK, MBI HalllIM COOCTBEHHbIE 3HAYEHUS HHTETPa/IbHOTO YPaBHEHHS. O6o3Haunum ux
Ky Ml

> mul1]:=res{1]:mu[2]:=res[2];

15 945
M=ty

15 9.5
Mo m ™ ™y

HaitineM Tenepsb cobcTBeHHBle PYHKIMM:

> el:=subs(Tambda=mu(1].egnl):
e2:=subs(1ambda=mul1].eqn2):
solve({el.e2}.{C1.C2}):

assign(¥): 1/_
[ 15 9 5)
-—+—|CI
4" 4 15 945
el =Cl= 3 +(_7+——4—]C2
1
(——i&———gﬁjd (—E+———9‘/§]cz
PO SR L4 4
e 5 3

{C2=C2,C1=C245}
> factor(egn).

¢(x)

_fs(s+sHre
B 5

> Cl;="Cl':C2:="C2":
el:=subs(lambda=mu[2],eqnl);
e2;=subs(lambda=mu[2].eqn2):
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solve({el,e2}, {C1.C2}):
assign(¥):

[_15__9_@

— CI
el =Cl= 4 4 ] +(—E—?%ﬁ]€2

3 4
[—?——91{{?)@ [—%——%CZ
e2 =C2= 5 + 3

{C2=C2,Cl=-C2./5}

> factor(egn):

5 -5x) A C2
o= 5G5S 55)

Wrak, cobcreennble pyHKunn (0603HauuM ux W, (x) u vy, (x); OHU OMpenessTCca
€ TOYHOCTBIO 0 MPOU3BOJIBHOTO MHOXKHUTEIS ):

> psi[1];=x->5%x*2+5*(1/2) :
> psi[2]:=x->-5¥x*2+5*(1/2)

Y, =X 5x2+ﬁ
\yz:=x—>—5x2+ﬁ

BbIrosHUM ITPOBEPKY ITOJIYYEHHOTO Pe3YJIbTaTa:

> simphfy(subs(phi(x)=psi[1](x),1hs(eq))-subs(]ambda=mu[1],phi(y)=p51[1](y),rhs(eq))):
0

> simplify(subs(phi(x)=psi[2](x).1hs(eq))-subs(Tambda=muf2],phi(y)=psif2](y).rhs(eq))):
0

Npumep 4. PemuTh UHTerpajbHOe ypaBHeHue Bosbreppht
e(x)=e™ + [sin(x -y)o(y)dy.
0

Petwenue. SI1po naHHOTO ypaBHEHUS 3aBHCHT OT PA3HOCTH, II03TOMY pelllaeM ero ¢ [10-
Mollbio npeobpasoBanus Jlannaca. BeironHuM Bee Buikianku B Maple. Ornpenenum
ypaBHeHUE

> restart;with(inttrans.laplace,inviaplace):
> eq:=phi(x)=exp(-x)+int(sin(x-y)*phi(y).y=0..x);

eqg=d(x)=¢ "+ f sin(x—y) §(y) dy

0

[Ipumensiem npeobpasoBanue Jlannaca u nonyyaem yPaBHeHHUe JJist TPaHC(HOPMAHTBI
Jlannaca

> laplace(eq.x.p):



448 7. VIHTerpanbHuie ypaBHEHWS 8 MaTEMaTU4ECKON (H3nKe

1 . laplace(d(x), x, p)

laplace(§(x), x, p) = [+p 241
> subs{(laplace(phi(x).x,p)=Phi %)
1 . o
Tl+p pr+l

Pemaem ypaBHeHue Ajs1 TPaHCPOPMAHTBE
> solve(% Phi);
pr+1
(1+p)p’
Boiuncnsem ofpaTHoe npeobpazosanue

> invlaplace(%.p.x):

(~x)
2¢ VHx-1

> phi:=unapply(¥,x):
—x)
¢:=x—)26( +x-1
[emnaeM nposepky

> simplify(lhs(eq)-rhs(eq));
0

Uraxk, peuiennem Haiero ypasHeHust Oyaer GyHKIusA
p(x)=2e" +x -1

Yno6HO Bce Takue BbIUMCJIEHHS] aBTOMATU3HPOBaTh. [ljis aToro paspaboraeMm mpolle-
AypPy pellieHHs] HHTErpaJIbHOIO ypaBHeHHs] BOJIbTepphl € AApOM, 3aBHCAILHEM OT paa-
Hoctu. [Ipoueaypa Moxer uMeTb, HAIIPUMED, CAEAYIOIHUHA BUI:

> Volterra:=proc(eq.phi)

print( PewaeMoe WHTerpansHoe ypagHeHue: ):print{eq):
inttrans{laplacel(eq.x.p):

print (" YpasHenue ans TpaHcdopmanTs flannaca:’):
subs(laplace(phi(x).x,p)=Phi %):

print(%);

solve(%.Phi);

print (" Pewexne ypasHeHus ana TpascdopmaHTh flannaca: ):
print(%):

inttransfinviaplacel(¥.p.x):

print (" PeweHne 3apaun:’);

phi:=unapply(%.x):

end proc:

[Tapamerpamu npolienypst Volterra siBJASIOTCS pelllaeMoe ypaBHeHHe eq (BXOAHOI na-
pameTp) u UckoMas pynkuus phi (BeixoxHo# rmapamerp). [Ipouenypa oyens npocta n
He HyXIaeTcs B JONOJHHTEJbHBIX KOMMeHTapusix. IIposepumM paboty mpoienypbl Ha
ypaBHeHHsiX. 3aaiMM HECKOJIbKO ypaBHeHUH

> eql:=1nt(exp(2%(x-xi))*ph1(xi), xi=0..x)=x"2*exp(x):
> eQ2:=int(cos(x-xi)*phi(xi), xi=0.. x)=x+x"2:
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> eq3:=phi(x)=1+1/2*int (sin(2*(x-x1))*phi(xi).xi=0..x):
> eqd: =

phi(x)=1-2%x-4*x"2+3*int (ph1(x1) . x1=0..x)+
6*int((x-x1)*phi(xi).xi=0..x)-
4%int((x-x1)"2*phi(xi).xi=0..x);

> eqb:=

phi (x)=x"2/2+int((x-x1)*exp(x-x1)*phi(xi).xi=0..x):

> eqb:=

phi(x)=x+2*Int ((x-xi)*phi(xi). xi=0. x)-
2*Int(sin(x-xi)*phi(x1).xi=0..x):

> eq7:=int(BesselJ(0, (x-x1))*phi(xi) xi=0..x)=s1n(x):

eql ;=Je(“'m¢(g)dg=x2e-“
0
eq2 :=fcos(x—2’;)4)(2';)d2’;=x~»-x2
0
1. ;
eq3 :=¢(x)=1+§f51n(?x—2§)¢(§)d§
0
eq4:=¢(x)=1—2x—4x2+3j¢(¢)dé+6j(x‘—&)«&)d&—ﬁ(x—a)%(a)da
0 0 0
2 X
s =o0) =+ [ oy e a
0
eq6 ::¢<x)=x+2j(x—a>¢(a>da—2fsin(x—a>¢<a>da
0 0

eq7 = fBesselJ(O, x—E) §(E) dE = sin(x)

0

Penym 53TH ypaBHEHUSL:

> phi:="ph1':k:=1:

volterra(eq||k.phi);

print( MNpogepka: ).
swmpl1fy{convert(Ths(eqf|k)-rhs(eq] k) .exp)):

k=1
Pewaemoe unmezpanvroe ypasHenue:

Ie(z’“zi)ug)de;:xze"
0

Ypdenenue ons mpancopmanmo: Jlanraca:
o 2

P_) @-1 :
2(5-1)
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Pewenue ypasrenus oars mpancgopmanmu Janraca:
2(p-2)
(p-1)°
Pewenue 3adauu:
x— —(~2x+x*)e”

Ilpoeepxa:
0

> phi:="phi‘ k:=2;

Volterra(eq| |k.phi):

print( Mposepka: " );

simplify(convert(Ths(eq||k)-rhs(eq}lk).exp)):
k=2

Pewaemoe unmezpanvroe ypasnenue:

J’cos(x—é)¢(§)d§=x+x2

0

Ypaenenue dns mpancopmanme Jlannaca:
Op 1 2

pZ +1 pZ pJ

Pewenue ypaerenus ors mpavncgopmanmot Jannaca:

(p+2)(p’+1)
o
Pewenue 3adauu:

1 1
x—)§x3+2x+1+§x2

Ilposepka:
0

> phi:='phi’ k:=3:

Volterra(eq| |k.phi):

print( Mposepka: ).
simplify(convert(lhs(eq||k)-rhs(eq||k).exp)):

k=3

Pewaemoe unmezpanvroe ypasHenue:
ox)=1 +%j sin(2x—28) &) dE
0

Ypasnenue ons mpancopmanme Jlannaca:

1 ®
®=—+

p p’
4[4 +1]
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Pewenue ypasnenus ors mpancgopmanme: Jlanraca:
pi+4
p(p*+3)
Pewenue 3adauu:

1 4
x—)—gcos(ﬁx)Jrg

IIposepxa:
0

> phi:="ph':k:=4:

Volterra(eq| |k.phi);

print{ Mposepka: " ):
simplify(convert(hs(eq||k)-rhs(eq|k).exp)):

k=4
Pewaemoe unmezpanvioe ypasuenue:

¢<x>=1—2x—4x2+3f¢<a>da+6f<x—a>¢<a)da—4f<x-a)2¢<a>d&,

Ypaenenue ons mpancgopmanme Janraca:

1 2 8 3o 60 8@
A
p opp PP p
Pewenue ypasienus ons mpancgopmanme Janraca:
1

p-1
Pewenue 3adauu:
exp
IIpoeepxa:

0

> phi:="phi':k:=5;

Volterra(eq| |k .phi):

print([lposepka: ):
simplify(convert(Ths(eq|(k)-rhs(eq|fk).exp)):

k=5

Pewaemoe unmezpanvioe ypasnenue:
x2 g (x-8&)
W= [ P ugrag
0

Ypaenenue ons mpancgopmanme Janraca:

1 @
®=—

P
P (p-1)7
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Pewenue ypasnenus oas mpancgopmanmos Jlanraca:
(p-1)
pt(p-2)
Pewenue 3adauu:

1 1 3 | .
x> —§x3— §x+§x2+§e" sinh(x)
IIposepxa:
0
> phi:='phi':k:=6;
Volterra(eq| |k.phi);:
print( MposepKa: )
simplify(convert(value(lhs(eq]||k)-rhs(eq||k)).exp)):

k=6

Pewaemoe unmezpanvroe ypasienue:
¢<x>=x+2f(x—a)¢<<:>d<:~2fsin(x—é)«é)da
0 0

Ypasuenue ons mpancopmanmos Jlannaca:

1 29 20
d)=“—2—+——2~

pPop Pl
Pewenue ypasuenus ors mpancgopmanmo: Jlanraca:
P+l
p+pi-2
Pewenue 3adauu:
1

x—)6

2 sin(ﬁx) + % sinh(x)

Ilposepxa:
0
> phi:="phi’:k:=7:
Volterra(eq}|k.phi):
print( lposepka:’);
simplify(convert(1hs(eq||k)-rhs(eq|lk).exp)):

k=17

Pewaemoe unmezpansioe ypasnenue:
f BesselJ(0, x - &) ¢(E ) d& = sin(x)
0

Ypasnenue ons mpancgopmanmo: Jannaca:
1

® -_—
Jpiel pi+l
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Pewenue ypaenenus ors mpancgopmanmn Jannaca:
1

Jpi+l
Pewenue sadavu:
x — BesselJ(0, x)

llpoeepxa:

fxBesselJ( 0, x — &) BesselJ(0, &) d& - sin(x)
0

[Tocneanss ctpoka, KOHEYHO, He SIBJISIETCS [IOATBEPXKIEHUEM TIPABUILHOCTH MOy eH-
HOTO pe3yJibTaTa (3fech Maple He CMOT BHIYUC/IUTS MHTEIPaN OT IpOU3BEAcHUA Gecce-
neBbix dynkuuit). OxHako crpaBensnBa dopmyJia’

[Jo(x =8)] (&) =sin(x),
0
Npumep 5. Peunth cHCTeMy UHTETPajIbHBIX YpaBHeHWI BosibTeppbl
o) =1+ [(x -y dy, w(x)=x+[(x-y)o(y)dy.
0 0

Pewenwue. fapa ypaBHEeHUI CUCTEMBI 3aBUCST OT Pa3HOCTH, TIO3TOMY peliiaeM 3Ty CHC-
TeMy C IOMOlIbI0 rpeoOpasosanust Jlansaca. Beimonnum Bce Bbikjaaku B Maple.
Ornpenenum CUCTEMY ypaBHeHW

> restart:with(inttrans.laplace,invlaplace):
> eql:=phi (x)=1+int({x-y)Y*psi(y).y=0..x):
> eq2:=psi(x)=x+int((x-y)*phi(y).y=0..x):

eql = §(x)= 1 +f(x—y)w(.v>dy
0

x

eq? :=w<x>=x+j(x—y>¢<y>dv

0

[Ipumenunm npeobpasosanue Jlanjaca K JaHHON CUCTEMe MHTETPalbHBIX YPaBHEHUI
U chopMUPyeM CHCTeMy YPaBHEHHMH IJ/IsI TpaHC(OPMaHT
> pl:=laplace(eql.x.p):p2:=1aplace(eq2.x.p):
1 laplace x), X,
pl = laplace($(x), x,p)=—+ P (‘Ug ).%.p)
p p

1 lapl , X,
p2 = laplace(y(x), x,p)= — + 2p ace(¢(2x) *P)
P P

> el:=

' Cm. CripaBauRMK MO crieiHasibibiM byiikimam / [ox pex. M. ABpamositita n M. Crisran. — M.:
Hayka, 1979. 831 c.
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> subs(laplace(phi(x).x.p)=U,laplace(psi(x).x.p)=V.pl);

> e2:=
> subs(laplace(phi(x).x.p)=U,laplace(psi(x).x.p)=V.p2}:
1 vV
el =U=—+—
P p
1 U
e =V= —2—-1-—2
p b

Pemaem nosyueHHyI0 CUCTEMY M HaxOAUM OPUTHHAJIBI
> solve({el.e2}.{U.V}):assign(%):
P -p+1l _ p
3_ 2 V=5
p-p+p-1 p-p+p-1
> U;phi:=invlaplace(%.p.x):V:psi:=inviaplace(%.p.x):

(U=

pP-p+l
p-p+p-1
L cos(x) = Lsingry+ Ler
¢: 3 os(x 251 (x +2e
_—r
p-pl+p-1
= 5 cos(x) + 3 sin(x) + 5 ¢
(N 2cosx)+2smx 5@

BbIno/iHUM TIPOBEPKY MOMY4YeHHOTO pellieHUst

> phi:=unapply(phi.x):psi:=unapply(psi.x):

1 1, 1,
¢.—x—)§cos(x)-§sm(x)+§e

1 1 1
Y :=x > —=cos(x) + 3 sin(x) + 2 e’

2
> simplify(1hs(eql)-rhs{eql)):simplify(Ths(eq2)-rhs(eq2)):
0
0

I/ITaK, pE€UICHHE CUCTEMbBI UMEET BUJ
1 1 1, 1 1 1,
= —COS(X ) —-—-sSIn +—-e, =——COS(X )+ —=S1In(x)+—¢" .
o(x) 5 (x) 7 (x) 5 y(x) 20() 5 (x) 5

3zecsh, TaK ke KakK Y IS OAHOTO MHTErPATbHOTO YPaBHEHUS, YIOOHO aBTOMATHIHUPO-
BaTbh BHIK/IANKH, TIPUBOASALIME K peLieHuIo 3anaud. [loaromy paspaboraem npouenypy
pelleHNs] CUCTEMbl MHTETPAJIbHBIX YpaBHeHU BosibTeppht ¢ ssapaMu, 3aBUCSIIMAMU OT
Pa3sHOCTH:

> restart;with(inttrans.laplace.invlaplace):
[laplace, inviaplace ]
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> sysVolterra:=proc(eq.y.N)

Tocal 1.j.Y.p.e.eqns.var.res;

var:={}.eqns:={};

print( PewaeMan CUCTEMA MHTErpanbHbIX ypaBHEHWiA: ')
for i from 1 to N do print(eq]|i) end do:

for 1 from 1 to N do p||i:=1aplace(eq||i.x.p) end do;
print( YpaeHenus ans TpaHchopmant flannaca: )

for i from 1 to N do
e||i:=subs(seq(laplace(y||j(x).x.p}=Y||].i=1..N).p|[i):
end do:

for i from 1 to N do

var:=var union {Y|[|i}:

eqns:=eqns union {e||i};

end do:

res:=solve(eqns,var):assign(res);

print( Pewenwe ypasHeHWii Ans TpaHchopmwaHT Nanmaca: ™)
print(res):

print( Pewexne 3agaum:’);

for i from 1 to N do

YI{i:y||i:=inviaplace(%.p.x);

y[|i:=unapply(y]]i.x):

print(y{]i(x)):

end do:

end proc:

[lapameTpamu mpouenypb! sysVolterra sijislioTCs: peLiaeMasi CUCTEMa ypaBHeHui eq
(BXOaHO# rmapamerp), N — KOJIMUECTBO ypaBHeHHH B CHCTEMe U UCKOMble (DYHKLMHU Y
(BbixoaHo# napamerp). [Ipouenypa Takxke o4eHb MPOCTa U HE HYXKAAETCA B AOTIOJIHH-
TeAbHbIX KoMMenTapusx. [[posepum pabory npouenypst Ha cucTeMax ypaBHeHMH. 3a-
I8 IMM HECKOJIbKO CUCTeM ypaBHEHH i

> eql:=yl(x)=1-int(y2(xi),xi=0..x);
> eq2:=y2(x)=cos(x)-1+int (y3(xi), xi=0..x)
> eqd:=y3(x)=cos (x)+1nt(yl(xi), xi=0..x);

X

eql :=y1,(x>=1—fyz<a)dé

0

eq? =y2(x)=cos(x)—- 1+ J. v3(§) d&
0

eq3 = y3(x) = cos(x)+J.y1(Z;)d§
0

> sysVolterra(eq.y.3):
Pewaemasn cucmema unmezpaivivix ypasrenuti:

yl(x)=1- J)yf’-(f;) dg
0

y2(x) = cos(x) — 1 + f y3(E) d&
[i]
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y3(x)=COS(X)+J)y1(§)d§
0

Ypasuenus ons mpancopmanm Jlannaca:

1y
Yl =—-—
p P
[ £}
r2=f—— 2
pi+l p p
Yl
Y3 = 2P +—
p+1 p
Pewenue ypasnenuti dns mpancgopmanm Jlanraca:
+ 1 1
{)/3=‘D2 Y2 =——— Y= 2p }
p+1 p+1 pe+1
Pewenue 3adauu:
cos(x)
sin(x)

cos(x) + sin(x)

> eql:=y (x)=x+1+int(y3(xi). xi=0..x):
> eqZ2:=y2 (x)=-x+int ((x-x1Y*yl(x1).xi=0..x);
> eqd:=y3(x)=cos(x)-1-int(yl(xi).xi=0..x);

eql =yl(x)=x+1+ J)y3(§)dl';
0
eq2 :=y2<x>=—x+j<x-a>y1<é)da
0
eq3 = y3(x) = cos(x) - | - fyl(l’;) dE
0

> sysVolterra(eq.y.3):
Pewiaemas cucmema unmezpaiviix ypasnenu:

yl(x)=x+l+fy3(l’;)dl’;
]
y2<x>=—x+f<x—<:>y1(a>dé
]

y3<x>=cos<x)-1—fy1<a)da
0

Ypasuenusn ons mpancgopmanm Jlannaca:
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p+lL P p
Pewenue ypasnenuti das mpancgopmanm Jlannraca:
1 2 2+ 3 _ 4 2 1- 3 1 2
(r3=-1*20 ’:”’,m:- p2+p4+pw: p,YI:p(4 +p:p)
p(p"+2p°+1) p(p+2p°+1) pt+2p + 1
Pewenue 3adauu:

(%+ 1) cos(x) + % sin(x)

-x+ 1+ (—%— l) cos(x) +%sin(x)

-1+ cos(x) + (—%— l] sin{x)

BeimoiHUM TIPOBEPKY TIOJYYEHHOTO PelleHUst

> print( Mpoeepka: ") ;
> for k from 1 to 3 do
> simplify(convert(1hs(eq||k)-rhs(eq||k}.exp))
> end do:
Ilposepxa:
0
0
0

C nomoliblo peobpasoBaHus Jlanmaca MOXHO YCIIeLIHO pewaTh ¢ 3aga4yu Komu pis
HHTErpo-AHddepeHUHATBHBIX ypaBHeHUIT BolbTeppsl ¢ AAPOM, 3aBUCSIIAM OT Pa3HO-
crd. Uumezpo-ouggpepentyuarvroe ypasnenue — ypaBHEHHe, COJEpsKalllee HEU3BECT-
HY10 GQyHKUMIO KaK TOX 3HAKOM MHTerpasa, Tak M TOX 3HAKOM MPOU3BOAHOM. Pac-
CMOTPHM HECKOJIBKO TPUMEPOB.

Mpumep 6. PeluTs vHTErpo-auddepeHiManbioe ypasiene Boyibrepps
y'(x)+ [y (y)dy = €™, y(0)=y'(0)=0.
0
Pewenue. SIApo ypaBHeHUst 3aBUCUT OT Pa3HOCTH, TIO3TOMY PelIaeM €ro ¢ MOMOLIbIO

npeobpasosanus Jlanmaca s cucreMe Maple. Onpenennm sanauy

> restart;with(inttrans,laplace.invlaplace):
> eq:=diff(y(x).x$2)+
> int(exp(2*(x-xi))*diff(y(xi), xi}.xi=0..x)=exp(2*x):
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> icl:=y(0)=0:ic2:=D(y) (0)=0;

Pt

2
eq = (j_xf y(x)] . J e 728 (;_&, y(&))d& e
0

icl =y(0)=0
ic2:=D(y)(0)=0
[Ipumensiem npeobpasopanite Jlariaca u hopMupyeM ypaBHEHHE LTS TpaHcOPMaHTHI

> peg:=laplace(eq.x.p):

1 p lapl ,x,p)—y(0 1
peq = p (p aplace(y(x). x.p) - ¥(0)) - D(y)(0) + 5 LEREEIERRLIZIE) 7

2
> subs(icl.ic2.laplace(y(x) . x.p)=Y. %):

pY 1
p_ ) p-2
2(5-1)

Pemraem T0JIy4€H10€ ypaBHEHHE OTHOCHTEJNBbHO TpaHC¢OpMaHTb1

pY+

> solve(%.Y);
1

p(p*=2p+1)
Haxozum obparnoe npeobpasopatiie

> nvlaplace(%.p.x):
l+(x-1)e’
> y:=unapply(%.x):
y=x—l+(x-1)e"

Bollo/iHMM TIpoBepKY TOJIyYeHHOTO pellleHUs

> simplify(Ths(eq)-rhs(eq)):
> simplify(Ths(icl)-rhs(icl)):
> simplify(Ths(ic2)-rhs(ic2)):

I/ITaK, pellieHHe Hallero ypaBHEHUs] UMeeT BUA

y(x)=1+(x-1e".
Npumep 7. Pelnth unTerpo-tuddeperumansioe ypasiene BosbTeppsl

y"(x) = 2y'(x) + y(x) + 2 [ cos(x - By " (§)de +
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+2Jsin(x - E)y'(E)dE = cos(x), ¥(0) =y'(0) =0.

PeweHune. Oupenenum 3agauy B Maple:

> restart:with(inttrans,laplace.invlaplace);
[laplace, inviaplace ]

> eq:=diff(y(x).x$2)-2%diff(y(x). . x)+y(x)+
2*int(cos(x-xi)*diff(y(xi).xi$2).xi=0..x)+
2Xint(sin(x-xi)*diff(y(xi). xi) xi=0..x)=Ccos(x);
icl:=y(0)=0:ic2:=D(y)(0)=0;

X X

d? d d* i d
eq :=[;; y(x)j- 2(;; y(x))+ y(x) + 2Jcos<x— é)[@ y(é)jdé+2[51n(x— E")(E y(&..))da=
0
cos(x) 0
icl =y(0)=0
ic2=D(y)(0)=0
Peniaem:

> laplace(eq.x.p):
p (p laplace(y(x), x, p) — y(0)) - D(y)(0) — 2 p laplace(y(x), x, p) + 2 y(0) + laplace( y(x), x. p)
L 2(p (p laplace(y(x), x, p) = y(0)) = D(y)(0)) p _ 2(p laplace(y(x), x,p) —¥(0)) __»p
pi+l pr+l pr+l
> subs(icl,ic2,laplace(y(x).x.p)=Y.%):

2p3Y 2p7Y
p Y 2pY __p

2
Y-2pY+7Y+ =
P P p2+l p2+l p2+l

> solve(%.Y):
P

s 2
(p°+ 1)
> invlaplace(%.p.x):

1
7% sin(x)
> y:=unapply(%.x):

~ 1
y:=x— - xsin(x)

2
ITpoBepsiem nosyuyeHHOE pelieHue:
> simplify(convert(Ths(eq)-rhs(eq).exp)):
> simplify(lhs(icl)-rhs(icl));
> simplify(1hs(ic2)-rhs(ic2));
0
0



460 7. HTerpanbHble ypaBHeHUA B MAaTEMATUYECKON duranke

Wrax, pelienye nawei sagauu

y(x)= %xsin(x ).

Mpumep 8. Peunts nHTErpo-audrbepeHinansHoe ypasHeHHe BosibTeppbt

x

y"(x)+ y(x)+ [sh(x - &)y(&)de +

0

+[ch(x &)y’ (®)de = ch(x), y(O) =1 y'©0)=1.

Pewenue. Onpenensiem 3afauy:

> restart:with(inttrans,laplace.inviaplace):

[laplace, inviaplace ]
eq:=diff(y(x).x32)+y(x)+
int(sinh(x-x1)*y(xi).xi=0..x)+
int(cosh(x-xi)*diff(y(xi).xi).xi=0..x)=cosh(x);
icl:=y(0)=-1;ic2:=D(y)(0)=1:

Vv V V V

X

42 T d
eq = —=y(x)|+y(x)+ | sinh(x-&§) y(§)dE + | cosh(x-&)|—
dx )

2 Y(8) ) d& = cosh(x)

0
0

icl =y(0)=-1
ic2:=D(y)0)=1
Peuaem:
> laplace(eq.x.p);

laplace(y(x), x, p)
p*-1

p (p laplace(y(x), x, p) — y(0)) = D(y)(0) + laplace(y(x), x, p) +

, {plaplace(y(x), x, p) - y(0))p __p
pi-1 p’-1
> subs(icl.ic2.laplace(y(x).x.p)=Y.%};

Y (p¥Y+OH)p p
2 + -

Y+1)-1+Y+
p(p ) 21 o1 P

> solve(%,Y):
_(p-D’-1)
pr(p*+1)
> invlaplace(%.p.x):
-2 cos(x) + 2sin(x) —x+ 1
> yr=unapply(%.x):

y=x—> -2cos(x)+ 2sin{x)~x+ 1
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[TpoBepsiem peilieHue:

> simplify(convert(lhs(eq)-rhs(eq).exp)):
> simplify(1hs(icl)-rhs(icl)):
> simplify(Ths(ic2)-rhs(ic2));

Mrak, peliennem sBsieTcst GyHKIUA

y(x)=-2cos(x)+2sin(x)-x + 1
Mpumep 9. PeliuTh HHTErpanbHOE ypaBHEHME

0@) = f)+ [ oo (1<3)

rae

-X

e, x>0
X)=
&) {0, x <0.

Pewenne. [laHHoe ypaBHeHHe B GeCKOHEUHBIX NpeieNiax C sIAPOM, 3aBUCSIIMM OT pas-
HocTH. [loaToMy AJisA €ro pellleHHs NpUMeHsieM npeobpasosanue Dypre. Onpenennm
3agayy B Maple:
> restart:with(inttrans, fourier,invfourier):
{fourier, invfourier ]
> f-=piecewise(x > 0.exp(-x).0 < x,0);
> convert(f. Heaviside):

(-x)
O<x

0 O<x

¢ ™ Heaviside(x)
> f:=unapply(%.x):

fi=x—e ™ Heaviside(x)
> assume(lambda<l/2):
eq:=y(x)=f(x)+
Tambda*int (exp(-abs{x-s))*y(s) s=-infinity. . infinity):

ao
(--x+s|)
e § |

eq = )'(x)=e(_x)Heaviside(X)”WJ' y(s) ds

[Ipumensiem npeobpasopanie Dypbe u HaxoanM TpaHchopmaHTy Dypbe

> fe:=fourier(eq.x.omega);
2 A~ fourier(y(x), x, o) 1
+
1+ Q)z 1+l

fe = fourier(y(x), x, ) =
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> subs(fourier(y(x).x.omega)=Y,fe):
> solve(%.{Y}):assign(%);

yo2A~¥
-1+(D2 I1+o/
1+w?
{r=-

A wl-w-o'l+2M+2ir o’
Boiuncsiem obpatHoe npeo6pasoBanue

> y:=invfourier(Y, omega,x):convert(y,piecewise):

%e(wl_nq)(l+«/l—27L~)Heaviside(x)—%em_nq)(—l+«/1—27L~)Heaviside(—x)
- J1-22~

eV T e To2a0) <o

- X

2 J1=22~

(1 + 41 =2A~)undefined — (~1 + 4/ 1 — 2 A~ ) undefined 0

4 X =

J1-2 2~

e T e T2 o

~ X
2 J1=22~

Wrax, pelientieM Halllero ypaBHeHHs BJseTCS QYHKLMSA

()= eV (1 JT220)0(x) + VT2 (1 - VT - 22 ) B(~x)
y W1-2a '

rae 6(x) — enuHuyHas dyHkuus Xesucaiiga, npuyem &(—x) = 1 - 6(x).
ITO pelieHie MOXeT GbITh 3aMMCAHO U B APYroil opMe

e~“m(1~M)’ x <0

yoy={ -7
e~V (14 JI-20) a0
2412 T

BrinosiHUM TIpoBepKy pelneHis
> y:r=simplify(y):y:=collect(y.exp):

y = 1 (1 - Heaviside(x) = 4/1 ~ 2 A~ + Heaviside( x) J1-22~) CIEEIEES
T2

J1-22~
+l (Heaviside( x) + Heaviside(x) y/1 - 2 A~ ) R IREISE)
2 JT-23~
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> yi=unapply(y.x):

1 (1 - Heaviside(x) = /1= 2 A~ + Heaviside(x) /1~ 2 A~ ) e/ 2> "
2 J1=22~
, | (Heaviside(x) + Heaviside(x) {/T-2A~) e "' """

2 J1=22~

> simplify(ihs(eq)-rhs(eq));

y=x-

Bce B nopsiaxke!

C nomompio npeo6pasopanns Jlariaca MOXHO peUIUTb M HEKOTOPble HelHHeHHbie
UHTeTpa/IbHbIEe YPaBHEHHUSI.

Npumep 10. PemuTs HemuHeliHOe MHTErpasbHOE YpaBHEHHe
x x3
[o®ox-8)de= =
0

Pewenne. Bce Heobxoaumeie npeo6pa3oBanus BeinosHseM B Maple.

> restart:with(inttrans. laplace.invlaplace);
[laplace, inviaplace ]
> eq:=int(phi(y)*phi(x-y),y=0..x)=x*3/6;
x x}
eq:= [ 6y ox-p)dy=%
0

> laplace(eq,x.p):
1
laplace(§(x), x, p)?=—
b

> subs(laplace(phi(x).x.p)=Phi %):

1
= —
P
> solve(%,Phi);
I 1
s

Pemenue He eaMHCTBEHHO!

> phil:=inviaplace(%[1].p.x):phi2:=inviaplace(¥%[2].p.x):
¢1:=-x

2 :=x
> phil:=unapply(phil,x):phi2:=unapply(phi2.x);
¢l :=x—> —x

$2:=x—>x
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BoitosHUM NPOBEPKY pellleHH i

> simplify(value(subs(phi=phil,lhs(eq)-rhs(eq)))):
> simplify(value(subs(phi=phi2,1hs(eq)-rhs(eq))));

0
0

’
WTak, naHHOMY ypaBHEHUIO YAOBJIETBOPSIOT ABe (PYHKIMH
P=0;(X)=x 0=9,(x)=—x



8 O3OnemeHTbl BApUaLUOHHOIO
“cuYUcCneHuns

BapuanuoHHOe MCYUCIeHHe SIBJSIETCS] PA3JielIoOM MAaTeMaTHKH, B KOTOPOM M3y4YaeTcs
CBOICTBO CTaLMOHAPHOCTH (GYHKUMH OT QYHKIHIH, TO eCTb Qynxyuonara ! Taxum 06-
pa3oM, Ilejib BapHALMOHHOrO0 MCYMCJEHMs COCTOMT HE€ B OTBICKAaHHH 3KCTpeMyMa
(YHKIMM KOHEYHOTO YHCJIA [lepeMeHHBIX, 4 B HaXOXAECHUH CPeli MHOXEeCTBa 101yC-
TUMBIX PYHKIMH TaKoM, KOTOpasi MPHAAET 3a1aHHOMY GYHKUMOHANY CTallHOHApHOEe
3HayeHue.

BapuanuoHHoe UCYMCIeHHe MMeeT 061NpHYIo 0671aCTh MPHJIOXKEHUI B MaTeMaTHe- ‘
cKkoil QusnKe 61aroxaps ToMy, 4To GuU3UYeCKask CHCTeMa 4acTo BeleT cebsi TaKuM

06pa30M, YTO HEKOTOPbIH HYHKIHOHAJ, 3aBUCSIIMHA OT ee OBeAeHU s, IPHHIMaeT CTa-

LMOHApHOe 3HaueHde. VIHade TOBOpsi, ypaBHEHHUs, ONMCbIBaioIme (GU3NIeCKHe

SIBJIeHMs], YACTO SIBJSIOTCA YCTOBUAMHM CTalMOHAPHOCTH HEKOTOPOH BapHallMOHHOM

3agauu. TUnH4YHBIM npuMepoM siBasietcst npuHuun Pepma B onTuke. OH COCTOUT B

TOM, 4YTO Jy4 CBeTa MeXJy ABYyMS TOYKaMH [POXOAMT 110 MyTH, KOTOPbi TpebyeT Hau-

MeHbllero BpeMeHH. OTCIOZA HENOCPeACTBEHHO CHefyeT BBIBOJ, YTO B JI060i 000-

pPOOHOLL CPene CBET PaclpoCTPAHSAETCA 10 NPAMOR TMHUHM.

MexaHHKa TaK)Xe SBJSeTCS OMHMM M3 Pa3fe/0B MaTeMaTHYeCKOH (PU3UKH, B KOTOPOM
IIMPOKO NPHUMEHSIIOTCS BapHAl[MOHHbIE METOZbI. B 4aCTHOCTH, BapHaiLMOHHbIE MPUH-
LMITBl MEXaHMKH BBIPa’kaloT CTOJIb Obiilie CBOWCTBA Pa3MMYHbIX MEXaHHYECKHX CHC-
TeM, YTO M3 HUX KaK CJe[CTBHs MOJYYAIOTCS YPAaBHEHHUS ABM)KeHHMs JAHHOH CHCTEMBL

NMpumepbl BapraLMOHHbIX 3apa4

BapuaunonHoe ucuucaenue, ociosantoe B XVIII B. JI. Diiepom u Jlarparskem, 651710
3HAYMTeNbHO Pa3BUTO B TPyaax Maremarikos XIX B.

Hcropuyeckyu nepBol 3anadeil, U3BeCTHOI B Iy60K0# APEBHOCTH M OTHECEHHOM BIIO-
CEeACTBUM K 33aJayaM BapHALIMOHHOTO HMCYMCJIEHMS, ABHUJACh TAaK HadbiBaeMas 3ajlaua

! Tepmui «dbynxnuonan» seeaeH B 1903 r. Axamapowm.
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Mupnone. CrapuHHas Jerenfia nosectByeT: Junona (3nucca) — cectpa maps Tupa,
11apuua oaHoro ua rocyaapcts /[lpesHeii I'peruu. [Ipecienyemas iiapem cocemtero ro-
cynapcrBa, [lugona 6exxana B CeBepHyio AQpHKy, rae nOMpocuia y MECTHOTO Hacee-
HUA y4aCTOK 3€MJIM, KOTOPBIit MOXHO OXBaTUTh IIKypoil Bosia. CTonb HUYTOXKHAS
npocbba 6bl1a yaoBaeTBopeHa. [uaoHa paspesana LIKypy BOJa Ha y3Kue peMelIKd-
TMIOJIOCKH U, CBSA3aB UX APYT C APYrOM B OQHY HUTb, OXBATH/IA M3PSAAHBIH yYACTOK 3eM-
sy, npumbikaomuit k CpexnsemHomy mopio. Ha atom yuactke [uzmoHa ocHoBaza
B 825 r. 10 H. 3. 3HaMeHuTHIit ropox Kapdaren.

AHTHMYHBIE YieHble 3aHHTEPECOBAIMCh MATEMATHYECKOH CTOPOHOM 3TOM JIeTeHABL: KaK
HaJI0 PACOJOKHUTb HUTh, YTOOBI OXBATHTD €10 Y4acTOX Haubonbluell nmowanu? Jta
3ajada MMeeT psx BapHaHTOB, PacCMOTPUM OAMH M3 HUX.

3apnavya OAvnoHbi

[IycTb KoHLB! HUTH (KpHUBas 3a/IaHHOR Ayt [) pacrosioxensi B Toukax A(a,0) u B(b,0)
Ha ocn Ox (Ha Gepery mops (puc. 8.1)).

y = y(x)

Smax = ?
A B

> x

a 0 b
Puc. 8.1. 3agaya OnaoHs

3azaya CBOAUTCHA K HAXOXKAECHUIO MaKCUMyMa HHTerpaJia

b
S =Iy(x)dx — max,

tie y(x) — ypaBHeHUe KPHBOH (CYXONYTHOH IPaHHI(bI YYacTKa), TIPU IPAHHYHBIX YCJIO-
BUAX

y(a)=0, y(b)=0 (8.1)

U IpH 3alaHHOM 3HAY€HUH LJIMHbI HUTH

l=f1/1+y'2(x)dx. (8.2)

a

Taxum ob6pasom, 3aada COCTOUT B 0A60pe GYHKUMM y(X ), KOTOpask yAOBIETBOPSAIA
6b1 rpaHUYHBIM ycaoBusiM (8.1) M orpanuunBaia 6bf HaWGOMBIIYIO MIIOIIAAb. B 3TO
3anaye Ha KpUBbBIe, Mpoxoasiiue yepe3 ToUkH A(q,0) u B(b,0), HaknaabiBaeTCA KOTON-
HUTe/IbHOE ycioBue (8.2), a MMEeHHO: BCce KPUBbIe JOKHbI MMETh OXMHAKOBYIO AJIMHY
!/ = const.
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Yxe toraa, B raybokoil fpeBHOCTH, 6b10 06HAPYKEHO, 4TO MCKOMOI GOpMOl HUTH
SIBJISAETCA Ayra OKPYKHOCTH. ECIM KOHIBI TMHUMM 3aKpellsieHbl Ha 6eperoBoil JMHUM
(ocu Ox), To pelreHueM 3agaud OyseT cermMenT Kpyra. Eciau ke ogun M3 KOHLIOB
MOXET CKOJIb3UTb 110 GeperoBoii JMHHMH, TO pelieHue 3afadu UAOHBI — IOJYKPYT.

Brioc/iencTBMM BapHalMOHHbIE 33a4H C 33[aHHBIM MOCTOSIHHBIM TIEPUMETPOM CTaIH
Ha3biBaThCS U3onepumempuneckumy 3adauamu. Ob6iine METOAbI PellieHHs] U30MEPUMET-
puyeckux 3agxay 6wuin paspaboranbr JI. Jitiepom. K npocreiiuium usornepriMerpuye-
CKMM 3aa4aM OTHOCATCSI HaXOXKAEHUEe TPEYTroJbHHUKOB U MHOrOYTOJIbHUKOB 3a0anioz0
nepumempa, UMeEIOIMX HaubGOJIbLIYIO MIOM@AAL; U BOOBILE, HAXOXAEHUE 3aMKHYTOM
Kpueol danot OnuHbl X OrPAaHMYMBAIONIEH HAUGOIBIIYIO TIOIALD.

Jpyras aHaMeHHUTas 3aa4a, KOTOPAs NIPUBEJIA K 3aPOXKAEHHMIO BAPHAI[MOHHOTO MCYNC-
JieHus1, 6bLa npefniodkena B 1696 r. V. BephyJuiM u pelueHa pa3/MyYHBIMH CrIocobaMu
W. Bepuynnu, A. Bepuysny, T. Jleit6uunem, Y. Hootonom u T. Jlonutanem. 910 —
3azava 0 6PAXMCTOXPOHE.

3apava o 6paxmcrToxpoHe

BpaxucTtoxpona (ot rpeueckoro Bpoytotol — kparyaiiuit, ypovol — Bpemsi) — Kpu-
Basi HaUuOBICTPENIIETO CIYCKa, TO €CTh Td U3 BO3MOXKHBIX KPHBHIX, COSAMHSIOIMX ABe
TOYKH A U B (He jiexxaliye Ha OHON BepTMKAIbHOM NPsMOLt), BAOJIb KOTOPOM Tsxe-
JIBill IAPHK, CKATHIBAWOIMACS 6e3 TpeHUs 104 AeliCTBUEM OLHON TONBKO CUJbI TSXKe-
CTH, B KpaTyaiilliee BpeMsi TPOXOJAUT TyTh OT TOYKH A 10 TOUYKM B,

PaccMoTpum noctaHoBKy 3afiauu o 6paxuctoxpone, [loa BiaMsiHMEM CUJI TAXKECTH Ma-
TepHaibHasA Touka M(x, y) CKaTbIBaeTCA N0 HEKOTOPOH KpUBOH JuHuM y = y(x) Ge3
HauyaJabHOH CKOPOCTH (v, =0) u 6e3 TpeHUst U3 TOYKH A B TOUKY B 32 HEKOTOpOE Bpe-
ms T. ¥ 1o6HO ToMeCTHTh TOUYKY A B Hauyasto koopauHaT. Ock Ox HanpaBUM TOPU3OH-
TaJbHO BNpaBo, a och Oy — BepTUKaIbHO BHU3 (puc. 8.2).

0 a
T i
A(0,0) '
M(x,y) )
blo-eeoom ! B(ab)
yV

Puc. 8.2. 3apava o 6paxncToxpoxe

Jlerxo BuAeTh, YTO NHHMEHN ObicTpeillero ckaTa He OyAeT NpsiMast, COeAMHAIANA TOY-
KM A U B, XOTA OHa U ABJsAETCS KPaTuaillliiM pacCTOsTHNEM MeXAy ToukaMu A U B, Tax
KaK TIPY ABHXKEHHH 11O NPSIMOM CKOPOCTb ABHXKeHHs OyAeT HapacTaTh CPABHUTENLHO
MeZl/IEHHO; eCJIH JKe Mbl BO3bMeM KPHUBYIO, 60Jiee KPYTO CNYCKAIYIOCH OKOJIO0 TOYKH
A BHHU3, TO XOTS MYThb U YAJMHUTCS, HO 3HAYMUTENbHASI YaCTb NyTH OyxeT mpoiileHa
¢ 6oasiueit cxopocTbio. Oxasanock, YTO IUHUEH GHICTpeliero ckara sIBASETCA IIMK-
Jlouza.
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Kak Boi6paTh nyTh cKaThiBaHUA y(x ), 4T06bI BpeMs T B nyTu ot Touku A (0, 0) xo Toy-
k1 B (g, b) 66110 MMHMMAbHBIM? B clly 3akOHa COXpaHEHMs! IHePTMH AOJIKHO Bbi-
[OJIHATHCS] PABEHCTBO

77202

2
rae m — macca MaTepHaibHOH TOukM M (X, ¥); € — yCKopeHHe CBOGOAHOIO MafeHUs.

OTKyRa HaXOAUM
v =428y, (8.3)

TO €CTh CKOPOCTD ¥ TIPOTIOPLHMOHAIbHA KOPHIO KBaIPaATHOMY M3 BBICOTHI NageHus. Topu-
30HTANbHAS COCTABJIAIOIIAS CKOPOCTH ABHXEHHUs TOYKU M (X, y) onpenensercs Kak

mgy =

’

de _dx dl _dx (8.4)
d dl dt dl
rae dl — puddepeHunan gyrd
2 2 dy ’
dl =(dx)* +(dy)* =,|1+ = dx. (8.5)
x

YuursiBas (8.3) u (8.5), nepenmlueM dopmyny (8.4) B Buae

de_de oo dr %

RN S A

2
dt =1 ——"dx.
28y

Bpems ckaTbiBaHus MaTepuatbHOR ToukU M (x, y) U3 10J0XKeHUss A B nojjoxeHue B

Gyner
2
1+ Q
Jar= 22
T=|dt=|——=—dx
0 0 28y
B ¢opmy.e (8.6) pynkiums y(x) He 3azaHa. 3aaaya, TAaKMM 06Pa3oM, CBOIUTCS K Bbi-
60py dbyHKIMY y = y(X), KOTOpasi yAOBJIETBOPsia Obl rPAHUYHBIM YCJIOBHSIM
y(0)=0, y(a)=b

¥ MMUHHMH3UPOBaJa 3HaueHue uHTerpana (8.6), faomiero mojiHOe BPeMsi CKaThbIBaHUs
MaTepuaibHOM TOYKH 110 KpUBOi1 AB.

(8.6)

[IpuBenem elle psAg NpUMePOB BapUaIlMOHHBIX 3azady.
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3apa4a o reone3n4eckmnx JIMHMAax

Tpebyercs ompenenuTs JMHUIO HAUMeHbIel AJHHbBI, CORAMHSIONYIO ABE 3alaHHbie
TOYKM Ha HEKOTODOIt moBepxHocTH (puc. 8.3).

Puc. 8.3. 3apava o reoneanyecknx fIMHnax

Takue xparyaiiiiue TMHUN HA3BIBAIOTCS 2e00e3uveckumu. Mbl nMeeM THITHYHYIO 3a/1a-
4y Ha TaK Ha3bIBAEMBIN CéA3annbil, UIH YCa08Hbil, sKkcmpemym. T1ycTb ypaBHeHMe 110-
BEPXHOCTH 3a/1aHO B NapaMeTpHueckoil dopme

x = x(u,v),
y= y(uvv)v
z = x(u,v).

Tpebyercsa coemunuts Toukn A u B kpaTyaitmeii Kpusoit. Dnement ayru AB 6yaer

dl = J(dx)* +(dy)? +(dz)? =

2 2 2
=\/[Z—xdu+§£dvj +[%du+%dv) +(2du+gdv) =
v

U ov ou ou ov

= VEdu?® + 2Fdudv + Gdv® ,

2 2 2

E =(a—xj +(a—yj +(Ej y
du ou ou

2 2 2

G:[_af.j +[8_y] +[gj )
v ov dv

podra ydy 00
oudv oudv ouodv

rae

Bynem c4utate, 4T0 0 = v(u), TOrAA IJIMHA KPUBOH AB

ug 2
= [v(w)] = I\/E+2F% + G[s—zj du — min,

Ua

npudem o(u) € C" 1 Wuyy=v,,0(ug)=vy,.
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3anaya o pacnpocTpaHeHun cBeTa B HeOAHOPOAHOW cpeae

PaccMoTpuM erne 0fHY 3aiady, CXOAHYIO ¢ 3afayeit o 6paxucroxpone. IlycTb cet pac-
NIPOCTPAHAETCS B ONTHYECKH HEOXHOPORHON cpelie CO CKOPOCThIO v. Jlnd MPOCTOTHI
JOMyCTHM, YTO TPAEKTOPUS JIEXHUT B TIOCKOCTH (X, ) M 4TO CKOPOCTb HE 3aBHCUT OT Z:
v =v(x,y). Torsa ypaBHenHe TPaeKTOPHH MOXHO HamMcaTh B BUfe y = y(X), TpUYeM
y(x) ynoBJieTBopsieT KpaeBbiM ycaoBusiM y(a) =y,,y(b) =y, . Tpebyercs Haiitn ¢op-
My Jyyeidl CBETa, MAYIMX U3 TOYKH A B Touky B (puc. 8.4).

yﬂi .

A

Ya

Yb

> x

0 a b

Puc. 8.4. 3apnava 0 pacnpocTpaHeHsum cseta

ITo uaBectnomy npunnuny Mepma, TpaeKTOPUS CBETOBOTO Jyya 061ajaeT TeM CBOM-
CTBOM, 4TO, PaCNpPOCTPAHSASACH [0 ITOH TPaeKTOPUH, CBET NPUAET U3 TOYKH A B TOYKY
B B kpaTyaiiiee Bpems.

d
Nmeem v =?1-— — CKOpOCTb; BpeMsi ABH)KEHHUS CBeTa B COOTBETCTBHMM C TPHHIIMIIOM
t

depma 10/KHO OBITH MUHMMANBHO, TO €CTh

Tly(x)]=|—=

A Y
npuem y(x) e CV uy(a)=y,,y(b)=y,.
ECJIPI CKOPOCTb CBETOBOI BOJIHbI OJIMHAaKOBa BO BCEX TOYKaX cpenbl, TO BpeMﬂ pacnpo-
CTpaHeHPIﬂ HpOHOpL[PIOHaJIbHO paCCTOHHPIIO BI0OJIb JIy‘{a H; cJaenoBaTeabHO, CTalo-
HapHO, eC/In JIy‘-I —_ HpHMaFI JIMHUSA. ECJIPI Xe€ CKOPOCTb HpOHOpIIPIOHaJIbHa, HaanMep,
\/;p, TO BpeMsl PaClpOCTPaHEeHHs IPONOPLUNOHATLHO HHTETPATY

Tly)) = [

Y’

1 uTO6BI CAEATh ero CTAMOHAPHLIM, TpebyeTcss B TOYHOCTH TOT e aHa/lu3, YTO U B
3agade o 6paxucrtoxpoHe. TakuM 06pa3oM, Jyd eCTh LUKAOMAA. ITOT NPUMEDP BbILJIA-
JUT UCKYCCTBEHHbIM, OJIHAKO B A€ACTBUTEJbHOCTH OH COOTBETCTBYET PAaCcrpOCTpaHe-
HUIO YIIPYTHX BOJIH B [IOYBE MPH B3PHIBAX .

! imepdpuc I, Ceupnc B. Metonpi MaTemaTueckoil dusuku. Boin. 2. — M.: Mup, 1970.352 c.
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3apava 06 unarube crepxHs

[ycTb ans onpeneIeHHOCTH KOHLbI CTEPXKHSL )KECTKO 3allleMJIeHbl U CTePXKeHb B Hefe-
(GOpMHPOBaHHOM COCTOSIHUH 3aHMMaeT oTpe3ok [0, /] ocu Ox. Kak usBecTHo, moTeH-
UHAJIbHAS SHEPTUA YIPYIOro CTEPXKHSA BBIPAXAETCS CIEAYIOUIMM MHTEIPajioM:

i 2, \?
Ejfd
Uyl = (|2 2L gy | dr, gy e,
W2l ax
rae E — monysb FOHra, J — MOMEHT 1tHepL1H NOTIEPeYHOro ceueHus cTepxHs, g(x) —
3ajlaHHas IoriepeyHast Harpy3Ka. “

B nostoxenuu paBHoBecus cTepikeHb IPUHUMAET TaKylo GOPMY, YTO €ro NOTeHIHANb-
Hasl 9HEPrHst MUHUMAaJIbHA.

Taxum obpasom, Mbl TPUXOAMM K CjeAyloulell BapHalMOHHON 3agaye: HaiiTH yHK-
LIHIO i = y(Xx ) TaKylo, YTO

Uly(x)] — min,
yO)=0y(H=0y'0)=0,y'(/)=0.

NMonatue pyHkumMoHana

HAns 3apay, pacCMOTpPeHHbIX B pasaesie «[IpuMepnl BapualMOHHBIX 3ajau», XapaKTepHbl
nBa 0bCTosTENbCTBA. Bo-niepBbIX, 3T0 3a1a4uu Ha SKCTPEMYM, TO eCTb 3aayl, B KOTO-
PbIX P€Yb MAET O MaKCUMyMe MJIM MUHMMYME HEKOTOPOH 4MCJI0BOil BemHuMHbl, Ha-
npuMep, B 3apave [1A0HbI TAKOH BeTHYMHOM SBIsIETCS TUIOLLAAb, A B 3a1a4e o Gpaxu-
CTOXpOHe — BpeMsl. Bo-BTOpbIX, MCKOMBIMH B 3THX 3aflayax ABJAIOTCS OAHa WIH
HeCKOJbKO (PYHKUUH (KPHUBBIX HIIH ITOBEPXIIOCTE).

[lepementble BEJTMYMHBI, 3KCTPEMYMOM KOTOPBIX Mbl MHTEPECOBAIMCH B IIPUBEIEHHBIX
paHee NMpUMepax, Ha3bIBAOTCA QynKyuonaramu. Ml roBopuM, 4TO HaM 3aaaH PyHK-
LMOHAJ, €C/IM Ka)Xnoi dyHKUMM (KPMBOH MJIM MOBEPXHOCTH) M3 HEKOTOPOTO KJacca
dyHKIMIT [T0CTABIEHO B COOTBETCTBUE OIIPENENEHHOe YUCIIO.

Takum obpasom, ecnu kaxaodt GyHKuMM y = y(x), MpUHaaIeXauleil HEKOTOPOMy
bYHKLMOHANBHOMY KJ1acCy A, CTaBUTCS B COOTBETCTBHE YHUCJIOBOE 3HaueHue J, TO ro-
BODAT, 4TO J ecTb GYHKUMOHAJ, ONPEAEEHHDbIH Ha K1acce A, M mUmyT

J=Jly(x)], y(x)e A

Te dyuxiuu y = y(x), ot BbIbOpa KoTOPHIX 3aBMCUT byHKUMOHAN J[y |, HaspiBalOTCS
pyHryuonarorvimu apzymenmamu. Kak rnpasuio, B kadectse knacca A GyHKUMI Ml
6ynem ucnosb3osath Kmaccel yukumit C, CY C? . C®.

[IpuBenem npumepsl GyHKIHOHAJIOB.

1. PaccMOTpPHMM Ha IIOCKOCTH BCEBO3MOJKHbIE CIIPAMIIsieMble KpuBble. Kaxnoii Takoit
KPHBOH COOTBETCTBYeT OIIpeAeeHHOe YUC/I0 — ee AjiMHa. Takum o6pasoM, ATHHA
KPUBOM TIpeACTaB/A€eT co60it GyHKUNOHAT, ONIPeAeIeiHbIH Ha MHOXECTBE CIIPAM-
JISIEMBIX KPUBBIX.
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2. PaccMOTpMM Ha IUIOCKOCTH BCEBO3MOXKHbIE IIYTH, COEAUHSIOIIHE [BE JaHHbIEC TOY-
ku A u B. [lycTb HeKOTOpOe TEJ0 MOXET ABUIaThCA IO JI0GOMY M3 3THX IyTeH,
MMes B KaXk 1011 Touke (X, y ) ONPeAeIEHHYIO CKOPOCTb U(X,y ). MBI TIOJIy4UM BYHK-
LMOHAJI, IIOCTABHUB B COOTBETCTBHE KAXAOMY IIyTH TO BpPeMsl, 3a KOTOpPO€e paccMar-
pyBaeMoe TeJslo NMPOXOAUT 3TOT MYTh.

3. Hyctb y = y(x) — NpoU3BoJbHAS, HENPEPLIBHO auddepeHunpyeMas GYHKUHSL, on-
pexenenHas Ha otpeske [a, b]. OnpexennM Ha MHOXECTBE BceX TakuWX yHKIUH
dyukuuonan J[y | paBencTsoM

o= ("y‘x)J

4. PaccmotpuM 6osiee obumii npumep. Ilycts F(x,y,z) — HekoTopas HelpepbBHAs
dyHKuus Tpex nepeMeHHbIX. Bripaskeune

b
Jly()] = [ Fx,y(x),y'(x))dx,

rae y(x) mpoberaeT COBOKYITHOCTb BCEBO3MOXKHBIX HETpepbiBHO AH(depernnpye-
MbIX YHKLMH, Onpeae/eHHbIX Ha oTpeske [a, b], npeacTasiseT coboit dynkimo-
Ha. Bpibupass Ty unu unywo gysxumio F, Mpl GyaeM 1ojiyyaTb pasjauynble QyHK-
uMoHab], Hatpumep, eciu F(x,y,z) =1+ 22, To Jy] — anuna kpusoit y = y(x)
(ipumep 1), a npu F(x,y,2z) = z? mosyyaeM npeapuaylidii npiumep 3.

5. (DyHKUMOHA MOXKeT BbIPaXKaTbhCs U KPAaTHBIM MHTerpasioM. Tak, Hanpumep, dytk-
[IHOHAJIOM SIBJISIeTCS TOTeHLMabHas SHeprist M3rubaeMoil MeMOpaHbl, 3aHHMalO-
uteit Hekoropyio o61acTb D 1a riockocT Oxy B HeneOpMHPOBAHHOM COCTOAHHIT
(T — narsikenue MeMOpaHbl, (X, y) — 3aaaHHast I0NepevHas Harpy3Ka),

Ulu(x,y)] = jj [a“j + ‘;—; - q(x,y)u(x,y); dx dy.

OcHoBHOI! 3aayeil BAPHAITMOHHOTO MCYUC/IEHHs SIBJIAETCS pa3bicKaHke HaHboIbI X
M HAHMEHDBIIMX 3HaYeHHH (PYHKIIMOHAJIOB OT JIMHHH M ITOBEPXHOCTEH, BbIPaXKAeMbIX
HEKOTOPBIMH OTIpeAesieHHbIMH HHTETrPaJlaMH.

Drta 3ajaya aHAJIOrM4HA 3azave AMGpEPEepEeHIHATLHOr0 MCYKCIeHHs 00 OTbICKaHHH
HaubOJBIIMX M HAaHMEHbUIMX 3HaYeHUU HeKOTOpoi (PYHKUMH, KOTOpAsi HETOCPEACT-
BEHHO CBA3aHa C 3ajadeli pasblCKaHUs 9KCTPEMYMOB QYHKLHH, 4 UMEHHO: Pa3bICKHBa-
10TCSt TAKHe 3HAUEHHS HE3aBUCHMBIX IIEPEMEHHDIX, TPH KOTOPBIX QYHKIIHS MPHHUMAET
Han6oJIbIIee MM HAUMEHbIlee 3HAYCHHE 110 CPABHEHHIO CO BCEMH I0CTAaTOYHO Gl1u3KN-
MM 3HAUEHUSAMHU.

AHazorM4yHbIM 06pa3oM Mbl GyneM paccMarpuBaTb 3afady M A QYHKIIHOHAJIOB,
Ecnn QyHKUMOHAN AJii HEKOTOPOH JIMHMM MJIM MOBEPXHOCTH MMEET 3HaueliMe fie
MeHbIIee (UM He Gosbitee), yeM 1U1s BeeX OIM3KUX K Hel JAUHHIA UM TI0BEPXHOCTEH,
TO TOBOPAT, YTO AJIS ITOH JIMHHUK KUJIM TIOBEPXHOCTH (PYHKIHMOHAT MMeeT IKCTPEMYM.
Jlanee MbI YTOYHHM [TOCTAHOBKY 33[a4U U OTIPEAC/TIM MOHATHE OJIU3OCTH AJIS JIHHI
| TTOBEPXHOCTEH, KOTOPble MIPAIOT POJIb HE3aBUCHMBIX TI€PEMEHHBIX 0OBbIYHOIO Atit-
(bepeHIMaTLHOTO HCUHUCTIEHUS,
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MbI 3HaeM, 4TO /1% HAXOXKAEHUA TeX 3HauyeHuIl x, Ip1 KoTopblx GyHKuMA f(x) KocTH-
raeT sKCTpeMyMa, HaM HeobXxoauMo pewiuTh ypasHexue f'(x)=0. B Bapuanuoniiom
HCYHCIICHHH AO0KA3bIBAETCS, UTO JIMHUA i = y(X) HIIH MOBEPXHOCTD 2 = 2(X, Y ), AAl0ilas
3KCTPEMYM HEKOTOpPOMYy (PYHKUMOHaJy, AOJIKHA YAOBJIETBOPATL HEKOTOpPOMY AHM(-
dbepeHLHaTbHOMY YPaBHEHHIO. Y A0BJIETBOPEHME 3TOMY YPaBHEHMIO IPEACTABIISCT CO-
601 HeobxoaMMOe ycioBre 3KCTpeMyMa (GYHKIIMOHAA, COBEPUIEHHO TaK e, KaK pa-
BeHCTBO f'(x) = 0 AB/IsAETCSA HEOOXONUMBIM yCJIOBUEM TOTO, YTOOB! 3a1aHHast PyHKILISA
Jf(x) uMena 3KCTpeMyM IIPH HEKOTOPOM 3HAYEHUH X.

OcHoBHble neMmMbl BapuaLMOHHOIro UCHUCIEeHUs

Jlns BhIBOZA YIIOMSHYTHIX B NpeAbIAylieM NyHKTe avddepeHlManbHbX yPaBHEHHH,
NpeACTaBASIOUIMX coO0H HeOOX0AMMbIE YCIIOBMS IKCTPeMyMa PyHKIMOHANa, HaM TI0-
Hafo6sATCA JIEMMBI, KOTOPBIE Mbl 37IECh M pAacCMOTPUM [22].

JIEMMA 1. Ecnu unTerpan
R
[ fmx)dx,
Xo

rae f(x) — puUKcHpOBaHHAs HEMPEPBIBHAS B IIPOMEXYTKE [xy, xy] dynxuus, obpautaer-
cA B HyJb 014 8cAK0t GYHKUMK M(X ), HelpepbhiBHOH BMecTe €O CBoel IPOU3BOAHOI 1
paBHOi1 HYJII0 Ha KoHUIaX, n(x, ) =71(x, ) =0, To f(x) TOXAECTBEHHO PaBHA 11yJ10 B 11PO-
MexyTKe [xg, ¥].

HokasbiBaeM oT obparHoro. [IycTs B HeKoTOpOH Touke x =& BHYTPH IPOMEXKYTKA
dynkumsa f(x) otnuyHa ot Hyssa. Hanpumep, f(x)>0. BereacTsue nenpepoiBHOCTH
f(x) 6ynet mosoxuTENbHO U B HeKoTOpOM rpoMexyTke [, &, ], conepxaliem Touky
£ BHYTpPY M JlealileM BHYTPH [Xo, X;]. OnpenesnuM yHKumio n(x) cexyiounm obpa-
30M:

0, X <x <g,
nx)=2(x-§ ) (x-§,)°, & <x<&,
0, £, <x <x.

Oynriwma n(x ) yI0BIeTBOpSieT BceM YCIoBHsM Jiemmbl. JeficTsutesnto, n(x, ) =n(x; ) =0.
[Ipoussenenue (x — &, Y(x-¢&, )? M ero MPoM3BOAHAA 110 X 0BPAUIAIOTCS B HYJb NIPH
x=§ ux =E&,. Bue npomexytxa [&;,&, ]n(x) = 0. OTclona BbITEKAaET HENPEPBIBHOCTD
(YHKLUMU U ee TIPOM3BOLHOM BO BCEM TIPOMEXYTKE [Xy, Xy |.

Tenepb HaUl HHTErpajJ MOXXHO NEpeIycath B BUAE
) ‘ y y
[ -8 (x -8,)"dx,
&

OTKyZa CJIEAYeT, YTO OH MMeEeT IOJIOXKHUTeIbHOE 3HaYeHHUe, TaK KaK MOAbIHTerpanibHas
dYHKUMA HEMpepblBHA M NOJIOKUTENIbHA BHYTPH MPOMEXyTKa HHTerpupoBaiiis. Ho
110 YCIOBHIO JIEMMb] MHTErPajl A0JKeH GbITh paBeH HYJ0. DTO IIPOTHBOPEYHE H 10Ka-
3bIBACT JIEMMY.
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[IpuBeneM aHAJIOTHYHYIO JIeMMy /ISl ABOMHOIrO MHTErpaja.
JIEMMA 2. Ecsiu uHTerpan

[[ fxyIn(x ) dxdy,
B

rae f(x,y) — duxcupoBaHHas HenpepbisHasg B obsactu B ¢dyHkums, obpataercs
B HYJIb 04 6CaKoti PyHKUMHU N(x, i), HETTPEPbIBHOM BMECTE CO CBOUMH YaCTHBIMH I1PO-
M3BOAHBIMHU TIEPBOTO TOPsiAKa B B 1 paBHOit Hy.mio Ha KoHType [ o67acTu B, 10 f(x,y)
TOXAECTBEHHO paBHa HyJIO B obactu B.

JloKa3aTeIbCTBQ 3TOH JIeMMbl aHAJIOTMYHO 0Ka3aTeIbCTBY JJeMMbI 1: yHKuHa nx,y)
CTPOMTCA AJIi HEKOTOPOro Kpyra paguyca p, B KOTOPOM (QyHKUHUs 7 (x,y) 6yner momo-
sxutenpHol. Toraa 1BOHHOM MHTErpas CBERETCA K HHTErPaly 110 YIIOMSIHYTOMY Kpyry
OT TMOJIOKUTENLHOI HeMpephIBHON QYHKIMHU U OyAeT NMOJTOXHUTENbHBIM, YTO NPOTHBO-
PEUMT YCIIOBHIO JIEMMBI.

OGe JIeMMbI OCTAHYTCS CTIPAaBeIMBBIMH, €CJIH Mbl HAIOXKUM Ha GYHKLHIO 1} Goee ske-
CTKHe OrpaHMYeHHUs, Hanpumep, notpeGyem, 4ToObl OHa MMesa HeNpepLIBHbIE TPOU3-
BOAHBIE 10 HEKOTOPOTO MOPSIIKA 77 M YTOObI Ha KOHIIAX IPOMEXYTKa [x,, x| ], a B ciyyae
JBOIIHOrO MHTErpaja — Ha KOHTYpe /, oHa obpalliaach B HyJIb BMECTE C NPOU3BOAHBIMH
1o nopsiaka (n —1). /lokas3aTenbCTBO OCTAHETCA TPEXKHHUM, M IOCTATOYHO GyaeT S,
HarpuMep, B semMe 1 B opMyJie A1t N IOKa3aTe b CTErleHU 2 3aMeHUTb Ha (1 + 1).

JIEMMA 3. Ecin dynkuus g(x) HempepsiBHa B TPOMEXYTKeE [X,, X | U
K
[g@xm'(@)dx =0 (87)
X0
Ons ecsaxoii YHKLMK 1)(X), HEIPEPLIBHONW BMeCTe cO CBOEH NMPOM3BOAHOH B [xg,x]
M paBHOH Hymo Ha KoHLax, n(x, ) =n(x, ) =0, To g(x) — mocTosiHHasA PYHKLHU.

JleiictBuTensHO, 0603HAYMB

c=——1——leg(x)dx,

Xy — Xy Xy

MbI IOJIYYHUM
[lg(x)~cldx =0. (8.8)

Onpenenum (hyHKIMIO N(x) caenyomum obpazom:
n(x) = [lg(®)-clat.
X

OueBUAHO, 3Ta (PYHKLMs YAOBJIETBOPSAET BCeM yCI0BUAM jeMMbl. Toraa Haur vHTe-
rpat (8.7) MOXKHO TiepernucaTh Tak:

[gm ) dr = [g@)lgE) -cldr =0

X X0

Vmuoxas obe yactd paselictsa (8.8) Ha ¢ M BbIUHTAs U3 IIOCIEAHET0 PABEHCTBA, I10-
JIYUHM
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[lg@) -clPdr =0,

x9

oTkyaa g(x)=c.

JIEMMA 4. Ecnu dyHkuuu a(x) u b(x) HerpepbIBHBI B TPOMEXYTKE [xo, X1] 1
X1

[la(x)n(x)+ b(x)n'(x)]dx =0 \ (8.9)

X9
Ona 8caxoti GyHKIMH 1(X), YAOBJIETBOPSIOLIEH TEM e YC/I0BUAM, UTO H B lemMe 3, TO
b(x) uMeeT HempepsiBHYIO npou3soanylo b'(x) = a(x) B [xy, x,].
HelicTBuTeNbHO, 0603HAYMB

Alx) = ffa(t)dt,

X0

TIOJIYYHM, UHTErprUpys 110 YacTsM,

E3!

[a(xynx)dre = - [ AGx)n'(x)dx,

Xg )

v paseHcTBo (8.9) nepemnucyiBaeTcs B BUAE
xy
[[=Ax) + b(a)In' (x) dx =0,
X9

U B CHJIY JIeMMbl 3
b(x)= ja(t) dt + const,
¥y

TO ecTh b'(x) = a(x).

MpocTenwas BapuauMoHHas 3apauda.
MeTop Jdinepa

PaccMoTpuM mpocTeHuni pyHKIIMOHAT

Xy
Jly)] = [F(xy(x),y'(x)) dx, (8.10)
Xy
rne F — 3agaHHas QyHKUMA Tpex apryMeHToB. Mpr 6yjneM cuUHTaTh ee HEellpephRIBHON
BMECTE C TIPOU3BOAHBIMM BTOPOrO MOPSAKAa B HEKOTOPOH obsact B rockoctu (X, y)
1 11py J1oObIX 3HaYeHUsAX apryMeHTa y'. OyHKIMOHAN J MONYUYMT ofipeaeseHHoe YHc-
JIEHHOE 3HaueHHe, ec/Ii MBI PUKCcHpyeM QYHKIUIO ¥ = y(X ) UM, UTO TO e, KPUBYIO
Yy =y(x), KOTOPYIO BCErAa CYUMTAeM Jexalleil BHyTpr obsactu B.

TIpuMem, 4To 3HAueHHs YHKIMHU y(X) Ha KOHIAX TIPOMEKYTKA MHTErpUpoBaliis 3a-
HKaHbL

y(xg)=Yq y(x)=Yy,. (8.11)
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Bynem cuurath, 4TO HckoMas QyHKUMA y(x) UMEET HENpPEPLIBHYIO IPOH3BOAHYIO B
[x0, 1], TO ecTb y(x) € CP ([xy,x, ]). HasoBeM e-oxpecTHOCTbIO KPUBOH y = (1) Bee-
BO3MOXHbIe KpUBbIE i, (), KOTOPbIE BO BCEM IPOMEXKYTKE [Xg, X(] yAOBJIETBOPAIOT He-
PaBEHCTBY

|y, () -y(x)| <e.

B 3TOoM cayyae MHOTAA TOBOPAT 0 Bn3ocTy (e-6u30cTH) PYHKUMH (KPUBBIX) HYJIe-
BOTO TIOPsiaKa. ITO — BJIM30CTH B CMBIC/IE HOPMBI || y" npoctpaHcTBa C HelTPePLIBHBIX
$YHKLMI, onpesesIEHHbBIX HA HEKOTOPOM OTpe3Ke [xg, X;], To ecTh

|| = max |y(x)|.

ApLx sy

TaxuM ob6pasoM, B npoctpaHctBe C Mbl cuMTaeM QYHKUMIO ¥ (Xx) OTCTOsiLle#d OT
dynkuun y(x) He Hospliie YeM Ha g, €CIH ee TpadUK LETHKOM JIEKHUT B BHYTPH I10J10-
cbl WHPHHOIL 2¢ (10 BepTHKaIK), oKpyXkalowled rpaduk ynxiuu y(x) (puc. 8.5).

YA

- I
0 a b
Puc. 8.5. BAn3ocTb No Hopme npocTpaHcTea C

Bo MHOrMX ci1yuyasix 60Jiee eCTEeCTBEHHO CYUTATh BIMBKMMHU TOJILKO Te KPUBbIE, KOTO-
pble 6M3KK 10 OPAMHATAM M IO HAlPaBJEHMAM KacaTelbHbIX B COOTBETCTBYIOLIHX
TOYKaX. DTO PaBHOCHJIbHO TPeGOBAHHMIO, YTOOBI A7 OJM3KMX KPUBBIX HE TOJILKO MO-
Ky pasHocTH y(x) —y, (x) 6L 61 MaJl, HO, KpoMe Toro, 61T 6b1 Mas M MOLYJIb pa3-
HoCTH y'(x) -y (x). B TakoM ciryuae 6;1M30CTb KPMBBIX IIOHUMAETCSL B CMBIC/IC HOPMbI
||, mpoctpanctsa C ) coctosimiero U3 Bcex GyHKIMIL, ONpese/IeHHbIX Ha HEKOTOPOM
oTpeske [x,, x,] 1 HENPEePHIBHBIX Ha 3TOM OTPE3Ke BMECTE CO CBOEH I1€PBOii POU3BOA-
HOi4, TO ecTb

“yl, =, max ly(Ge) + max [y

Xgsy<ay YgSx <y

Taxum obpasom, 6u3ocTs GyHknuit B npoctpatctie ) 03HavaeT, 4To GIM3KH KaK
camMi GYHKUMH, TaK U WX TIepBbI€ NIPOU3BOJHDIE.
Urnoraa xe oka3biBaeTcA HEOOXOAUMBIM CYUTATh OIU3KUMHM TOJBLKO TakHe (PYHKLMH,
JUISL KOTOPBIX Masbl MOAYJH Kaxzaoil M3 pasmocreil y(x)-y,(x), y'(x)—y(x)

U] (k) (k)
y P (x)-y®(x). o, — 6m30cTh B cMbIcTe HOpMBI |y, mpocTpancTBa C* dyHk-
wuuit, oTpeseNeHHbIX Ha HEKOTOPOM OTpe3Ke [xy, 4y] ¥ MMeIouIMX HelpepbhiBHbIE IIPOU3-

BOAHbIE 10 k-TO TOPAAKa BKJIIOUMTENbHO, TAe B — HeKOTOpoe 1ie/10€ GUKCHPOBAHHOE
YUCIIO

(”(x)|.

xpSx Ly

lol, = 3 max
j=0
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Bamsocth GyHKuMi B mpocTpancTe C¥ o3nauaer, cllenoBaTenbHO, 61M30CTb 3Haye-
Hui Kak caMMX QYHKUMH, TaKk U UX TIPOM3BOAHBIX A0 k-TO HODPSIAKA BKJIIOUHUTEILHO.

B cBsA3K € 3TUM MOYKHO TOBOPHTH O 6JM30CTH KPUBBIX B CMbicJie HIHU30CTH HYJIEBOTO
MOPSKa, IEPBOTO MMOPSAAKA WM k-TO TIOPSIKA.

Onpeaenenne. [oBopsAT, uTo GYHKUMOHAT | IOCTUrAET OMHUOCUMENBILO20 IKCMPEMYMA

IJISL KpHBo#t y(x), Jexalileil BHyTPU YIIOMSIHYTO# obstacTu B, npuHasexamel Kiaaccy
C" u ynosnetsopsionteit yciosuio (8.11), ecim BeMuuHa 3Toro GyHKUHMOHAIA AJIst
y(x) He MeHbLIe (He 6oJIbIIE) ero BETUUMHDI A/1A TOObIX APYTHX KpuBbIX Kiaacca C ),
HAXOMSILIMXCA B HEKOTOPOH £-67M30cTH K y(x) 1 yaoBreTBopsiiouux ycaosuio (8.11).

ITO TIOHATHE OTHOCHMTENBHOTO 3KCTPEMYMa COBEDIICHHO aHAJOTHYHO TNOHATHIO MaK-
cUMyMa U MMHUMyMa yukuuu. Hapsay c MoHATHEM OTHOCHTEJIbHOTO 3KCTpeMyMa
MOKHO BBECTH M TOHsTHE abconomuozo axcmpemyma. I1ycts uMeeTcss HeKOTOPbIi
knacc A dyuxuui y(x), ans xotopeix uHTerpan (8.10) cymectByet. I'oBopAaT, 4TO
dyHxumronan J gocturaet B Kiacce A abCoONIOTHOro 3KCTpeMyMa [/ KpUBOH y(x),
€CJIH BEJIHYMHA 3TOro yHKLUMOHANA A5t y(x ) He MeHblie (MK He HoJibliie) ero Besu-
YMHDI 751 BCEX APYTMX KPHUBBIX KJacca A.

Mp1 OyaeM 3aHMMaTbCSt TOJIbKO OTHOCHTEJIbHBIM 3KCTPEMYMOM U 715t KPATKOCTH OT-
HOCHUTEJILHbIH 3KCTpeMyM OyeM Ha3blBaTh IIPOCTO 3KCTPEMYMOM.

NPUMEYAHWME

Mbsr 6ynem paccmaTtpuBatTh GYHKIMOHAbL, OlipejeieHliple Ha HEKOTOpPOM MHoxecTBe Audde-
peHuupyeMbix dyHKiui. CaMu 3TH GYHKIMH Mbl MOXKEM CUMTATD 3J1eMeHTaMH npocTpancTsa C
unn npocrpaictea C1 . B cOOTBETCTBUM C 3THMH JIByMS! BO3MOXXHOCTSIMH OBOPSIT, 4TO (yHK-
unoHan J{y] nocturaer upu y =y, crabozo sxcmpemyma, eciiv CymecTByeT Takoe € > 0, urto
Jly - Jly,] coxpansieT nocToAHHBIN 3HAK [JIS1 BCEX TeX Y € C ans xoTopsIx dyHKIMOHAN
Jly)oupenenei u |y — yof, < &(61130cTb B CMBIC/IE HOPMBI TPOCTPAHCTBA ™). Bynem naabi-
BaTb 3uayeHue J[y,] cuishbiM 3kCMpemymom, €CM OHO ABASIETCS 3KCTPEMAJbHBIM 110
OTIHOUIEHHIO KO BCeM TeM y(x), KOTOpbie MPUHaILexKAT 061acTH onpeenenins dhytkunonana
J1y 1 ynosnerBopsiioT ycnoBuio||y — yof < €(To ecTb 61M3KH K i B CMBICIE HOPMBI NPOCTPAH-

ctBa C).

BuiBeneM HeoOXoaMMble YCIOBHSI, KOTOPbIM [0JKHA IIOAYMHATBCA QYHKINS y(X ) 1715
TOTrO, 4TOBB! hYHKIMOHANT J MMeJl 3KCTpeMyM. 3azady OyaeM pemiaTs MeToqoM Jitje-
pa. Bozbmenm mo6y1o dyuxumio n(x ), paBHY10 HYJII0 Ha KOHL[AX TIPOMEXYTKA MHTErPH-
poBaHus, U Hapsiny ¢ GyHKLMel y(x), KOTOpas A0JDKHA AaBaTh 3KCTPEMYM (QYHKIIHO-
Hany J, obpasyeM HOBYIO GYHKIMIO cpaBHeHHst J(x) = y(x)+ en(x), rae € — Mamblii
YMCJEeHHBIH NapaMeTp. JTa HoBast PYHKIMA YAOBJIETBODAET TeM Xe rPaHHYHBIM (IIpe-
J€JbHBIM) YCIOBUAM, UTO U y(x).

CocTtaBHUM pa3HOCTb
JIFE] - Jly(0)] = Jly(x) + en(x)] - J{y(x)).

JTa pasHOCTb €CThb QYHKUMSA OT &, U OHa CTPEMUTCA K Hy.10 TpH € —» 0. Paznoxum a1y
¢pyHkuuo B psag Telinopa

J[y(x)+en(x)]—J[y(x)]{dﬂy(xgsn(x)q s+0()  (812)



478 8. 3neMeHTbl BaPUaLMOHHOIC UCYNCNEHUS

Inst Toro yTobn! GyHKUMOHAN J AOCTUrAl 3KCTPEMyMa IIpH y = y(v), HeobX0aHMO,
yT06bI pasHocTs (8.12) uMena onpeneneHHblit (rocTosiHubIi) 3Hak. [ToaTomy Heobxo-
IHMMOE YCJIOBUE 3KCTpeMyMa Byner

' {d./{y(xw an(X)]} o
de e

IelicTBUTENBHO, €CJIH 3TO He TaK, TO 0P AOCTATOYHO MAJbIX 3HaYeHMAX £ 3HAK Bbipa-
KEHMs1, CTOSLLEro B IpaBoii yactu (8.12), onpeneisiercst 3HakOM I1€PBOro (TJIaBHOIO)
uneHa. CnenoBarenbiio, ecan (8.13) He BbINONHAETCA, TO BhlpaKeHile, CTosilee B
npaBoii dactu (8.12), MoxkeT ObITbL KaK MOJOXHTENbHBIM, TaK H OTPHLATENbHbIM MPH
CKOJIb YTOJAHO MaJIbiX 3HaYeHHAX €, TO €CTb IKCTPEMVM B 3TOM Cllyyae HEBO3MOKEH.

(8.13)

Peanusyem yciosue (8.13)

[df[y(x)J' Sn(x)]} L By v en yren e | =
dg o | 98, " a Y
“[oF  oF oF |'™" *[eF d oF
= i o dx = + _—— dx :0‘ 814
j " oy oy J oy dxoy | G40

x=xy Xg

Otclona B cuay JieMMbl 1 Mpl MOXKeM yTBEpKAATh, UTO PYHKIMA y = y(x), AaoOuIast
skcTpeMyM HHTerpaiy (8.10), nosxHa yaoBieTBopsTh auddepeninagbHoMy ypaBhe-
U0

L 22 o (8.15)

MoskHo Ioka3ath [22], 4To ecaH BAOJb MCCIEAYEMOI JMHUH ¥ = y(X) IPOH3BOAHAS
8*F/oy'* # 0, To dyHkuus y = y(x) HMeeT HellpepbiBHYIO BTOPYIO MPOH3BOAHYIO "
1 Tem caMbiM ypasherine (8.15) MoxeT 6bITh nepenicano B BUAE
8*F , @&°F , ©8°F OF
sy -y’ + -—— =0
oy’ Oy oy oxdy' oy

(8.16)

Ypasuenue (8.15) 6b1n0 aaHo J1. DiljiepoM 1 HasbiBaeTcst 0ObIUHO ypasienuem Jirepa
AanHoii 3anaun. Ypasuenue (8.16) npeacrasisier coboii ypaBHete BTOPOTO NOPSIAKA,
¥ ero obmMil HHTErPAJI COAEPKUT iBe TIPOU3BOJIBHbIE [10CTOSIIINbIC, KOTOPbIE Ofipeae-
JISIIOTCST 113 ZIBYX TpenesibHbIX ycaoBuil (8.11).

Unrerpanbiibie KpUBble ypaBHenHs: Diijlepa HasbIBAIOTCS axkcmpemanamu. Takum ob-
Pa3oM, SKCTpeMaib — 3TO Td KPWBas, Ha KOTOPOI MOxcem JNOCTUTATLCA AKCTPEMyM
dynxunonana (8.10). Tax kax ypaBHenue Jitnepa AONOJHSETCSH He HayajbHBIMH,
a IPaHIYHBIMM YCJAOBHIMH, TO TeopeMa Kolun 0 CyllecTBOBaHMH M eATHCTBEHHOCTH
peurenns AnddepeHIHaILHOIO YPaBHeHHs 3ech HernpuMennma. FlibiMi ciioBamit,
aKCTPeMasb He 06A3aTebHO CYLIeCTBYET, a €CJH CYNLeCTBYeT, TO He ofs3aTenbHo
eHHCTBEeHHA. BCé 3aBUCHT OT BUAA ypaBHenust Jiliepa (8.15) 1 paspeuiMMOoCTH Cic-
TeMbl YpaBHeHHI AJIs1 rpaHHyIibiX yeaoBHil (8.11).

Vpasuenue (8.15) naer neobGxoanmoe, Ho, BooDiile I'OBOPS, HEAOCTATOYHOE yCJIOBHE
skcrpemyMa. JlJisi TOro 4ToOb! BLISACIHHTD, €CTh 3KCTPEMYM MJIM HET, HYXKHO HCCJea0-
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BaTb 3HaK pasHocTH (8.12) Mubo BLIMUCATh ABHO B NPABOIL YacTH (8.12) BTOpMBIE YNIE-
HbI H TIOMYYHTb HeKUe obliie HePaBeHCTBA, IPY KOTOPBIX MOXKHO OTPEAE/IeHHO CKa-
3aTh 0 3Hake pasHoctu (8.12).

B psize cirydaeB, OfHaKO, y)Ke OJHO ypaBHeHMe Jiilepa faeT UcyeplibiBalolee pele-
Hue sanaun. JleHCTBUTEIBHO, YACTO CAMO CYLIECTBOBAHME 9KCTpeMyMa ObiBaeT siCHO
13 (PU3UYECKOTO HJIM EOMETPUYECKOTO CMBICJIA 3a/aut (HarpuMep, 3a1aii o Opaxu-
CTOXpPOHE, 0 KpaTyaillieM PacCTOSTHHM MEXy AByMs TOYKaMu U T. IL.). Ecam npu atom
CYIeCTBYET JMIIb eANHCTBEHHAsS SKCTPEMAsb, YAOBJIETBOPAIOLIAsA IPAHUIHBIM yC10-
BUSIM 3a/aud, TO UMEHHO oHa M GyaeT HelpeMeHHO Toil KpUBOH, KOTOpas peasin3yer
HCKOMBIIM 3KCTPEMYM.

[ycts y(x) — pellleHHe Hauied 3axain 06 skctpemyme GyHkimoHana (8.10) npu
yenosuax (8.11), 7(x) = y(x) +en(x), (n(x, ) =n(x; ) =0) — (DYHKIIHS cpaBlieHNUs.
Ipupawenuem, 1 sapuayuei, 8y aprymenta y(x ) pyHKIMOHAIA Jly(x)]naspiBaetcs
PasHOCTb MEXAY ABYMS QYHKUMAMM, 8y =7 —Y = €N,

Bapuauueii (unu nepsoii sapuayuei) 8J pyHKUMOHATA Jly(x)] nasviBaetTca Bbipa-
KeHHe

o < L) ]
de

Taxum o6pasoM, BapHauua QyHKLUMOHAIA — IJIaBHASA 4acTbh NMpHpalleHis pyHkiLHO-
HaJsa.

e=0

Heobxomumoe ycioue sKkcTpemyma dyHkuronana (8.10) (mpu ycaoBusx (8.11))
MOJKHO 3aTHcaTbh B BUaE

8] =0. (8.17)

Ilpunumas Bo BHuManue (8.14), MoxeM HamucaTb

X=Xy

1y
5J=§fﬂ’]8 +j oF 4 oF nedx

' |, sLO droy

=0
HJIN

oF _ |'™ M[6F d oF
8] =215 + (|- L 2 ey dr, 8.18
/ oy’ y i,[ay dx@y']y 19

TIpMueM BHeMHTerpaibHoe ciaraemoe B (8.18) paBHO HyJIIO, €CTM 3HATEHHS dyikuum
Ha rpaHuIte guxcuposansl (8y =0 Ha rpanHuie).

Ycosue (8.17) HHOrAa Ha3BIBAIOT YCI0BUEM CMAUUONAPHOCMU (YHKIHOlIANA (8.10).
Takum o6pa3oM, Bcsikoe pemeHue ypasHenus Jitiepa (8.16), skcrpemann A5 $yHK-
1oHana (8.10), npuaaet aToMy QYHKUMOHALY CMAYuUonapioe 3Ha4eHme, To ecTb 3] =0.

MeToabl MHTErpupoBaHUa ypaBHEeHUs Junepa

YpasneHue Jiisepa, ToTydeHHOEe HaMKU B ITPEAbIAYLIEM pa3fese, Hrpaet dbyugamen-
TaJIbHYIO POJb BO BCEM BAPMALIHOHHOM HCYHCIIEHMH. Kak yxxe oTMeyanoch. OHO Lpel-
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cTabJisieT coboii, Boobiie rosopsi, HeJMHeliHoe auddepeHnManbHoe ypaBHEHHE BTOPO-
ro mopsiaka. YKaxeM HEKOTOPbIE YACTHbIE C/y4aH, B KOTOPBIX 9TO ypaBHEHHE MOXET
GbITh CBEIEHO K yPaBHEHUIO [1EPBOTO TOPSAAKA MM JaX€e TIOJIHOCTbIO TIPOUHTETPHPO-
BaHO B KBaapaTypax.

1. HoapiHTerpaibHast GYHKUMSA He 3aBUCHT ABHO OT Y. [IpeamosoxkumM, 4YTO paccMaTt-
puBaeMblil (YyHKIUHOHAT UMEET BUA
X
Jly@o)] = [ Fxy'(x))dx.
EX)
B stoMm cayyae ypasHeHue Jilepa uMeeT BUA
————— 0
dx oy’
Y 1UMeeT, OYEBUIHO, TIEPBBIA MHTErpasl
oF
9 _c
oy’

1

ITo — ypaBHeHHe TIepBOro MOPsAKa, He cozepxaiee . Peims ero OTHOCUTEILHO Y,
TNoJIy4aeM COOTHOLIEHHE BUAA

y' = f(xv Cl )v
OTKYIa Y HaXoaHuTCA KsanpaTypoﬁ

y(x)=[f(x C)Hdx +C,.

I1. [oawHTEerpaabhas PyHKUMA He 3aBUCHT ABHO OT X, TO €CTh
*1q
Jly()] = [ F(y(x),y' (x))dx.

B sTOM ciyyae uMeeTcs MepBbld MHTErpa
oF

Foy & =
Y o

C.. (8.19)

JleficTBUTEIBHO, UMEEM
8F d oF oF [&*'F , ©&'F , 0O°F oF @8*F , ©@'F
=—-|TzY " Tyt S = y - y.
oy Oy oy Ox oy

oy dvoy oy Ty 't oyoy

C npyroii CTOpOHBI,
d(p_ o 9F)
dx oy’

IaF+ " aF_ IIE_ 62F 12 62F [

Vaw VM w T w ww” Ty

Y O RPN .
oyody'~ oy’ oy )
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Taxum obpasoM,

’

oy droy ° dx

B cuny ypaBHenust Jinepa

oF d oF ,d( ,aFJ
—— =y S| Foy |
oy

d oF
— |\ F- Y ! —|= 0,
dx Oy

TO €CTh MbI JelcTBHTENIbHO MMeeM UHTerpai (8.19).

Peuns ypasHenue (8.19) oTHocuTensHo y', moMy4aeM COOTHOLIEHWE BHZA

y' =f(y,C)
oncyna Haxoanm
dy dy
—— = dx > X=|——— 4+ C .
fw.C,) J fwc)

III. Ecim F He 3aBHCHT OT ¥, TO ypaBHeHue Dillepa NPMHMMAET BUI
2 F(x,y)=0,
0y

TO ecTb Npe/icTaBsieT coboi He mubdepeHnaIbHOE, a KOHeYHOoe ypaBHenHe. Pelie-
HHE 3TOTO KOHEYHOTO YPaBHEHHs He COAEPKUT 3JeMEHTOB NPOU3BOJIA U TIOITOMY, BO-
ob1e roBopsi, He YAOBJIETBOPSIET TPAHWYHBIM YCIOBUAM Y(X,) =Y, U y(x,)=y, .
CrenoBatesnbHo, pelilenre pacCMaTpUBaeMOi BAPUALIMOHHOM 3aia4u, Boobuie rosops,
He CyHIeCTBYeT.

IV. Ecau F 3aBucur nuws oT y', To ypaBHeHHe Jil/iepa NpUHUMAET BUA
O°F .
ayl 2

Orciona y” =0 um 8°F/oy'? =0.
Ecmn y" =0, 10 y =C,x + C, — mByxnapaMeTpudecKoe CeMeifCTBO MpAMbIX JMHMUIL.

Ecim xe ypasHenue 62F/6y’2 =0 uMeeT OAMH WIM HECKOJBKO HeHCTBUTEIbHBIX

KopHeit y' =k;, T0 y = k;x + C, ¥ MbI TIOJIy4aeM OZHOTapaMeTPUYecKoe CeMeifcTBO
TPAMBIX, COAEpXalleecsi B TOJYYEHHOM paHee ABYXNAPaMETPHYECKOM ceMmelicTBe
y =C,x +C,. TaxuMm 06pa3oM, B JaHHOM CJIydae SKCTPEMANAMHU SIBJISIOTCS BCEBO3-
MOXKHBIE TIPSIMEIE,

Mpumepk! pelwieHns BapMauMOHHbIX 3ana4

Tenepb MBI yke MOXeM pPelIMTb HEKOTODHIE U3 C(HOPMYJHMPOBAHHBIX paHee 3ajady.
PaccMoTpuM peliienitst ABYX TakMx 3aaad.

3anavya o 6paxucToxpoHe
3anaya CBOAMTCA K MUHUMM3aUMH GYHKLMOHAIA
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2
w 1+ (%xy—]
Jlyl=—]
V28 % «/;
3TOT (PYHKIMOHAK IPUHAIJIENKUT K NIPOCTelileMy BUIY; €T0 TOAbIHTerpaabHas PyHK-

LU He 3aBUCUT ABHO oT x. ClienosaTessHo, ypaBHeHUe Jitiepa UMeeT NepBbIil HHTe-
rpar B Buzie (8.19). PackpbiBas IpOM3BOAHYIO MOC/IE ypoleHHii, byneM uMerb

.

Vy(+y'™*)

Baenem napamertp ¢, noJaras y' = ctg (t/2); Toraa mosyyum
¢

Y=

[1+ctg”(#/2)]

dy C,sin(t/2)cos(t/2)dt

. Y Cl
dy == = e (02) =C, sin®(¢/2)dt =7[1—cos(t)]dt;

x = % [t —sin(t)] + C, .

dx — min, y(0)=0, y(a)=>».

=C=>y(l+y'*)=C,.

=C, sin®(¢/2) = %— [1 - cos(8)];

ClrenoBaTtenbHO, B TapaMeTpH4ecKoil opMe ypaBHEHHE MCKOMOI JIMHUHM MMeeT BuJ
Cc . C
x-C, = 71 [t —sin(?)), y = -2—‘ [1-cos(¢)].

Ecnu npunsaTs 8o BuuManue, uto C, =0, tak kax npu y =0, x =0, To MBI TOIYYUM ce-
MeCTBO HUKJIOMA B 0ObIYHOI dhopMme

£ =S =sin(o), = (1= cos(0)

rae C, /2 — paauyc KaTserocs Kpyra, KOTOpbli onpesessaercs U3 yCJIOBHS IPOXOXKAE-
HHS OUKJIOMIB Yepe3 TouKy B (a, b). Utak, 6paxucTOXpOHOM ABJISETCS LHKIOHAA.

3apauya o pacnpocTpaHeHuu ceBeTa B HEOOHOPOAHOW cpeae

3amava CBOAUTCS K MUHUMU3ALUHU DYHKIMOHaAA

]
slt o
mm#%marwam,

npuueM y(x) € C ny(a)=y,,y(b)=y,.
Byaem cuutaTh, 4TO CKOPOCTb CBeTa BhipaxkaeTcsi GOpMyoit v = ky. B atom cayuae,
KaK ¥ B MPEAbIAYILEM, TOABIHTETPaibHAs (GDYHKIMS He 3aBUCUT ABHO OT X. Bynem cun-
Tarh, 4TO £ =1, TO ecTh

12

. I+y
Fyy)=——
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CrnenoBatenbio, ypaBienye Ditiepa umeer nepsbiit nuterpan B Buge (8.19). Packpubi-
Basi MPOUSBOAHYIO HOC/IE YIIPOIIEeHH, HyaeM UMeTb

1 1

—=C=1l+y ' =— =
yyl+y'? nyz
1_c22

VA i E AR 1 R

Ciy ,/1—C,2y2
1_C2 2
S gy, - ¥TGY
J1-Cly? C,
(x_c )2 —1~—C12y_2_:>(x_c )2+y2 —i
2 Clz 2 C]z‘

Taxnm 06pasoM, UcKoMast KPHBas — OKPYKHOCTb, IPHYEM LEHTD STOM OKDY>KHOCTH
JexuT Ha ocu Ox. MoxHO rpaduyeckit HalTH 3Ty OKPY’KHOCTH, He BBIYMCIISAS KOH-
craHT (puc. 8.6).

X = 2:9

Ya
AD =BD, 0;B = 0,4 =R
B
D
A
» X
0 0y

Puc. 8.6. OnpeneneHvie yeHTpa OKPyXHOCTH

Hnst aToro coenunsiem Touku A U B 0TPe3KOM NPAMOIL, 3aTe€M M3 CepemyHBI OTpe3Ka
AB onyckaem neprenauKy.sp Ha och Ox. Touka nepeceuenus: O, aToro NepreHankKy-
nsipa ¢ ocbio Ox W OyJAeT LeHTPOM HCKOMOM OKPY’KHOCTH.

3apaya co ceo6oaHOK Bapuauuein Ha rpaHuule

IIpu paccMotpenun axcrpemyma ¢dynkiuonana (8.10) Mur NpUHUMAIHU B KadyecTBe
Npele/IbHBIX YCJIOBUI 3aKPENJIEHHEe HCKOMOM KPHBOM Ha ee KOHI[aX, TO eCTh YCJIOBUS
(8.11). BoamoxeHn 1 apyroit BUa mpeaenbHbIX yCJIOBU, KOTOPBIHE MbI celfyac u pac-
CMOTPHM.

[IycTe MBI MieM 3KCTPeMyM (ByHKIIMOHATA

Tyl = [y, y'(o)ydx, (8.20)

o

NpUyeM 3HaYCHUA DYHKIMH Ha IpaHULe (TO ecTh B TOYKAX X =X, U X =X, ) He 3aja-
HbI. Bysem npeanonarars, YTo KOHIbI HCKOMOI KPHBOii HAXOIATCS HA HPSAMBIX X = X,
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M X = X,, NapaielbHbix ocH y (puc. 8.7). Mbl mokasxeM ceifuac, 4To Ha Takux csoboz-
HBIX KOHL[AX TAKXe JHOJKHbE OBITh BBIOJHEHB! HEKOTOPHIE Npee/IbHbIE YCIOBHUS, KO-
TOpble HEMOCPEACTBEHHO TOJIYYalOTCsl U3 YCJIOBUA 3KCTpeMyMa uHTerpana (8.20).

yﬂ‘

0 X x

Puc. 8.7. 3apava co cBoboaHbiMU KOHUAMN

JleificTBHTEIBHO, €CTTH HEKOTOpas KpuBas aaer akcrpemym unrerpany (8.20) no cpas-
HEHHIO CO BCeMU GIM3KHMM KPMBBIMH CO cBOGOXHBIMM KOHL@MM, TO TeM Gosiee oHa
Aaet akcTpemym unrerpaiuy (8.20) npu ycioBuM 3aKpenieHus sTHX Konuos. Ho toraa
5Ta KpHBas, KaK Mbl TI0Ka3aJH paHee, OJDKHA YAOBIETBOPATh YpaBHeHUIO JHepa

TO ecTh GBITh 3KcTpeMabio dynkimonaa (8.20). O6patumcst Tenepb K 061eMy BbI-
paXXeHHIO MepBoit Bapuauyuu ¢pyunxumronana (8.20)

87 =L 5y
%

X=X xy

+ I[—a—li —ia—F]Sy dx, (8y =en).

cmxy  nLOY  dx Oy

Kak u paHee 3Ta nepsasi BapHaLusi 10JDKHA obpamarses B Hy b, YieH, cogepxanuit
MHTETPaJI, paBeH HyJIO, NOCKOJIbKY (PYHKIUHMA ¥ = y(X), KaK MBI TOJBKO YTO TIOKA3ANH,
IOJKHA ¥ B 3TOM CJIydae yAOBJIEeTBOPSTh ypaBHeHuIo Ditnepa. Takum o6pa3om, paBen-
CTBO HYJIIO NIePBOI BADUALMYM TIPHBOAUT HAC K PAaBEHCTBY

=0, (8y =¢en). (8.21)

Tax Kak Ha cBOOGOJHOM KOHILIE 1] MOXET ObITh POU3BOJIbHBIM, TO U3 (8.21) crenyer

oF

9F OF]
oy’

=0. 8.22
oy (8.22)

x=xg x=x)

Pewas ypasHenue Ditnepa, Mbl noayuuM y = y(x, C,, C,), a-3ateM u3 (8.22) Haiinem
y =y(x). IIpenensubie ycnosus (8.22) Ha3wBAIOTCA OBBIYHO ecmecmeenHvimy npe-
OenoHBIMU, UTTH ZDAHUUHBIMU, YCIOBUAMUY.

O6obienneM pacCMOTPEHHOU 3aMayd SABJIAETCA 3aaya co CBOOOAHBIMM KOHLIAMH,
KOTOpBbIE MOTYT HEpPEMENIATBCS BAONb HEKOTOPBIX (DMKCHPOBaHHBIX KpuBbix 'y u I
(puc. 8.8).
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YA
-y I‘l
I
0 >
=y =y(x) S~

Puc. 8.8. 0606uieHune 3anaqu co cBoboaHBIMU KOHUAMM

PesysbTaToM pelienus 3Toit 3agauu Oyner:

1. Hckomas dynkiusa y = y(x) A0MIKHA YAOBIETBOPATh YPABHEHHIO Diisiepa.

2. Qynkumsa y = y(x) I0MKHA YAOBIETBOPSTh HEKOTOPHIM AONOJHUTEIBHBIM YCJIO-
BUSAM — YCAOBUAM mpanceepcanrsnocmy. IeoOMeTpUYECKH 3TU yCIOBHS O3HAYaloT,
4YTO KpUBas y = y(x) nepecekaeT KpuBble I'} u ['; nox onpeneneHHBIMH yraamH.

Ilns1 BeIBOZA YyCIOBMIL TPAHCBEPCATILHOCTH AafluM cHavana obobiienue hopmysl As
Baprauuy dyukumonana (8.20). B otiuuue ot npocreiiueit sagayu, 6yaeM CUHTATh,
4TO KOHIBI TeX KPUBBIX, HA KOTOPBIX ONpefeseH 3TOT MYHKIMOHA, MOTYT CABUTATHCS
ITPOM3BOJILHBIM 06pa3oM. PaHblie MbI cunTamy, 4To G/M3Kue kpuBble F(x) = y(x) + en(x),
TAe & — Majblii YMCTeHHBI NapaMeTp, OTIMYAIOTCA OT OCHOBHOM KpUBOH y(x) no-
6aBenueM ciaraemoro en(x). Cellvac mbl GymeM cuuTaTh, YTo OJIM3KHE KPUBbIE
Y(x) = y(x, &) comepxaT napaMeTp € MPOU3BOIBbHBIM 06pazomM, npuyeM npu & =0 noxy-
4aeTcs OCHOBHAs KpuBas y(x) = y(x,0), 47151 KOTOPOI MBI ¥ BHIYKCIISIEM BapHAIIMIO HH-
Terpana.

Uraxk, paccmorpum uHTerpain (8.20) u BBeeM B 3TOT MHTErpas H3MEHEHHYIO BIH3KYI0
KPHUBYIO, CUMTAsI, UTO U TIPeesbl UHTETPHPOBAHUS 3aBUCAT OT €

xy (€}

Jly(x &)= [Fxy(x,e),y'(xe))dx, (8.23)

xp(e)
npuyeM IpH € = (0 Mbl UMeeM PYHKIHUIO U Tpeaensl, Bxogsiue B uurerpan (8.20)
Y(x0)=y(x), x,(0)=x,, x,(0)=x,.

B coorBetcTBMH ¢ 0611MM OlpeneseHEM BADHALIMHM KAK TPOU3BENCHUS IPOU3BOLHON
1o € pu € =0 Ha €, MOXHO HalKCaTh

dx, -_—m & Ox, = dx, () & by = Oy(x,€) ;
dE =0 dE om0 e o
Sy' =_6_|:M} azi_l:ay(xvs)} =£—8y,
68 dx =0 dx 68 ‘Jle=0 dx

TPHYEM MBI CYHTAEM, YTO y(X,€) UMeeT HeNPephIBHbIE IIPOU3BOAIBIE 4O BTOPOTo 110-
psnka. beps ot unTerpana (8.23) npousBoaHylo 1O €, nosaras B Hel € = 0 W ymHOXKas
Ha g, IOJY4UM CJeRylolee BhIpaKeHUe ePBOL BapUalli¥ MHTErpasa:
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8]=F(x1,y1,y{)8x, _F(xo»yoyy;))axo +

M oF(x,y,y') oF(x,y,y') « ,
+I Sy + Sy’ |dx
Y m Y )
oy oy

Yo

HIn

¥r=xg

8] = Fxy,y)8a 20 + I[aF(’gyy’y)8y+aF(’;'yy,’“8y']dx.

*o

[Ipeobpasyem, Kak U paHee, BTOpoe cjlaraeMoe B MHTerpaje, HHTeTPUPYS N0 4acTAM

jaF(xl/y)s " = ”j'aF(xy,y)daydx
oy’ oy’ dx
X EX]

*y

_ YY) 5, OFE0Yudh) 5 ja d aF(x”)dx (8.24)
oy’ oy’

rae (dy), n (dy), — rpaHMYHblE 3HAYEHUS BapHALIMH (bymcupm y:

Fy(x;,€)

(8y); = e

£ (i=0,1). (8.25)

e=0

Haiizem Tenepb nepsyio BApHAIMIO OPAMHAT KOHLIOB KpuBoid. OueBuaHo, ¥, = ylx, (€),€],
U TP U3MeHeHMH & GynyT MeHsaThest 06a apryMenTa GYHKIMHU Y, TaK 4TO TepBas Ba-
puauus 8y, opauHathl y, Gyaer

&=
e=0

=2y, @)

oy dx 0
=Y i | H
Ox, de O
e=0
e Y, — yrjoBoii koaddHIHMEHT KacaTelbHOM Ha IPaBOM KOHLE KDUBOX. AHAIOTHYHO
AJIS BApHALMU Sy, OPAMHATBHI JIEBOTO KOHLIA KPUBOIL OynemM nMeTh

e=y;8x, +(8y),, (8.26)

e=0

8y() =y'08x0 + 8y|)'=xo . (827)

[Toxcranoska B (8.24) BMecto (8y), u (8y), Mx 3HaueHUH M3 ypaBHEHHH (8.26)‘
n (8.27) mact HaM clenyiollee OKOHYATeJbHOE BRIpaKeHHMe Ui NEepBOi BapHaLMK
unrerpaia (8.20):

F(x,,y,, OF(x,,y,,y;
5 = [F(xl,yl,yn— (—ay-y—)}sx +(—1ayy,‘—y—1~’8y1 -

oF (x o oF(x Yo !
[F(xo,yo,yo Y- _ﬁ_oay,o_yo)}s% __<oa_yqloﬁ>5yo .

+"J‘ OF(x,y.y') _ d [OFx9.9") )5, i
P ™ % Yy dx,

Xo
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WIn

azf(ac,y,y’)j&c+ aF(x,y,y»Sy} o

8] =|| F(x,y,y) -y’
J H xy.y)-y o P

E =X

+f OF(x.yy') d(0F(xyy') sy dr.
oy dx oy’

BrisicHMM reoMeTpHyYecKH pasHUIy MeXAy BeqUuMHaMu 8y, u (8y),, BXOAALIUMHU B
dopmyiy (8.26). KoopauHarel IpaBoro KOHIA KPUBBIX cpaBHeHMs y = f(x,¢) 6ynyT:
x,(e)n y,(€) = flx,(¢), €]. [Ipx naMeHeHNU € NPaBbIH KOHEL OMKLUIET HEKOTOPYIO JIH-
au10. HavanbHbIM 3HaueHNeM ¢ stByisiercst 3HayeHue & = 0, Tak YTo camMa BeJUYHHA & AB-
JsieTcs MpUpallleHUeM 3TOro mapaMeTpa OT HayajisHoro 3uadenus & =0. CoriacHo
(8.26), 8y, ects muddepenuuan byHkMH ¥, (¢) = f[x, (€), €] Mo oTHOWEHUIO K TIEpe-
MEHHOH €, TO eCTh 8y, €CTb [JIaBHas YaCTh NPUpallleHUs OPAUHATH ¥, (&) HPABOTO KOH-
ua. Ha puc. 8.9 ato npupauienne usobpaxaercs orpeskom CD. Cormacho (8.25), (8y),
ects auddepesuuan dysxkuuu f[x, (0),&], npuyeM B IEpBOM apryMeHTe x, (€) Mbl [0~
naraeM & =0 xo Bbruncaenus nuddepenuana. Takum obpasom, (8y), ecTb riaBuas
YacTh NpHUpaIEeHus OpaAUHAThI Ha KoHLe x, (0) npu nepexone ¢ ocHOBHO KPUBOH y(x)
Ha KpuByIo cpasHenus y = f(x,¢). Ha puc. 8.9 sto npupamenue n306pa>fcaercsl oTpe3-
KoM AB.

X0

YA Dl

B | :
’ fV
. ! Sy
GG
! =1
y=y@14 1 C
0 a x(0) b
Puc. 8.9. l'eomeTpuueckuit cMbiCh Bapuaumii (8y ), v 8y,

1

[TonyuyuMm Teneps yCIOBUS TPAHCBEPCAIbHOCTH. ByeM npeanoaraTs, 4To KOHIIB 9KC-
TpeMaly MOTYT MEpPEeMEeNIaThbCsl BJOJb HEKOTOPbIX (DPUKCUPOBaHHBIX Kpusbix [y u I,
(puc. 8.8). Paccyxaast, Kak ¥ paHblie, Mbl ICKaKEM, YTO eCJIH HEKOTOpas KpUBas y(x)
JaeT 3KCTPeMyM MHTErpaiy, TO OHa [0JKHA YAOBJETBOPSTh YPaBHEHUIO Jiljepa, TO
ectb ObITh dKCTpeMastbio. [lepBast BapHaus no/KHA 0OpallaThest B HyJIb: ClaraeMoe,
cozepxaliee 3HaK HHTerpaia, 6yeT paBHO HyJIO B CHIy ypaBHeHus Dinepa. Takum
06pa3oM, paBeHCTBO HYJIO IEPBON BApHAIIWH IIPUBOAUT HAC K CIIEAYIONEMY YCJIOBUIO:

Foy 28 x4+ % 5y Foy % Jox+ gy
) | ) oy

X=Xy
06 g = ; i T,uTl
03HauUUM uepe3 j' = ™ yT10BoH K03(pdULUEeHT KacaTeJbHOR K KpuBbiM [, U Ty,

xr=xg9

Toraa nocnennee yCJI0BHE MOXHO IEepenrcaTh B BHAE
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F_y'_q!i +_a_€g’ le — F...y'g:_ +_a£]7,
ayl ayl , ayf ay'

X=Xy
Tak kak 6x, M 8x, — NMPOU3BOJbHEIE HE3aBUCHMbIC NPHUPANICHHUS, TO U3 I10CJIEeJHETO

paBeHCTBa NOJIy4yaeM
_, , OF
[(y —y)—+F :l
oy

T gyt g
[(y y)ay,+F}

IJTH TPaHNYHBIC YCJIOBHA U HA3bIBAIOTCA YCJIOBUAMH TPaHCBEPCAJIBHOCTH.

dx, =0.

x=xg

=0,

=Xy

=0.

x=xg

BapuauuoHHaa 3apada ana GyHKUUOHANOB,
coaepXalux npoussoaHble BbICLLIMX NOPAAKOB

PaccMoTpuM Tenephb cay4ail, KOrza MHTETpas COAePXKUT NPOU3BOJHBIE UCKOMOH (DYHK-
LMY Bbillle IePBOTO NOpPsiAKa

¥y
Jly@ = [Fxyy',....y" ydx. (8.28)
X
Kak MBI 3TO yke menanu paHblie, HOCTPOHM GAH3KYIO KPUBYIO J(x) = y(x)+ en(x),
noxcrasuM B unrerpan (8.28), npoauddeperupyem mo ¢ u npumem & = 0. Takum 06-
PasoM, MBI MOJIyYUM

=
e=0

5y - {djly(x% an(x)]}
de

oF .
8] = j[—n<x>+ PRICOME @(")n”m]dr.

[IpeobpasyeM Bce ciaraemble MPaBoil YaCTH, KPOME HEPBOTO, HHTETPUPYS HECKOJIbKO
pa3 1o 4acTsM

t oF
I__

(k)

N (x)dx =
k)

w00y

=[aF D )y 4 _OF
P

» d*'  oF
(k 2) k-1

x)+...+ (-1 — (X +
wou @@ D) n( )}

dxk~1 ay (k)

d*
+(-1)* j n(x)dx.
k (/e) >
vy dx*\ Oy
Mer cuutaeMm, 4To N(x) U ee NPOU3BOAHBIE 10 NopsiaKa (n— 1) obpalliaroTcsa B HyJIb Ha
KOHLAX. BereacTBHe 3TOro BHEMHTETPAIbHBIE YNEHBl HPONAAYT; IPUPABHHUBAS HYJO
NepBYIO BapUalHIo, TOJIYyYUM YCJIOBUE
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Xy n
8] = | ?—%% Fo (=1 d . ai)Jn(x)dx =0,
ol OY Yy dx" oy
KOTOpO€ NPUBOAUT HAC K CAeAYIOLIEMY YPaBHeHUIO Jilnepa:
oF d oF . d" OF
————t...+(-1) =
ay dx ay¢ dxn ay(n)

970 ecTh auddeperunanbHoe ypasuenue nopsaaka 2n. Ero obmuit uaterpan comep-
JKUT 271 POU3BOILHBIX TIOCTOSHHBIX, U MBI AOJKHBL MMETb elle 271 Tpene/IbHbIX yCII0-
Buid. B npocreitiiem cyyae 3TH yCIOBUSI CBOAATCA K 3a/laHU0 (DYHKIMK U €€ IPOU3-
BOAHBIX J10 IOpsAaKa (n — 1) Ha KOHIAX npoMeXkyTKa. M3 aTux mpeaeNbHbIX YCAOBAY K
BBITEKAET, YTO AHAJIOTHYHbIE BEJHYMHBI IJIs (X ) RO/UKHBL 06paiarsest B Hy1b, OTMme-
THM ellle, YTO Mbl CYHTANM HENPEPHIBHBIMU BCe Te MYHKIMU, KOTOPbIEe BXOAAT B Tpe-
asiayne GOpMyJibl, TaK YTO, HANIPUMeEpP, Mbl CYUTAEM, YTO HCKoMas DYHKUHA y(x)
MMeeT HenpephIBHbIE TIPOM3BOAHBIE OPSIAKA 21, TO eCTh TPUHALIEKHUT Kaaccy CE™ .

Mpumep. Pewenue 3apauu 06 uarnbe 6anku

Paccmorpum perrenue 3agauy 06 uaribe npsaMoSTUHERHOTO CTEPXKHA. Bysem cauTath,
4TO KOHIIBI CTEPIKHSA JKECTKO 3all[eMJIEHB U CTEPKeHb B HenedhOpPMHPOBAHHOM COCTOS -
HuH 3annMaeT orpesok [0,/] ocu Ox. B noJokeHH paBHOBECHS CTEpPKEHb TIPUHUMAET
Takylo GopMy, YTO €ro NMOTEHIIHAIbHASI FHEPTHA MUHMMaAbHA., TaxuM 06pasoM, Mbl
MPUXOAUM K Cleyolel BapHalMoHHON 3a/aue: HaiiTH dyHKIH y = y(x) (nporu6
CTEPKHSI) TaKyro, YTo

! 2,\2
Uly(x)]=| %[%J - q(x)y(x)|dx, y(x)eC?,
0
Uly(x)] — min,
y(0)=0, y(/)=0, y'(0)=0, y'()) =0,

rae E — monyb I0nra, J -—- MOMEHT HHEPLHH MONEPeYHOTO CEY4EHHS CTEPXKHS, g(X) —
3a/laHHas MolepeyHas HarpysKa.

B paccmaTpuBaemoM ciyyae noabinTerpanbhas GyHKIus

pzﬂ[ﬂ

2 | 22 ) —g(x)y(x),

H, CJIefoBaTeNbHO, ypaBHEeHUe Jilsepa UMeeT BUL

oF _d fﬁ},i OF 19
ay dx ayv dx2 ay"

Briuncisis IPOM3BOAHbIE, BXOAAIIME B ypaBHeHHe Diiepa, NoIyduM
d'y
dx?

—q(x)+E]£—€~=0:>E] =g(x).
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[ocneanee ypaBHeHHe ~- U3BECTHOE ypaBHeHue uarnba bankn. Ito — nuHeiHoe ypas-
HeHHe, OHO Jierko unterpupyercsi. Obiiee pelieHne 3TOr0 ypaBHEHUST MOXKeT ObiTh 3a-
HNUCAaHO B BUIE

3 3
Ejy(x)=A+Bx+C§+D%+jq(§)%dg. (8.29)

Takasi popma npeacTaBieHus pelneHus Oblia gaua eie JI. Diisepom B 1778 r. Dopmy-
sa (8.29) nerko MoxeT 6bITh HOTyYeHa MeToAoM JlarpaHika BapralMi NPOU3BOJIbHBIX
noctosaunbix. IlpeacraBienne obiLero vATerpasa OCHOBHOIO ypaBHenus Haruba Oa-
JoK B BUAE (8.29) BHOCHUT 3HAUMTENBHOE YIIPOLIEHHE B PACYETDH, NPUAAET eIUHO00-
pa3HyI0 (hOpMY 3THM pacyeTaM, IPUMEHHMYIO BO BCEX CJIy4asix, IpUYeM HeT HeoOxo-
AMMOCTH TIpUbEraTh HU K TEOpeMEe TPex MOMEHTOB, HH K Hauyasly HauMeHbIiied paboTst,
KOTZa UMeeT MeCTO MHOTOKPATHas CTaTHYecKasi HeOHPeAeTHMOCTb.

[ocrosinubie A, B, C 1 D nerko HaxoAATCs U3 TPaHUYHBIX YCJIOBU, NpUyeM /ABe 13
HHUX MOYTH BCETAa PaBHbI HYJI0. J[eJ10 B TOM, 4TO 3TH MOCTOSIHHBIE HMEIOT BIIOJIHE OTl-
peneneHHbId GUINYECKHH CMBICT;

A=EJy0), B=EJy'(0), C=EJy"(0), D=EJy"(0).

Toatomy, HalIpUMeEp, B CJIyyae 3allleMIeHHbIX KOHIOB 6anku Mbl nMeeM A =0, B = 0,
H OCTaeTCA ONpPEeNeauTbh TONbKO aBe KOHCTAHTBI C ¥ D M3 rpaHM4HBIX YCAOBHI
y(1)=0,y' (/) =0 na apyrom koHire Hanku.

BapuauuoHHaa 3apa4a ana PyHKLUOHAJOB,
3aBUCHALLNX OT HECKONbKUX PYHKLUOHANBHLIX
aprymeHToB

PaccMotpum ¢yHKIMORaN BUAA
T 92 et GO = [ F@Y Yyt ¥h Yy, (830)
xo
npUyeMm

Yi(xo)=yio» ¥i(x,) =Yy, i=1,2,..,n (8.31)

Bynewm cuutatsb, uTo PyHKIKA F HENIPEPHIBHA HO BCEM apryMEHTaM U MMeeT NPOU3BOL-
HbIe [IEPBOTO U BTOPOTO MOPSAKOB; i, (x) e C*.

[Tpeanosnoxum, yto cucteMa GYHKIHH
Yi(x), Y (), ¥, (x)
nocraBisiet akcTpemyM dyuxunonany (8.30). Obpasyem ¢byHKIMH cpaBHeHUst
J )=y (x)+en;(x), i=1,2,...,n
HpUIeM
N,(x)eC?, n,(x,)=0 n,(x,)=0, i=1,2,..,n

O6pasyem pasHOCTb
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| 7V PIRN S e | TR PO B
=i___aj[y1,zz,...,y,,] e, +0(i8f} (8.32)
= €; i=1

£ =€3=...=£,=0

IIpu nocraTouHo Masbix €, 3Hak (8.32) onpenensiercs nepsbiM caaraempiM. Takum 06-
Pa3oM, HEOOXOAUMBIM yCIOBUEM IKCTpeMyMma Byaer

L |CIRCPT Ty =0, i=12,..,7n
O¢, =ey=..=6,=0
£y =g =, =g, =
niun
Ty
I{inﬁ OF ]dx 0 i=12,.
M2 %',
WJIn
X=Xy Xy
-‘?E,m + Fi—ia—ﬂmdﬁo’ i=1,2,..,n
ayi xr=xg x ay' dxay'

=0

B cuny npon3BoJbHOCTH 1); NIOJIy4YaeM CUCTEMy ypaBHeHHWi Ditepa
—————=0,i=12,...,n (8.33)

ITO — CHCTeMa n ypaBHeHHii BToporo nopsiaka. Kpome ypashenuit (8.33) mb1 umeem
elle rpenesnHble yeaosus (8.31).

Ilepsas Bapuauys pyHxuuonaia (8.30) uMeer sua

8] Z yl’y2' ’gn]

g, =

&) =gy =...=g,=0

LI O n[9F d OF
=3 L5y - = = \ay,dx, (8y, =
Y, IZ{ay‘ e oy }y 8y, = em(x)).

i=1

x=xq xgl=l

Npumep. BoiBoa ypaBHeHuit JlarpaHxa

PaccmMoTpuM maTepuasibHYI0 CHCTEMY, COCTOSIHME KOTODOH XapakTepuayeTcsi 0606-
ILEHHBIMU KOODAWHATAMU ¢; ¥ 060OIEHHBIMY CKOPOCTSIMH §;

qi = qz(t)r qi = q;(t)! l = 17 2, [N n
Itycts

T=T(tq.4s-,90 41,421 4s)
— KHUHETHYecKas SHeprus,

U=Ugq,q9,..9,)

— IIOT€HUMAJIbHAsA dHEPTUs HalleH CUCTEMBI.
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OO6pasyeM unTerpas nedcTBUs
J49, 45,4, 1= [(T-U)dt. (8.34)

B cooTsercrBuu ¢ npuHuunoM Octporpaackoro—laMuabTOHa, IBMKEHUE CUCTEMBI 3a
NIPOMEXYTOK BpeMeHM (%, ¢;) ONMUCHIBAETCS TeMU (MYHKUMUSAMM, KOTOPbIE JOCTABAAIOT
MUHUMYM HHTerpany (8.34).

Heobxonumele ycnosus skcrpemyma unterpaia (8.34) nmetor sua(F =T -U)

OF _dfoF) o i-12 .n
dq;, dt\ 9q,

Wi, oxoHyaresbHo,

dfor) or _ oU i_19,.n (8.35)
dt\dg; ) og; aq;

Ypasuenuist (8.35) uaBecTHbI B aHAJIMTHYECKOH MeXaHUKe KaK ypaBHenus Jlarpamka
(BTOpOrO poxa).

Ecnu cuibl, JeHCTBYIOIME HA TOYKM CHCTEMbI, KOHCEPBATUBHBI, TO 06obIIeHHas
cuna Q;, COOTBETCTBYIOIAst 0606IIEIIHON KOOPAHHATE ¢;, PaBHA B3ATOI ¢ 06paTHbIM
3HAKOM INIPOM3BOAHOM OT TOTEHUHAIbHOI dHepruut 110 0b6obenHol xoopaunate [3]

oU
Qi =TI
oq;

U ypaBHeHus Jlarpan»ka npuHUMAIOT BUJ

M3onepumeTpuyeckan 3apaya

ITocraBuM CileayONIyIO 3a4a4y: CPeAN BCEX KPUBBIX i = y(X), AJIA KOTOPbIX HHTETPa
Xy
Kly(0)]= [G(xy,y")dx = a, (8.36)
T

HMeeT 3aJlaHHOe 3HaYeHHe a, ONPEeNe/INTh Ty, KOTOpaA AA€T IKCTPEMYM HMHTErpaly

Sy = [Fey,y)ds, (8.37)

X
npuyeM
y(xy) =Yo Y(x,) =Y, (8.38)

CdopmyIMpoBaHHas 3a/ia4a OTHOCHTCS K U30NEPUMEMPUHECKUM 3a0avam. IT0 1ia3Ba-
Hyle IPOUCXOAMT OT OCHOBHOI M3 33/1a4 YKa3aHHOTO THIIA, @ UMEHHO, OT 3aJ1a4H HaXO0-
XIEHMA 3aMKHYTON KPUMBOii, KOTOpas 1P 3aJaHHOI JUIMHe @ OrpaHMYHBaeT Hanb0Ib-
uIylo miomans (OKpY>KHOCTb).
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ByneM, kak o6biuHO, rpeanoJiararh, 4To y(x) € C* u dyukuun F u G umeloT Herpe-
pbIBHBIE [IPOH3BOAHbIE [IEPBOTO U BTOPOTO NMOPAAKOB. Paccyxaaem craHIapTHBIM 00-
pasoum. IIycrs y = y(x) — uckomoe peirenue 3aaauii. Ob6pasyem GyHKIIMH cpaBlieHUs

J(x)=y(x)+em(x)+g,my(x),

Tae €,,€, — NMPOU3BOJIbHBIE Majlble NapameTpsl, 1,7, — I[POH3BOJIbHbIE (DYHKIMH,
npuyem

N,(x) € C?, ni(xe) =0, y(x,) =0, i=1,2.

Slcho, yro dynxiusa y(x) € C'® u ynosnersopsier yciosusM (8.38).

O6pasyem pasuocts J[7]— J[y] Ora pasnocrsb siBnsieTcs dyHKLUIed ABYX NepeMeH-
HBIX €, W €,. Pasnaraem ee B psn Tefinopa

¢, + L7
g =g9=0 82

Ji71- Jiy1 - 244

g, +O(el +€3).
O¢,

g =89 =0

Orcroga nosiyyaem Heob6xoauMoe ycsioBue sxcTpemyma dyHkunosana (8.37)

a/171 L 17

O¢,

=0. 8.39
2, €, ( )

gy =gy =0

1

g =g =0

3mech &, U &, 3aBUCHMBI MeXIY CO0Oit, I03TOMY HeJIb3s1 yTBEP/KAATb PABEHCTBA HYJIIO
Ka)KIOr'0 CJlaraemoro.

C apyroii cTopoHsl, B cuily ycaoBus (8.36) A0KHO BBIIOMHATHCS PAaBEHCTBO
K[y]-Kly]=0.
Pa3ioxuB 3Ty pasHOCTb B psif Teiiopa, mogyyuMm

oK(7]
O¢,

e + oK[7]
O¢,

g, =0. (8.40)

gy =€y =0

g =€9=0

PasencTso (8.40) ycraHaB/IMBAET CBSA3b MEXAY €, U €,.

Bocrosnb3yemcs MeTonom HeornpeneseHHbIX MHO)uTesel Jlarpamxa. Ymuoxum (8.40)
Ha A u cnoxum c (8.39)

aium +AK[F])
£

1

e + -2 {71+ AK[F)

o€,

g, =0. (8.41)

gy =69 =0 g =8 =0

Boibepem A tak, yToOb 01Ha U3 Npon3BoaHbix B (8.41) obpaTunack B HyJIb. ITonyuim

a%u{yh K7l =0, (8.42)

Torna, B cr1y NPOM3BONBHOCTH €, ,

i{J{.17 [+ AK[7]} =0. (8.43)

€y

g =€9=0
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PaBenctBa (8.42) n (8.43) MO0 TPaKTOBAaTh KaK yCJIOBUA HKCTpeMyMma IJist QyHK-
LHOHANA
xy
Liy) = Jly]+ K[y} = [{F(x.y,y' )+ AC(x,y,5")). (8.44)
X
Taxum 06pasom, /st TOTO YTOOBI PEUINTh U30TIEPUMETPHYECKYIO 3a1a4y, HEOOX0aUMO
cocTaBuTh GyHKuuoHan L{y | u aAs Hero pewarh 3aa4y Ha 3KCTPEMYM MO oéquMM
npasuiam. s dyakumonana L[y | iMeeMm ypaBHeHMe Jitnepa

d df a )

WHterpan aroro ypasnenus y = y(x,C,,C,, 1) COAepXUT HEONPEAENACHHDIE TOCTOSH-
Hete C,,C,, A, KOTOpbie onpenessioTcsa U3 ycosuit (8.36) u (8.38).

Taxum obpasom, 3aja4ya Ha yCJIOBHBIH sKcTpeMyM aist dyHKuHoHana (8.37) (pH mo-
nosauTeabHOM yeioBun (8.36)) cBenach K 3anave Ha 6e3yCJIOBHBIA IKCTPEMYM ANIS
¢dbynkumonana (8.44).

NMPUMEYAHWNE
Ecou okaxkeTcs, uyto

oG d (oG

Oy Cdr 6y
TO criocob HeompeneaeHHbIX MHOKUTeNel Jlarpanska He 110XOAMT, TAK KaK HEBO3MOXHO OyzeT
OTpE/Ie/IMTh HapaMeTp A.

CnpaBejnusa meopema Jiinepa [22]: ecau xpusas y = y(x) daem axcmpemym Qynx-
yuonany (8.37) npu ycrosuu (8.36) u npu o6viunvix npedeavitvix ycrosuax (8.38), u ec-
au Yy = y(x) ne aeaaemca sxcmpemanvio pyuxyuonana (8.36), mo cywecmeyem maxas
nocmoAnnasn A, ¥mo xpusas y = y(x) ecmv sxcmpemans pynxyuonara (8.44).

Mpumep. 3anava 0 NpoBNCAHNN KaHaTa

3aznabl ABe TOYKHU A(x,, u B(x,, . Tpebyercs onpeaenutb HOpMY KaHaTa 3a-
0 0 1 1

JaHHOM JJIMHbI [, 3aKperuleHHoTo B Toukax A 1 B 1 ¢cBo60AHO [IPOBUCAIOIIETO 104 Aeki-

craueM cuibl TskecTH (puc. 8.10).

0 X0 Xy

Puc. 8.10. 3apa4a 0 npoBUCaHui kaHata
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[ycTb p — yMHelHaA NJIOTHOCTh MaTepraia KaHata. TOrma Macca sJieMeHTa AyTH Ka-
Harta co cpeasell ToukoiM(x,y) Oyaer

dm=pdl =p 1+ (y') dx.
[oTeHianbHas aHeprust 3jeMeHTa 1yru
dU =pgy\1+(y' ) dx.
IToTreHuuanbHasA 3Heprusi BCe CUCTEMbI
U=pg‘fy 1+(y' ) dx.
xo

B cuiy npyHumMna MMHUMYMa HOTEHIMAIbHON SHEPIHU Mbl MPUXOANM, TAKHM 0bpa-
30M, K 3a/iaue OTBICKaHUSI MUHUMYMa (DYHKIMOHA A

Tyl = [T+ @) dx > min

*o

C apyroii cTOpOHBI, JyIMHA KaHaTa [ = const, 103TOMY MMEEM IOIIOJIHUTENBHOE YCJIIO-

BHE
KTyl = |1+ v =1,

U KpOME TOTO, IpeaejibHble YC/IOBUA

Y(xo)=Yo y(x,)=y,.

B cootsercTBuu ¢ obuieil Teopueii coctaBuM byHKuMoHal Ly]

Xy
Liy(®)] = [(+y W1+ (") dx - min.
X0
3neco noaviaTerpanbias pyaxumsa F = F(y,y'), nosatoMy nepBhlit UHTErpaj ypaBHe-
HMs Dilslepa UMeeT BUI

F—_l/'-ég—;zcl.

OTcrona HaXoAuM

rrgWte () -0 o
1+(y")
2
ty) _ooL - [My} e
1+ @) ¢
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Ob60o3Haunm
A+

Y - ch(),

1
Torzaa

x—C.
x=Ct+C, > t= 2,
C

CrepnoBare ibHo,

x-C,
y+k:Cich[ c ‘*].

H

IlocnenHee ypaBHeHue olpefesisieT KPUBYIO, KOTOPas Ha3bIBA€TCA UENNOU NuUHUEI.
Takum 06pa3oM, MCKOMask KPUBAst — Ayra LEIHOH JTMHHH.

PeweHune BapuaumMoHHOU 3apauuv, GpyHKLMOHAN
KOTOPOM NpeAacTaBnsAeTCA KpaTHbIM UHTErpanom

[IpuBenem Teliepb BBIBOA HEOOXOAMMOTO YCJIOBUS HKCTPEMyMa MU KPaTHOIO HHTe-
rpana. Bnepsbie atu ycnosust 6suin ykasaub M. B. Octporpagckum. Xon paccyxne-
HUM 1JIs OMHOMEPILOT'0 UHTerpaJa I U JIs1 KPaTHBIX MHTETrPaJioB ” , .[.” oauHakos. CTa-
HeM pacCMaTpuBaTh JBOMHON HHTerpa

JuCe, )] = [ Fexy,uu,u, ) dxdy, (8.45)

B

rae u, = Ou/dx, u, = OufOy ~— YacTHbIE NPOU3BOAHbIE PYHKIMM U(X,Y ), a B — Hexo-
TOpast KoueuHasi obsacts 1aockocru Oxy. Bynem cuumrats, yTo dyuxuus F(x,y,u, p,q)
uMeeT HenpepbiBHbIE IPOU3BOAHbBIE 10 BTOPOIO NOPAIKA, €CH TOYKa (X, Y, U ) HAXOAUT-
csl BHYTPH HEKOTODOii TpexmepHoil obnacti D, a p u g — mobsle (p =u,, g=u,).
Bynem vckaTb N0BEPXHOCTD U = u(x, Y ), Jiexallyto BHyTpu D, ¢ rpanuiei A, ONHO3HAY-
HO TIPOELMPYIOULyIocs Ha riockocts Oxy B Buae obiaacti B ¢ rpanunedt T, parouryo
skcTpemym byHxuronany (8.45). Mubimu caoBamu, viercst GyHKuus u(x,y) B obac-
TH B, nawomas skcrpeMyM GyHKumoHany (8.45) n npyHuMalomas 3aaHible 3HaYeHHs
Ha [

uly = f(P).
Ilycts u = u(x,y) — pewenne 3anayu. Bynem rpeanonaraTsb, 4To GYHKUHSA u(X, Y ) uMe-

eT HempepbIBHbLE IPOM3BOIHbIE 10 BTOPOro nopsaka B obsactu B, 1o ectb u € C¥).
Obpaszyem QyHKUMIO CPaBHEHUS

u=u(x,y)=u(x,y)+en(x,y)

npruemn(x,y) € C®, . =0. Torna #(x,y) e C?, i}, = 0.

Ob6pasyem pasuocts J[iz |- Ju]. Dra pasnocts siBisierca dynkumeii €. Pasanaraem ee
B psin Teitnopa
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6][u] e+ 0(e?).

e=0

Jla]= Jluj=

Orciola noxydaeM Heo6XoauMOe yCJaoBHe IKCTpeMyMa byHKIHoHana (8.45)

o[}
e

Wnu, BeIviCIMB NPOU3BOAHYIO, ITOTYYHM

”FF —m aauF

Y

=0.

e=0

ny:tdxdy =0. (8.46)

Hckiounm YacTHbIe IIPOM3BOAHbIE T, = 0n/dx,m, = 0n/dy. [lna aToro BeseM pyHK-
{110 M| TIOA 3HAK MPOU3BOJHON

(|2 s 228 ) 2 (g0 )y ofor) oo, o
5| ou ox nau_‘_ oy\ ou, ox 6u nay ou,
HF_E_E[QF_] 9 [ oF Hndxdw
| ou ox\ou, ) Oy

”L"[ 2u J az[n%ﬂdxdy:u (8.47)

IIpeo6pasyem BTopoit uuterpai B (8.47), mojb3ysce u3secTHoi dopmysoil OcTpo-
rpanckoro—I'puna

.”[6_@ —ﬁdedy =JP(x,y)dx +Q(x,y)dy.

dx Oy
[Monyunm

H{ax[ auJ ai,( aiiﬂ dy = I[ﬂ%dy—n%dx].

Takum 06pasoM, MbI GyaeM HMETh Clelyiolliee BbIpakeHue /A TEPBOi Bapuauuu
tyuxkumonana (8.45) (du = en(x,y))

5]:[5 [—d ——dx] ”{5&’5&[ 5FJ ai,[aaF Hs udx dy, (8.48)

nipuyeM u3 (8.46) caexyer, uTo s KCTPeMyMa HeobXoaMO, yTobbl 3Ta Mepsast Ba-
puaums obpamaiach B HyJb. Kn, npuHuMas BO BHUMaHUE, YTO N =0, Mbl MOXeM
YTBEpI/aTh, YTO JBOMHOM MHTErpaJ, CTOSIIMIA B npaBoi yactu (8.48), nomxent 6bITh
pasen Hyso. OTcioAa Mbl HOydaeM A/ UCKOMOI QyHKIUMK u(X, Yy ), AAlOLIeiT FKCTpe-
mMyM dynkuuonany (8.45), cienyouee ypasaenue Ocrporpaackoro—Jiiiepa

E——[ BF] a[aFJ 0. (8.49)
ou ox ) Oyliodu
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Ypasnenne (8.49) — auddepenunansHoe ypaBHeHHE BTOPOrO NOPSAKA B YaCTHBIX
IPOU3BOAHBIX, KOTOPOE 1OJKHO OBITh yAOBIETBOPEHO BHYTpYU 0bactu B. [pannuHbiM
ycioBueM sIBAsieTCs 3aiaHne GpyHKuuy u Ha KoHType [\

B cayuae xpaTHoro uHTerpasa, 3aBUCANIETO OT HECKOJBbKUX (PYHKUMH, Mbl Oyzem
MMETh CHUCTEMY TakMX ypaBHeHMH. B ciyuyae TpoiiHoro usrterpana u &yHKiuu
u(x,y,z), 3aBucsiueil oT Tpex He3aBUCUMBIX TIePeMEHHbIX, TI0AY4YaeTCsl ypaBHeHue cJle-

AYIOUIEero Byaa:
oF _o(oF)_afoF) afar)_g
ou 0x\ou,) Oy|\ou, | 0z\0u, '

Ecau nion 3nak yMHTerpajia BXoAsT IPOU3BOAHbIe PYHKLMM U (X, i) A0 NOPsSAKA 1, TO
ypastenre OcTporpajckoro—Jiilepa 6yaeT uMeTh BUA

oF _afor) ofoF) aforF),

ou Ox\ou, Oy 6uy 0z\ Ou,

8* ( oF o* [ oF | 8 [ oF
+— + Sy ewanll

ox?\ou,, ) oxdy\ou, | oy?|ou,

bty L O g
oy"\ou, ,

Npumep. Cea3b 3apnaun Aupunxne ¢ BapuaLMOHHOW 3apaven

PaccmoTpumM clenyolllylo BapuauyoHHYIO 3aaady: Halitu ¢yHxumio u(x,y), 1ocras-
JIAIONYI0 MUHUMYM DYHKIMOHATY

][Mﬁﬁk%jﬁf{(%) +[Z—Z] }ixdy (8.50)

U NPUHUMAONIYIO 33aHHble 3HaYeHUst Ha rpaHuue [

u|r=f(P)-

CocTaBum cooTBeTcTBYIOIEe ypaBHeHue Ocrporpaackoro—3itiepa. Mmeem

F_z(ez]Z )| OF  oF _ou oF _u
2|\ ox oy) | ou bu, ox du, oy
CiegoBaresbHo, ypaBaeHue OcTporpaackoro—3iiepa UMeeT BUJ

*u  d'u

—5 +— =0

ox dy
Taxum obpasom, Heo6XoaUMBIM YCI0BHEM aKCTpemyma dyHkuMoHana (8.50) aBaser-
cs1 ycoBue, yrobnl GyHKums u(x,y ) 6bina peitleivem 3agauu Jupuxie 1719 ypaBHeHHA
Jlamnaca

’u  0'u
——,—+—,=0,u = DP).
6x2 6y2 |r f( )
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ITokaxem AOCTATOYHOCTDb 3TOI'0 YCJIOBHA. ﬂﬂﬂ ITOT'O paCCMOTPUM PA3HOCThL

JHE = Jlul = []iG, +en ) @, +en, ) —ut —ul |dedy =

2
=¢ff[u,n, +u,n, ldxdy +%H N7 +n? dxdy =
B B

B

0 0
= g” a_x(um)+ Eg(uyn) dxdy - SJ;;[ [u, +u, Indxdy +
=0

2

+ [ 4 Jdedy =

B

2
= e[ n(u, dy —ude)+%ﬂ[nf- +n, |dxdy =
r B

=%H[nf.+nﬁ]dxdy>0,
B

TO €CTb MbI JE€HCTBUTEJIBHO UMeeM MHUHUMYM.

Buaum, yro kpaessie 3azauu mis auddepeHUMaTbHbIX YpaBHEHHIT MOXKIIO CBOAUTE
K BapMalMOHHBIM 3ajlayaM, eCIH CYLIeCTBYIOT He3aBMCHUMble METOAbl pellieH s Mo-
CJIeJHUX.

O6o61ueHyieM pacCMOTPEHHON BapHAMOHHON 3afladM Ha CJIyyail MHOTMX 11€3aBHCHU-
MBIX NepeMeHHBIX sIBIAETCA CieAymwolias 3aaya. [lycts

][u(x)]z.[i['%l‘] do, ul; =g(x), x =(x,,%,,....%,).
b

Q k=1
Huddepelnnansroe ypasueHue Octporpaackoro—Jiliepa s 9Toro (yHKIGIOHANA,
KaK HeTPYIHO TIPOBEPUTDb, UMeeT BUL

mn 2
zﬂﬂ,

2
k=1 ax‘.

wnn, kopode, Au =0. 910 ypaBHEHMe HAJ0 UHTErPUPOBATD MPIL IPalllIYHBIX YCIOBIAX
ul r =8(x).
[Iycts Teneps

][u(x)]z‘[g [:;?_u_) -2f(x)u(x) |dx, Ul =0, x =(x,,%,,....x,, )

k

Kaxk netpynso npoBeputb, B 3T0M ciydae ypasrelie Ocrporpaackoro—Jiisepa npu-
BOAMTCA K BUAY Au = —f(X); ero Hy)KHO MHTEIPHPOBATb FPH IPAHUIHOM yC10BHH U, = 0.

Bropas Bapuauus

Jlo cux mop Mbl 3aHUMaJIMCh HCCIEA0BAHHEM TOJIBKO NEPBOH BapHAllMH A1 PVHKIIO-
HAJIOB Pa3/IMYHbIX THIIOB. PaBeHCTBO HyJII0 MepBOi BapuallHy AaBAIC HaM HeoOXOMI-
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MO€ YCJIOBHE TOTO, YTO JaHHAsl JIMHUS WX TIOBEPXHOCTD COOBIIAET IKCTPEMYM COOT-
BeTCTBYylOmEMY (DyHKUMOHALY. DTO HeoOX0OAMMOe YCIOBUE aHAIOTHYHO M3BECTHOMY
daxTy 13 1upQepeHIMaNIbHOr0 UCYUCIIEHHS, YTO IS TOTO, YTOObI HEKOTOpas QyHK-
(M5 HECKOJIbKMX epeMEHHbIX 0CTUTaIa B HEKOTOPOH TOUKe SKCTpeMyma, Heobxomu-
MO, 4TOGBI B 3TOI TOUKe ee TMOoJHbIH AuddepeHLa nepBoro nopsaka obpamaics B
HyJab. B anddepenumanbHOM UCUHCIEHUH MBI UMEEM B HEKOTOPBIX CJIy4asx v A0CTa-
TOYHBIE YCIOBUSA, JUIA (GOPMYJINPOBKM KOTOPBIX HaM HEOOXOANMbI YKe YacTHbIe TPO-
U3BOZHbIe BTOPOIO MOPsfKa OT HcclenyeMoii GyHKIMH. B BapyauuonHom Hcyucie-
HUM YCTaHOBJIEHME JOCTAaTOYHBIX YCJOBHIl NPeACTaBIseTCA Topa3no 6osee TpyaHOi
3aayeil. 3/eCb Mbl PaCCMOTPHM TOJAbKO IPOCTEHIINI (PYHKLIMOHA

xy
J=[Flxryy'ydx (8.51)
Xy
B CJly4ae 3aKpeTIeHHbIX KOHILOB.
PaccmoTpuM, Kak u panee, 6im3kie kpuBble ¥(x) = y(x)+ en(x) u onpeaesnm BTO-
pyio Bapualynio GyHKUHOHANA (8.51), Kak TOT 4JieH B pasjioxeHun J[7 ] mo crenensam

g, KOTOprﬁ COAEPKUT 8}', TO €CThb NMpUMEM

2 2 =
2 de o
3TO MPUBOAUT HAC HEMOCPEACTBEHHO K cileayonieil popmy.e:
2 X 2 2 2
62]=8—J ¥n2+2 o°F ' + 9 I;n'z dx.
2 M dydy' oy’
Tak xak
°F _,  8*F d(n®)

ayay'm‘ —Byay' dx

TO, 1IpeANoJaras HaJi4y1e COOTBETCTBYIOMUX MPOU3BONHBIX Y dyHKunY F, uHTErpH-
pys 10 YacTAM ¥ TPUHMMAsH BO BHUMalHe, yTon(x, ) =n(x, ) =0, nonyyum

3] = n'? b dx (8.52)

g’ f 0°F d|( 8°F n? + o°F
2 . ' 12
2 ] |loy" dx\oydy Oy
Mbl cuMTaeM, 4TO HeobX0AMMOE YCIOBHE KCTPeMYyMa BBIIIOJIHEHO, TO eCTh YTO KpH-
Bas y(x) ABJsETCS HKCTpeMaibio. Bynem anist onpeneneHHOCTH TOBOPHTE O MHHMMYME
unrterpaia (8.51). Dynkuua J{¥] xak QyHKUHSA OT € AO/DKHA MMETb MUHHMYM IIDU
¢ = 0. CaienoBaTeIbHO, HeOHXONMMbIM YCJIOBHEM MUHUMYMa SIBJISIETCS yCJIOBHE, YTOObI
8% J 2 0 npu mo60om BbiGOpe 1(x ). [Tokaxem, 4TO OTCI0Aa HETIOCPEACTBEHHO BbITEKAET,
4TO BAOJb Halledl KPUBOM JOJDKHO BBITIOJHATHCS HEPABEHCTBO
d*F
~20. (8.53)
6yr 2

JlelicTBUTEIBHO, JOTIYCTHM, YTO IIPH HEKOTOPOM 3HAUEHMH X = C Mbi HM€eM Ha HalleH
KpUBOil 06paTHOE HEPABEHCTBO d*F/oy'? <0. B cuny npeanoJiaraemoii HerlpepbIBHO-




MNpaMbte MeTOAB! PELIEHWA BAapNALMOHHbIX 3aaa4 501

cri Gynkunm 0°F/oy'* a1o HepaBencTBO GyAeT CIpaBe/IMBO M B HEKOTOPOM A0CTa-
TOYHO MaJIOM HPOMEXYTKe [c — ¢, ¢ + &].

Onpenennm Teneps GyHKLWMIO (X ) TaK, 4ToOBI OHa 06palIaNach B HYJIb BHE YIIOMSIHY-
TOTO NPOMEXYTKAa M Ha €ro KOHLAX, HMesa Bce HeOOXOAMMBIE NMPOU3BO/HBIE, OBLIA
JOCTaTOYHO MAJI0il 110 MOAYJIIO Ha 3TOM IPOMEXYTKe, HO coBepmana Obl TaM HoCTa-
TOYHO GhicTphe Konebanus. IIpu Takom BeI6ope dyHKLmMK n(x ) unterpan (8.52) cse-
NIETCS K MHTErpay 1o IPOMEXYTKY [¢ ~ &, ¢ + €], B KoTopoM (yukums 0°F/dy'? umeer,
10 NPeATNOJIOKEHHIO, OTpHLATE bHble 3HaueHus. [Tox sHakoM uHTerpaia riasHbiM Oy-
JeT claraemoe, conepskaee '’ (x), U BeTMYMHA MHTErpaja OKAXETCS OTPHLATENb-
HOM, YTO NPOTHUBOPEYUT yKa3aHHOMY paHee HEOOXOAUMOMY YCJIOBUIO MUHHMYMa HH-
terpana (8.51).

Urax, 115 Toro 4Tobs! 3KCTPEManb y(X) AaBajla MUHUMYM HHTerpany (8.51), Heo6xo-
1Mo, 4T0OBI BAOJb 3TOH SKCTPEMAIM BBINOJHAIOCH ycaoBHe (8.53).

AnanornyHbM 06pa3oM, A7Ist TOTO 4TOGI IKCTpEMasb y(X) JaBaa MAKCHMYM MHTe-
rpany (8.51), Heo6x0aMMO, YTOOH! BIOMb 3TOH SKCTPEMAIH BHIMOJIHAIOCH YCAOBHE

Ionyuennoe ycnosre HasbiBaeTcs 00b14HO ycrosuem Jexcanopa.

MpamMblie MeToAabl pelleHUsl BapuaLoHHbIX 3ana4

B HacTosimee Bpems MMPOKOE pasBUTHE IOJYYUIM HHblE METOAb MOAX0AA K pelle-
HHIO 32734 Ha 3KCTPEMYM — METONBI, KOTOpble 00X0AsT npuMeHeHue auddepeH-
LMaJIbHBIX yPaBHEHHN. B ocHOBe 3THX METO/OB JIEXHT MJ€s TIOCTPOUTh HCKOMYIO
GyHKUMIO, AAIOLLYI0 SKCTPeMyM (PYHKLMOHAIA, IIPU NOMOIM HEKOTOPOrO Ipesesb-
HOrO TIPOLIECCa, HCXO/sI HENMOCPEACTBEHHO M3 BHAA TOr0 HHTErpaja, SKCTPEMyM KOTO-
pOro HIercsi.

Jaunas 3azaya TIpeCTaBIseTCst ropasfo 60s1ee TPYAHOM, Y4eM COOTBETCTBYIONIAS 3a/a-
Ya Ha 9KCTpeMyM QYHKUMH U3 AubdepeHIHaNlbHOTO HCUucaeHns. B nocneatem ciy-
4ae, COIJIaCHO TeopeMe Beliepmrpacca o HenpepbiBHbIX QYHKIMSAX, MBI 3HaeM, 4TO
BCSIKast QYHKUMS, HENPEPBIBHAS B 3aMKHYTOi 06/1acTH, IPMHUMAET B HEKOTOPOH TOY-
Ke 3T0it 06nacTy cBoe HanboblIee M HaMMeHblee 3HaueHHe. B ciyyae 3axay Ba-
PHAIIHOHHOTO MCYKCTIEHHA MBI YK€ He MMeeM Takod TeopeMbl, H, TAKHM obpa3oM, cTa-
BUTCS I110]] BOIIPOC CaMO CYIUECTBOBAHUE PELIEHHS 3afaul.

Iycts J[y(x)]ecTs HexoTOPBIH PyHKIMOHAL OT UCKOMO#H QYHKIHMHU (X ), ¥ MBI HlEM
Ty QyHKIMIO TaK, 4Tobbl QYHKLMOHA J UMe] HalMeHblilee 3HadeHHe B HEKOTOPOM
knacce D dynxumit y(x). IIpu mobom soibope dyHxumm y(x) us kiaacca D pynkumo-
Hau ] nosyyaer onpezenenHoe sqaderre. Vcnonbays Bce QyHKIMH Kaacca D, Mbl TO-
JTY4rM, TaKiM 06pasoM, GecuncienHoe MHOXKECTBO YKCes — 3HaueHHit QyHKIMoHATa J.
Ilycth d — TOYHAS HMXKHSA rPAHHULA 3TOTO MHOXECTBA YHCeN. Mbl He 3HaeM 3apaHee,
CywecTByeT Jiu B knacce D GyHkuus y(x), KoTopast Jaer Hauemy QyHKUHOHALY 3T0
HauMeHbluee 3HavyeHne d. Ho B cuny onpesenennss Tounoit HIDKHEH TIDaHMIBI
YHCJIOBOTO MHOXECTBA Mbl MOXXEM, BO BCSIKOM CJIy4ae, HAWTH TAKYIO NTOCJIE/0BaTENh-
HOCTB ¥, (x) dyHKuMi U3 xaacca D, yto yncna J[y,(x)] umeor cBouM npenenom d
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Hpy HEOTpAaHWYEHHOM BoapacTaHuH n. IlocnegoBaresbHOCTh QYHKIHMH ¥, (X) HA3BIBA-
eTcsl OOBIYHO MUNUMUSUPYIOWEl nocaedosamenvrocmuio [18].

Onno¥ U3 BO3MOXKHOCTEH OCYLIECTBJIEHUS NPSMBIX METOAOB BapHAllMOHHOTO MCHHUC-
JIeHVs1 SIBJISIETCS] CNENYIOMIMIA TIPHEM: HAeTCsl Crocob NOCTPOEHU MUHUMM3HPYIOLIHX
HOCJ/IeAOBATEIbHOCTEN C TAKMM pacdeToM, YToObl U3 MOCTPOEHHON MUHUMU3MpYIOiieH
TOC/IeJOBATEILHOCTH TTyTEM HEKOTOPOTO NpPeeibHOrO Iepexosia Mosydanach Obl yic-
xoMmasa QyHKUMS, Aa0mas HauMeHblllee 3HaYeHUe HaieMy QyHkuHonany. Ecau yna-
eTcsl JOBECTH TAKHM IIyTeM 3ajladyy J0 KOHL@, TO 3TOT NpHeM NMPUBOAMT K PELICHMIO
KpaeBoi 3aa4u 1Jist AU PepeHIMATIbHOrO ypaBHEeH I, KOTOPOe BBIPaXKaeT HeoOXonU-
MO€ yCIIOBUE KCTpeMyMa HcciefyeMoro GyHKHHoHala. Takoil MeTo/ IPUMEHUM He
TOJIbKO JIJI I0Ka3aTeJIbCTBA CyLIeCTBOBAHNS pellleHUs], HO U IS IIOCTPOEHMS IIPaKTH-
yeckH yAoOHOro criocoba ero mpuOMMKEHHOTO Boluncienus. Ha atoMm npunumne oc-
HOBaH MeToj PuTLa pelienus BapuanMoHHbIX 3agay. O6obmenye mMetona Purna Ha
cnyuait nuddepeHINaIbHBIX YPABHEHHH, HE CBA3aHHBIX C BAPUALMOHHBIM HCYUCIIE-
aueM, 6bio aano b. I lanepxkunbiM. MccnenoBanne cxoAuMocTH MeTonoB Putua u
TanepkuHa ¥ BOMPOC 06 OLEHKe MOrpeIHocTy cogepxarcs B kuure JI. B. Kantoposu-
ya u B. U. Kpouiona [11], a Taxke B ynomsiHyTod panee xkuure C. . Muxnuna [18].
TeopeTueckoe 060CHOBAHUE IIPSMbIX METOAOB B CBA3U C TEOPEMAMHU CYLIECTBOBAHUS
COOTBETCTBYIOINX IKCTPEMATBHBIX QYHKIMH U MCCIe0BaHMEM MX CBOMCTB U3JIOXKe-
Ho B Monorpaduu C. JI. Cobosena [24].

MeTton Putua

OcHoBHas uaest Metoja PuTia 3akmo4aercs B cJieayouieM. HyCTb NTOCTaBJICHa BapHa-
LMOHHasA 3ajava A q)yHKlII/IOHaJIa

Jly(¥)l= j F(x,y,y")dx — min, (8.54)

ya)=y,, yb)=y,.

Bynem npeamnoJiarats ¢gynknuio F HenpepsiBHO# 1o BceM aprymenTaM U y(x) e C o
(bonee xecTKUe ycJa0BUs He TPeOYIOTCS).

Jlisl penreHus MOCTABJIEHHOM 3a/1auM 3a/laiiMCs ITOCTeI0BATENbHOCTBIO (PYHKIUH
90 (%), 91 (X), 05 (%), 9, (%), (8.55)
KOTOpbIe BbIGEpeM TakK, 4ToObI
9 (x)eCh, (£=0,1,2,...),
(@)=, (b)=0, (k=1,2,...),
(@ =Y, 9o(b)=¥,.

Bynem npenmnosiarath, YTo peuieHue y(x ) MoxeT ObITh IIPEJCTaBIEHO B BUJE Psla
y(x)=3.C,0,(x), (8.56)
n=0

npuyem C, =1 (110 KpaiiHel Mepe, MOXKHO alIPOKCHMUPOBATh QYHKHMIO ¥(X ) OTPe3-
KOM 3TOTO Psifia C Hanepel 3aJaHHOW TOYHOCTBIO).

CHavana 6yzeMm HCKaTh 9KCTPEMYM ISt QYHKI{UH
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Yn =2.C,0,(x), (8.57)

n=0
rne N — cdukcuposannoe uncio. Scuo, utoy v (x) e CV y (@) =y, yy (b)) =y, .

Bribepem koaddumentsl C, Tak, 4Tobbl QyHKIHMS ¥, (X) AOCTaBIANA MHHUMYM
dyHKMOHATY ], TO ecTh

Jlyy (@)= fF[X, {VZ C,0,(x), {VZ C,o, (x)j(Lr — min.
a n=9 n=0

B nawewm unTerpase nce GyHKImMM 3a7aHbl. BEIIIOIHHB MHTETPUPOBAHHE, MBI T10JIYYHM
Br10JIHE onpeznesenuyo dyukumio ®(C,,C,,...,Cy ). Mbl xornm BBi6paTs yncna C,, C,,
..., Cy TaK, uTobn dyHkuUst P IPUHUMAIA MUHAMATTbHOE 3Hauerne. Takium o6pasoMm,
3ajlaya CBEJACh K OThICKAHMIO 3KCTpeMyma dyHKiuu N nepeMeHubix. Heo6xonuMbiM
ycJIOBHeM aKcTpemyMa Hauiell dyHxkuun @ Gyaer

22 6 n=12. N (8.58)
ac

n

Dopmyaa (8.58) — cucrema ypaBHeHUi, BooGuie roBOpsi, TpaHCIEHAEHTHbIX (He AUd-
(hepeHIMaIbHbIX) OTHOCHTENbHO HEU3BECTHHX C,, C,, ..., Cy .

Pemus ypasuenus (8.58), naitnem koadduumentst C, =CY (n=1,2,..., N), koro-
pble ONpeesIsSIoT PeleHne 9KCTPeManbHoll 3aauu v, (x). Bepst pasusie N, nocTpoum
MUHHMH3HPYIOUIY IO TOCAEAOBATENBHOCTD ¥, (X), Y5 (X)), .., ¥ 5 (x). MoxeT ciyuynTtbes
TaK, YTO 3Ta MOCJIEA0BATENbHOCTD CXOAUTCS K HEKOTOPOH npelenbHol GyHKIMH, KO-
TOpasi U SIBJISIETCS PellleHHeM MCXOAHOU 3afauu: y(x) = A}IE}O Yy (x)

To obcroaresbeTBO, YTO QYHKUMS Y(X) 3aBUCHT TONBKO OT OAHOIL nepeMeHHOil ¥, He
UTPaeT, OYeBUIHO, HUKAKON POJIM: BBIYUCIHTENbHBII [IPOIECC PA3BHBAETCS TOYHO TaK
K€ U B TOM cJiydae, Koraa (pyHKIUs y 3aBUCHT OT M060T0 YMCIa NePEMEHHbIX; COOT-
BETCTBYIOUINiT MHTerpasn J OyleT KpaTHBIM.

Pewenne 3apaun cyuiecTseHHo ynpouaercs, korna F — KBajipatuyHas QyHKIMS He-
peMeHHbIX ¥ U y'. JIerko BUAETD, YTO B 9TOM CjIyyae [IPHXOAUTCS PELIaTh CHCTEMY JIH-
HeilHBIX anrebpanyecKux ypasHeHu.

Ecnu Mbl NpUHAIM 332 KOHEYHBIH Pe3yJbTar ¥, (X) NpyM HEKOTOpoM 3Hayenuu N, TO
MPABHJIBHOCTD [IOJTYYEHHOTO PE3yJibTaTa MOXKHO OLIEHMTh, CPABHUBASI 3HAYCHMS ¥ ,, JUISI
Pa3JIiyHbIX 3HaYEeHUH N. MoXKHO TaKKe CPaBHHBATh PE3YJIbTATHI IPU Pa3/IHYHOM Bbi-
6ope GyuKnmil @, .

CxkaxkeM HeCKOJIbKO CJIOB 0 BblGOpe cuctembl HyHKImi (8.55). ITH PyHKIMH 06bIYHO
Ha3BIBAIOT X0OpOuHamMHbiMU WK 6asuctbimu QyHKIUMAMH. Mpl npeanomaraem, 4To
uMeeT Mecto passoxenue (8.56) win, 1o kpaiiHeil Mepe, MOXKHO annpoOKCUMUPOBATD
GYHKIHUIO (X ) OTPE3KOM 3TOTO Psifia C HATePe]l 33aHHOi TOYHOCTbI0. MIibiMuU cioBa-
MH, 1062 A0oNmycTUMas GYHKIMS MOXET ObITb CKOJb YTOAHO TOYHO aNlpPOKCHMM-
poBaHa BMECTe CO CBOEH IPOM3BOJAHON MOCPEACTBOM OVHKIHIT cemelicTBa (8.55).
JTO — TaK Ha3bIBAEMOE YyCAosuUe noanomst cuctemnt GyHruuil (8.55). Ycnosue
HOJHOTBI SABJISAETCS AOCTATOYHBIM YCJOBMEM JJISI TOTO, YTOOBI MOC/IEN0BATEIbHOCTh
byuxiumit (8.57) 6p1a MuHHMIBUpPYIoweil. BTopoe TpeGoBanue, KOTOPOMY JOJKHbI
YHOBJAETBOPATH GyHKIMU cucTeMsl (8.55), — 3To X JuHeliHAs He3aBUCHMOCTDb. Tpe-
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GoBaHHe JUHEHHON HE3aBHCHMOCTH (QYHKIUIL SBISETCS YCI0BHEM OJIHO3HAYHOM pas-
peluMocTH cucTeMbl ypasHenui (8.58). Koneuno, kpome Bcero 1pouero, QyHKIMH
JOJDKHBI 6bITh I0IYCTUMBIMH, TO €CTh, B HACTHOCTH, yAOBJETBOPATH BCEM I'PaHHYHbIM
yeaoBisM 3aaayi. Jale BCero, eCln He y4UThIBAETCST KOUKPETHbIT BU (pyHKIIHOHAA
(8.54), 6epyTcst cucTeMbl QYHKIMIT

e (x)=x"(x —a)(x-b), k=1,2,3, ...
HJAH
kn(x —a)

k=123 ..
(b-a)

@p(x) =sin
MOXKHO TIPOBEPHTb, YTO KaXKAAs K3 DTHX CHCTEM JIMHEHHO HE3aBHCHMAs M N0/Has
1
8 npocrpatictse C' . [loapo6o st BONpOChH! obcyxaatorest B Kuurax {117 i [18].

NpunoxeHns BapMauMOHHOIo NCYUCIIEHUS
B MmaTematuyeckon dumaunke

Kax ™Mbl y>xe TOBODWJIM, BAPHAIIHOHHOE UCUUC/IEHHE HMEET obunipuyio 06acTh T1pH-
JIOKeHKHH B MaTemMaTuueckoil gpusuke.

BapHalHOHHOE HCUHCTIEHNE IPHMEHSETCA: U1 BbIBOAA yPaBHEHHI MaTeMaTHYeCKOH
bUBMKH, HCXOAS N3 MIHHMAJbHBIX TIPUHLMIIOB; IS PELICHUST 3a1ay MaTeMaTH4YeCcKoil
GH3UKY, TOYHOTO MM MPHOIHMKEHHOTO, TIyTEM CBEACHHS 3THX 3a[a4 K BapHailion-
HbIM ¥ [1PUMEHEHHS] COOTBETCTBYIOIHX BAPHALIHOIHbLIX METOAOB.

BapuallnoHHOe HCYHCIeHe UMEET NIPUJIOKEHHE K TEOPUH 3a1a4H [Hrypma—Jinysui-
NS — ROKA3aTeJAbCTBO CBOHCTB COBCTBEHHBIX 3HaueHuii 1t cobcTBelHbiX QyHKIUI 1
NpUBIIHKEHHOE HX BbIYUCACHUE; [IPHIOKEHHE K [TOTYUEHHIO TOYHBIX OLCHOK pas/iid-
HLIX (PUBHYECKHX BEJIHYMH; IIPHJIOKEHHE K TEOPUIl OITHMAJIBIOrO yIpaB/lieHUs.

PaccMOTpUM HEKOTOpbe M3 MPUIOKEHUI BapUalMOHHOIO MCHHCIEHHUS B MaTeEMaTH-
yeckoii pusmnke.

3apavya O CTaUMOHAPHOM pacrnpepeneHvu Temneparypbl
B 6pyce NpsiIMOYrosibHOro ce4eHvus

Byzem npeanosarath, YTO 110 NPOBOAHMKY € NPAMOYTOJIbHBIM CEYEHHEM NPOTEKAeT
57eKTPUUECKHIT TOK, BbLAEIsis PH 9ToM Tenio Q. 11oBepXHOCTh NPOBOAIIKA TIOAAEP-
UBaeTcs Npy Hysesoit Temneparype. Tpebyercs onpeienuTs CTalMONAPHOE pacipe-
JesIeHne TeMIIepaTypbl B [IPOBOMHUKE.

Cdopmyupyem 3azady: Tpebyetcst Haitti dynxumio T(x, ¥ ), yOBIETBOPSAIOLLYIO B OT-
KPBITOM I[IPSMOYTOJIbHHKE —a <X < @ —b <y < b CTalMOHAPHOMY YPABHEHILIO TETLIO-
NPOBOAHOCTH

(8.59)

¥ IrpaHiidHbiM yCJIOBUAM

T|, 00 =0 TI,.,=0.

r=ta



NprnoxeHna BapUaLUMOHHOrO KCYUCNEHNA B MaTemMaTuieckor duauke 505

3anaya pemaercs To4Ho MetonoM ['punbepra. Pewnm aTy sanady BapUaLyOHHBIM Me-
TopoM. ChopMyupyeM COOTBETCTBYIOLIYIO BapHAlMOHHYIO 3ajaady. PaccMoTpum
GQYHKIHOHA

JIT) = [[ Fey T.T, T, ydxdy,

rae obnacts D — pacecmarpuBaemslit npsmoyroshuk; T, = 0T/0x,T, = 0T/dy. Ypas-
Henue Ocrporpanckoro—Jijiepa A aToro QyHKIMOHAIA HMEET BH]L

OF _0[OF _0|9F | _, (8.60)
or ox\oT, ) oy\oT,
\
Ilnst cpaBHeHus 3anuiieM ypaBHenue (8.59) B Buze
-_Q_-_(aT) T o, (8.61)
k ox\ox 6y 6y

CpasHuBasi ypaBaenus (8.60) u (8.61), Buanm, yto B KauyectBe QyHKIUH F MOXHO
B3AThb CJeAyIMYy0 QyHKIHIO:

oT 1(or
F= _(_ o) e
2\ ox 2 6y k
Taxum 06pa3oM, Mbl IPUXOAUM K CJEAYIOmEN BapUAIMOHHON 3azaye (9KBUBAJIEHT-
HOCTb He JI0Ka3blBaeM): HalTH dyHkuumio T(x,y), A0CTaBAKIONIYIO 3KCTPEMYM (PyHK-

HUOHAJTY
JIT(x, )] = j" Ji‘: (6Tj " 2['2;] %T} dxdy — extremum,

pUu4eM
IJ, =ta 0 T'y tb_o (862)

ocTpoum peilieHne BapHaliMOHHOM 3ailauu B GopMe

2 2 2 2
T:(1-Z_2][1-Z_][c +C X+ D, Z—2+] (8.63)

Bripaxenne (8.63) ynosiersopsieT rpaHudHbIM ycioBUsiM (8.62) u aBisieTcsa PyHK-
IMeil, CHMMeTPUYHOM OTHOCHTEJIBHO X U . JTO BbIPAaXKEHME XOPOLIO Iepe/laeT XapaK-
Tep 3aBUCHMOCTH TeMIepaTypbl OT KOODAMHAT X H J.

x? y?
T=Cyll-—|1-=|
{5 )+

Hanee 6yneM cuuTaTh, YTO

OTcrona HaXoauMm



506 8. 3NeMeHTbl BAPWMALIMOHHOrO UCHMCNeHNA

Torna

b 2 2 2 2\2
JIT(x )] = ”[2’546 1 +2y Co [1-%) }dxdy—

QG (XM ¥t
et azl(l L i

O6osnaunm A1s yrobetsa & = x/a,n = y/b; B cuily CHMMETPHH obsractu D Gyznem uMeTh

11 2 2 y
JIT) = bH[ Lpr(ton?y 4 At (1- )2]61&6111—
20l @ b

~abf [ L0 (1-g (1" dzn = 9(Cy),
00

rie ®(C, ) — xBaapaTiuHas Gynxuus ot Cy. Beraucaenns aaiT

[J&2(1-n*)2dedn = [ [n*(1-&")" dedn =4i‘5,
00 00

o —_—

J(-g)1-n")ddn ==
0

B uTore nosy4ynum
64 a’> +b* ., 5Q
¢ C = — ab _— C .
©)=%s { T R
Jlnst onpenenenust C, 6ylemM UMeETH

bt . 5Q
©(Cy)=0m 22 2H9 0, -220=C, =
(Cy) =2 7h? ik =Ly

5Qa’b’
8k(a® +b?)

Takum o6pa30M, HpI/I6JlI/I>KEHHO€ peuleHue 3aaqiu nMeeT BUA

L 5Qa’ [ &V y”
8k(a® + b))  a’ b )

JL71s1 cpaBHEHMUs TIOJTYY€EHHOTO PEIIEHNS € TOYHBIM PEUICHHEM BbEHUCIHM TEMIIEPATYPY
Ha OCH NPOBOIHMKA NpH a = b

212 2 2
r=y=0 = SQZa b 2 ~ = SQa z0»312Qa .
8k(a® +b%),_, 16k k

Tounoe pelenne 3aia4y npu a = b UMeeT BUL

T

Qa’ 32 & 0" Qa’
T L) TSR R
=0 2n+1)° ch[ 5 n)

T|
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BbiBos, ypasHeHMa Kone6aHUi CTPyHbI

Hosy4uM BapuaHHOHHBIM METOIOM ypaBHEHME MIOCKHX MaIbIX nonepeyHbIx Koseba-
HUii CTPYHBI, HATSHYTON CUJIOHN T MexAy ToukaMi X =0 u x = [ ocu . Hanomuum, uto
CImpYNoU CYNTAETCS OAHOMEDHAs cpe/a, paboTaiomas TONBKO Ha PACTSKEHUE, HO He
Ha U3rMb, TO €CTb He CONPOTUBIAIOMAsCSA HAruby.

Bynem cuywtats, 4to cusna HaTsKeHus T B mpouecce xosiebanuil HE MeHseTCS. DTo
OTNPaB/IAHHO, €CJIM KoJiebaHus MaJibi 10 aMILUIATYZe. Bynem Takxke CUnMTaTh, 4TO Kax-
Aasi TOYKA X CTPYHbI B npouecce KomebaHmit cMelaeTcs nepreHauKyJIspHO OCH X
00603HaYUM OPAMHATY 3TOH TOYKU B MOMEHT BpeMeHHU ¢ yepes u(x,t). Pyuxums u(x,t)
M onpefeJiseT 3aKOH KoJebanuii, ee rpaduk B QUKCHPOBAHHbBII MOMEHT BpeMeHu
NpeACTaB/isgeT GOPMY CTPYHBI B 3TOT MOMEHT.

IHorenumasnbHas SHEPIUS CTPYHbI BbPAXkKaETCs HHTETPAIOM

! 2
U=x|] 1+(@j de -1

0 ox

(cmpyna ecmb 00HOMEPHAR MeXANUMECKAS CUCMEMA, NOMENUUATLIAR IUEPLUA KaND020
yuacmxa Komopou nponopyuONALbHA €20 YOIUHEHUIO NO CPABHENUIO C NOLONCEHUEM
pasnosecus). Paznaras panvkall B psig X oTOpachiBasi B NPEANONOKEHUH MaJIOCTH |u4]
wiers! ¢ (4, )*, mosnyuum

! 2 ! 2
U=rf 1+1(.aﬁ) b de -] =EJ(6_”)
0 2\ ox 29\ éx

Kuneruueckas SHEPTHSA CTPYHBI KaK CYMMa KHHETHYECKHUX SHepI‘l/Iﬁ €€ 4acCTull BbIpa-
HKACTCA UHTETPAJIOM

T:JI'E(‘S_“)ZCLX,
Yol

Tiie p — JuHERHAs IIOTHOCTD CTPYHBI (6yAeM CUMTATh p MOCTOSIHHBIM, TO €CTb CTPYHY
OZHOPONHOMN ).

CocTaBuM uHTErpasn AeHCTBUs

¥ 1% ou\’ Y
J[u(x,t)]zf(T—U)a’t:—” p| — | -] =| |dxde
; 274 \et ox
1 1
Cornacso npuninny OcTporpanckoro—aMHIbTONa, STOT MHTETPa AOJIKEH [IPHHH-
MaTh SKCTPEMaJIbHOE 3HAYEHME, TO €CTb JOJUKHO BBIMOJHSITHCSA COOTBETCTBYIOILCE
ypasHenue Ocrporpanckoro—3Jiinepa. O6o3Haunm

1 (6u)2 (6uj2
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BbIYMCIIsiSt TPOM3BOAHbIE, OKOHYATEIBHO MTOJIy4aeM U3BECTHOE ypaBHEHUE CBOOOLHBIX
KOJIeGaHUM CTPYHBbI
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3apauya 06 ycTtaHoBMBLUMXCA KonebaHUax MmemMoOpaHbl
Kax mbl 3Haem, ypasrenue cBOOOAHDBIX Koslebanuit MeMOpaHbl MMeeT BUL
ﬂ . 6_21 1 8%u
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I/le v — CKOPOCTb PacnpocTpaHeHust KoueGaHuii.
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Byzem uHTepecoBaThbcsi yCTaHOBUBIIMMUCS Kosebanusivu. [Tonaraem u = we™'; Toraa
IJIST aMIUIUTY bl KoJIeOaHMH TTOoNydYnuM

2 2 2
0w ZZ) + —-_.a Zﬁ) +—Q12—m =0, (8.64)
ox dy v
TpH 3TOM, 04eBUAHO, @] = 0,2 # 0.

CaeneM nauly 3agady K SKBHBaJIEHTHON BapualMoHHOM 3apade. PaccMoTpuM ¢yHk-
ITHOHAJI

Jlw(x,y)] = j j Fx,y,ww,,w,) dcdy, (8.65)

rae D — nitockast o61acTh ¢ rpanunei I', 3aHiMaeMas MeMOpaHoii B HCXOAIOM COCTOS-
HMM.

Ypasuenne OcTporpaackoro—Jitnepa ajst ¢pyHkiunonaza (8.65) nmeer BUA

——| = |=0. 8.66
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CpasuuBas ypasHeHus (8.66) u (8.64), BuauM, 4To B KauecTBe QYHKUHMU F MOXKHO
B3SITb CJEAYIONIYI0 QYHKIIMIO!
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F=-|— | += —~—2—w2.
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Takum 06pa3oM, Mbl MPUXOAUM K CJeyiollell BapUANMOHHON 3afaqde (3KBUBAJIEHT-

HOCTb He J0Ka3bIBaeM): HaTH GyHKIMIO w(X, i), AOCTABIAIONIYIO 3KCTPEMYM DyHK-
UMOHATY

ow o

Jle(x,y)] = —” ——z—w dxdy — extreinum, (8.67)
ox 6y v

npudeM | =0, # 0.

B kauecTBe npuMepa NPeAnoaoXkiuM, 4yTo KoHTyp [ — sniminc ¢ noayocsiMu a u b. by-
JeM UCKaTh peliieHre BapUallHOHHOH 3aaa4yl B opme
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xZ yz xZ yz
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Orpanu4uMcst KaKMM-HUOY b KOHEUHBIM YUCIIOM cJlaraeMblx B opmy.ie (8.68). Ecau
noactaBuThb (8.68) B (8.67) U BBINOJHUTL HHTETPHPOBAHHUE, TO MOJLYYUM

Jlw(x,y))=®(Cy,C,,D,,...).

[IpupaBHAB COOTBETCTBYOLIME TPOU3BOAHbIE HYJIIO, Mbl TIPUXOANM K OXHOPOAHOM Jiu-
HeliHoM anTebpadyeckoil cucTeMe s onpenesneHuss koagdumuentos Cy,C, D, ...
[IpupaBHUBas K HYJIO ONPENEIMTENb ITOH CHCTEMBI, Mbl IOJNYYMM HaCTOTHOE ypaBHe-
Hue (ONpeAeIUTENb CHCTEMBI, OYEBHAHO, 3aBUCHT OT ) AJIST ONPENEIIEHMS YACTOT .

CpaBHeHHe ¢ TOYHBIM PelIeHMeM IIOKa3bIBaeT, YTO TP YAEPXKaHUH TOJbKO OIHOrO
ko3pduuenra C, nepsasi 4acToTa IOJIY4aeTCsi TOHUHO, BTOpas 4acToTa — Xy¥Xe, HO C
yBeJIMYeHHeM Yucia Koadouunentos B dopmyne (8.68) ee 3HaueHUs yaydIHAIOTCS.
YyraTesio Mbl PEKOMEHAYEM CAMOCTOSITEIBHO TIPOJIe/IaTh BCE HEOOXOAMMDbIE BbIKIall-
KU U yOEAHUTHCS B 3TOM.

Bonpochbl kK rnaee 8

1. Kaxue 3anayu peliaeT BapuanuoHHoe ucuucieHne? [IpuseanTe npiMeps Bapua-
IIMOHHBIX 3ajay.

2. Yro nasniBaeTcst QyHKMonamsom? llpuBeanTe npumepsl PyHKIHOHAIOB.

3. B u4em COCTOMT OCHOBHAsA 3ajaya BapHallMoHHOTO ucuncaenua? Chopmymipyiite
aHAJIOTUYHYIO 3a/1a4y AnPQepeHIanbHoro HCYUCIEH us.

4. ChopMyupyiiTe OCHOBHBIE JIEMMbI BapHallHOHHOTO HCYHCIJIEHUSI.
5. Cdopmyaupyiite npocTeiiuiyio BapHauyoHHyio 3anady. Kak ona peumaercs?

6. UTO Ha3bIBAETCSH €-OKPECTHOCTBHIO KPHBOH y = y(X) B cMmblcile 6JIM30CTL HYJIEBOrO
nopsiaka’?

7. YTO Ha3bIBAETCS £-OKPECTHOCTBIO KPUBOH ¥ = y(X) B CMbIcJe O/MM30CTH NMEPBOrO
nopsiika?

8. YTo Ha3bIBAeTCS £-OKPECTHOCTLIO KPUBOI ¥ = y(x) B cMbicie G6au3ocT k-ro no-
psiaka?

9. Kakue npocTpaHcTBa (yHKIIHIT MCTIOMBb3YIOTCSI B BAPHALHOHHOM Hcunenenun? Ka-
ke QyHKIMM npuHaaiexar kiaccy C? Kak onpenensercsa HopMa B Kiacce GyHK-
it C?

10. Kakue pyuxuun npuuaaiexar kiaccy C? Kak onpenensiercst HopMa B Kiacce
byuxmumii C?

11. Kakue dyHkuuu npuxaaiexar kjaaccy C 9 Kak onpezessiercs HopMa B KJacce
Pynximit CP?

12. JlaiiTe onpexesieHue sKCTpeMyMa QYyHKIHOHAA.
13. Yro Takoe cHJbHBIH IKCTpeMyM QyHKIIHOHaNa?
14. Jlaiite onpezeneHue caaboro akcTpeMyMa (GyHKIHOHAIA.
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15. Hamumwre ypasnenve Diijiepa B cllydae npocTelinieii Bapuan1oHHoi 3aaun. Ka-
KOif MOPSIAOK MMeeT 3TO ypaBHEHHe?

16. Yto Taxoe skcTpeMasib? HTO MOKHO CKa3aTh O CYIIECTBOBAHHM M €AMHCTBEHHOCTH
AKCTpeMan?

17. CcopMy upyiiTe HeoGXOAUMOE YCJIOBHE IKCTPEMyMa B CJydae mpocreitureit Ba-
pUALIMOHHON 3alayn.

18. YTo HaspiBaeTcs Bapuanmeit 8y aprymenta y(x) dynxunonana J{y(x)}?

19. Yro nasbiBaetcst Bapuauueir 8/ dynxuuonana J[y(x)]? Chopmyupyiite Heobxo-
AMMOeE yCJIOBHE 3KCTpeMyMa QYHKIMOHAJA ¢ UCIIOJIb30BaHHEM BapHalliH.

20. Kakoe ycioBHe Ha3biBAIOT yCIOBHEM CTAIMOHAPHOCTH QYHKIMOHAMA?

21. Hanumute dopmyay as BapHauuu ¢pyHKIMOHAIA B CIyyae npocTeiiieil Bapna-
[MOIHOMH 3aja4u.

22. YKaXHTe 4acTHBIE CJly4aM, B KOTOPBIX ypaBHeHHe Jinepa MOXeT ObITH CBEJEHO
K ypaBHEIINIO NEPBOTO NOPSAAKA UM AaXe ITOJTHOCTbIO IPOMHTETPHPOBAHO B KBall-

paTypax.
23. Coopmymupyiite 3azady 0 OpaxuCTOXpOHe U AaTe ee pelielHe.

24. Cdopmynupyiite 3afaqy O MPOXOXKAEHUH CBETA B HEOHOPOAHOM cpelle M AalTe ee
peieHyue.

25. CoopmyupyiiTe BapHALMOHHYIO 33a4dy co cBOOOAHON BapHauyeil Ha rpaHHuIle.

26. IlpusemuTe HeoOXxoANMbIE YCIOBHS 3KCTpeMyma (QyHKIHOHANA B 3alade CO CBO-
GonHbIMA KOHIIAMH. KaKue ycJ0oBHsI Ha3bIBAIOTCS €CTECTBEHHBIMU IPaHMYHBIMM
YCIOBUSIMH?

27. Jlaiite 06061eHne BapHallMOHHOIT 3aja4i co cBOOOAHOI Bapualuell Ha TpaHuIe.
Y10 TaKoe yCJOBUSI TPAHCBEPCAIBHOCTH?

28. Jlaiite o606weHne popMyabl s Bapuany GyHKLIMOHAMA Ha CJydall 3ajiaun co
“CBOBOMHBIMY KOHI[AMH.

29. CdopmyaupyiiTe BapHALMOHHYIO 3a4a4yy 415 QyHKLIMOHAIIOB, COAECPXKAMX TIPO-
M3BOJIHBIE BBHICLUIMX NOPAAKOB.

30. Hamuumre ypasHeHHe Oiinepa A QyHKIHOHATIOB, COAEPKAMX TPOU3BOAHbBIC
BBICIHIHUX TTOPSIAKOB.

31. Jlaiite penienue 3anadu o6 13rnbe 6anKu BapUAlMOHHBIM METOJIOM.

32. CdopmynupyiiTe BapHALMOHHYIO 3anady Al QyHKIHOHAIOB, 3aBUCAILMX OT He-
CKOJIBKUX (DYHKIMOHAIbHbLIX apryMeHTOB.

33. Hammuurte ypaBHeHue Jiijiepa A1s (YHKIHOHAJIOB, 3aBUCANLIMX OT HECKOJILKHX
(DYHKIMOHABIIBIX aPIyMEHTOB.

34. Hanuumire GopMyJy AUIs BapHanMu (QYHKIMOHATA, 3aBUCAIIErO OT HECKOJIBKHX
(DYHKIHOHATbHBIX apryMEHTOB,

35. Maitte BbiBOA ypaBHeHHI JlarpaHika BapHallHOHHBIM METOLOM.
36. CoopmymipyiiTe n3onepumeTpuieckyio 3aaady. Kak pewaercs Takas 3amaqa’?

37. [aiite peruenue 3azadn o NpoBUCaHKWH KaHata. UTo Takoe nenHas JUHUA?



3anauu C NpUMepamin pelseHus 511

38. CdopmysiupyiiTe BapMallMOHHYIO 3324y, (PYHKLMOHAT KOTOPOil IpeacTaBJsiercs
KpaTHBIM UHTErPajIoM.

39. Hanuinure BhIpaXkeHHE /I BapualMy QYHKUNOHAN], TIPeCTABIIsIEMOro ABOIHBIM
UHTErpPaJioM.

40. Hanmummte ypaBHenue Octporpaickoro—Jiiiepa ansi QyHKUMOHATA, [1peacTaB-
JISIEMOTO JBOIHBIM UHTETPAJIOM.

41. Yxaxure cBs3b 3a1auu Jupuxie nias ypasHenus Jlamnaca ¢ BapuallMOHHOM 3aza-
yel.

42. Yrto Takoe BTOpas Bapuauus dyHkuuMoHana? Hanmuuiure dhopMmyny ajisi Beraucie-
HUst BTOpPOil Bapualluu (GyHKUMOHANA B rpocTeiiilem cayyae.

43. Cdopmynupyiite qoctatounble ycaoBus JlexaHapa akcTpemyma QyHKLUHOHAIA.
44, Kakue MeTOxbl Ha3biBAIOTCS MPSIMBIMH METOLaMU BapHalMOHHOIO Heulrciens?
45. Yro Takoe MUHUMU3UPYIOUIAs OCAe0BaTebHOCTD?

46. Manoxure ocHOBHYIO uaeo Metona Putia.

47. Yrto Takoe koopanHaTHbie (MnW 6asucHbie) GYHKUHW? KakiM ycJOBHSIM OilH
JOJIKHBL YIOBJAETBOPSITH?

48. Yro Takoe ycaoBHe MOJTHOTHEL CUCTEMbI (DYHKIIUIT?
49. Kakue (DyHKLIMM HA3BIBAIOTCS JHHEHHO He3aBUCUMbIMU?
50. TIpusenure Haubosee 4acTO MCMOJMb3YEMbIe CHCTEMBl KOOPAUMHATHBIX QYHKLMIL

51. [laiite TouyHoe peleHre MeToaoM ['punbepra 3afaun 0 CTALLMOHAPHOM pacIipeseie-
HUM TeMIepaTypsl B Opyce MPsiIMOYTOJIBHOTO CeYeHUsI.

52. [aiite npubanikeHHOe peilieHre BAPUALIMOHHBIM METOLOM 33/1a4H O CTallHOHAPIIOM
pacrpejieJieHUH TEMIIEPATYPbL B OpPyce MPsIMOYTObHOrO CeYeH st U CPaBIUTe ero ¢
TOYHBIM pellleHHeM.

53. MaiiTe BoIBOA ypaBHEHUsI MasibIX KOJeOaAHUIH CTPYHBI BAPUAIIMOHHBIM METOOM.
54. [laiiTe BbIBOJ YPaBHEHUs [POLOBHBIX KOJeDaHUI CTEPKHS BAPUALIMOHHBIM METOOM.

55. JlaiiTe BbIBOA ypaBHEHMs MAJIBIX TIOTIEpEYHbIX KoTebanmii MemOpaHb! BapUalHOH-
HBIM METOJOM.

3apaum ¢ npuMmepamu pelueHus’

1. [dns caenyionux ¢hpyHKUMOHANIOB HAUTH 9KCTPEMATH, TIOCTPOUTD UX padHKU H UC-
CJIeJI0BaTh HA BBHIMOJHEHUE JOCTATOUYHBIX YCIOBUIL aKcTpeMyMa:

D) Jlyl= [ + 4y -8y +2¢%)dx; y(-1)=3; y()=1;

2) Jlyl=[(y'* -4y® +2m -x)dx; y(-1)=2; y(V) =4

-1

! BoabnncTso NPUMEPOB B3ATO U3 ajckrpontioit M-kuurn (www.exponenta.ruy: Heaun C.f1.
Bapuauuounoe ncuncnenue ¢ npumeneninem Matlab: Yuebhoe nocobrue v Bapuantoi nnsn-
AyasibiibiX 3a/laHKi1 VIS CTYledTOB BCex dhopm obyyeuns. — Xapokos: HTY X111, 2000.
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!

3) Jlyl= j(y"‘+4y2 +4x’y + xcosx)dy; y(-1)=2; y(1)=05;
4) Jlyl=[(y'* - 4y'sin2x -x?)dx; y(0) =1 y(2)=-1;
5) Jlyl=[(u'? -y’ Inx + 20)dx; y(3)=-1; y(1) =2;

6) J[y]=1j5(y'+y'2sin2x—cos2x) dx; y(0,5)=1; y(1,5)=2;
7 J[y]=j(y’+xy’2—x2y')dx; y()=2; y(2)=-1;

8>J[y1—J<y +y't +x’y)d y(0) =1 y(2) = -2

4

9) Jlyl= I[y +12yx +e“jdx y(2)=~1; y(4) =2

2
1
10) Jiyl= [(y'* +2y'e" sinx —¢* cosx)dx; y(-1)=2;y(1)=3.
-1

2. lnst caeayiomux GpyHKIHOHANOB HallTH 9KCTPEMaIH U TIOCTPOUTH UX rpaduKH:

"2 y(0)=0; y[gjﬂ;
1) Jly.2]= [ly'* +2'* +2y2]dx;
0 2(0) =0, z(gjz—h

yO) =1 y2)=-1
2(0)=-2; 2(2) =1;

y0) =1 y2)=-1
2(0)=-2; 2(2)=1;

2) J[y,z1=}<2y'z' byt -t 422 Y {

3) Jly,z] = .((2yz ~y?+ 2% +2ysinx)dyx; {

y(-D=2 y(1)=0;
2(-1)=0; z2(1)=2;

y(0)=0; y(H) =%
z(0)=1 z(1)=0;

y0) =1 y@2)=-1
2(0)=-2; 2(2)=1

y(-2)=0; y(2)=3;
2(-2)=2; 2(2)=14;

4) Jly,2) = j((y+2) -y z'2+2x2)dx;{

5) Jly, 2] I((y 2 +y? "2 4 2zcos x)dx; {

0

2
6) Jly.2l= [(y* +4yz+2° —y'* =2"" +2¢" )dx; {
0

D Jly, 2] :.2((2y’z’+y +22 +2ye™ )dx; {
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y(=2)=0; y(2)=3
2(-2)=2 2(2)=1;
y(-D=2 y2)=0;
2(-1)=0; z(2)=2

_2 2422 2x .'y(O):i; y(2) = —1;
10”[%2]—{«%2) v )dx’{z<0>=—2; 22)=1.

8) Jly.z] j(y + 22 -2y Z+2z¢ )dx; {

9) Jly,z]= I(Zy'z' +y? —2% 4+ 2zsinx)dx; {
21

3. Ans caenyomux GyHKIHOHANOB HAHTH HKCTPEMaib i TIOCTPOUTH ee rpadHK:
y(0)=2% y'0)=1,

y(H)=0 y'=-1

y(-D=1 y'(-H=-1
y(H)=2 y'Q)=1

yO0)=1 y'©0)=0;

¥2)=4 y'2)=-1

D Jlyl=[y"? -2y +y* -2ye* )dx; {
) Jlyl= " +4y'y" +y'* +2ye™ Ydx, {

3) Jly] =I(y"2 =2y"" +y* +2ye" )dx; {

¢ n2 12 -t . y(o) = 17 y'(o) = Ov
D=0 =y ey {y<2>=4; (@)= 1;

PP i [9(0)=2 y'©)=1;
5 JWl=[(" ~y 2, {y(1)=0; S0 =t

y(-H=1, y'(-1)=-1;
y(H=2 y'(H=1
y(0)=1;, y'(0)=0
y(2)=4 y'(2)=-1
y-H=1, y'(-1)=-1
y()=2 y'(hH=t
y(0)=3; y'(0)=0;
y()=1 y'(H)=1,
y(0)=2; y'0)=¢t

y(1)=0; y'(1)=-1

6) JIyl = J(y"2 -y* +2y cos x)dx; {
2

DJlyl=[@"" -4yy" +y'* +4ye™ )dx; {
0

8) Jlyl= 1[(1/"2 -2y'? +y? +2ysinx)dx; {

9) Jly)=[(u"* —y'* + gy’ +2ye™ ), {

1

10) Jlyl=[(y"* -y'* - 4ye™ )dx, {

0

4. Jlnst dyHKUMOHATA

BN
1 ”
Jlyl= [ Fx.y.y'y")dx
Y
TOJIyYHTh €CTeCTBEIHOE I'DAHHYHOE YCIOBHe, ecM 3aJaHbl BCe IPaliHyuHbie YCJI0-
Blif Ha JIeBOM KOHLE WHTepBana — y(X,) =y, ¥'(¥,) =Y, , a Ha npaBoM KOHlle
X =X, 3alaHO TOJbKO 3HaueHue QyHKUHMH y(x, )=y, .
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Y-

PewnTsb 3aauy 4, €C/I¥ Ha IPAaBOM KOHLE X = X, 33a/1aHO TOJIbKO 3HAYEHHE MPOU3-
BoAHON y'(x,) =
Pemuts 3a1a4y 4, eC/iv Ha MPAaBOM KOHILE X = X, He 3a/laHbl FPAHHYHDIE YCJIOBUS.
Jlna npumepos 1 HAUTH 3KCTPEMATH, €C/IM IPaHUYHbIE YCI0BUA HA NTPaBOM KOHLE

He 3aanbl. CpaBHUTb TOJyYeHHbIE PEIeHHs C PellleHUsIMU [IpUMepoB 1.

HUTb C TOYHBIMH PellIeHUsIMU 3TUX NPUMEPOB.

Pemuts npumepst 1 metonom Prtia. Ionyuennsie npybIMKEHHBIE PEIIEHUs CPaB-

Jlnsa cnepyomux GyHKIMOHAIOB NOJYYUTh AuddepeHiianbioe ypaBHEHHE Ocr-

porpaickoro—diliepa; NOCTPOUTb NIPUOMKEHHOE PellleHHe 3a1a4n MeToAOM PuT-
Lia; UCCIEA0BaTh CXOAMMOCTD MOJIYYEHHOTO MTPUOIMKEHHOTO pelleHUst:

0<x <2

2 2

1) j[z]:jb[(zf +22 +2xyz)dxdy; D: {OSy slz e =%+fm.
2) j[z]=ij(z§ + 322 +2y2)dxdy; D: {gi’y‘j z]c=f(:—0 gy-(-)
3) j[z]=-[3[(zfr +525 +2yzsinx)dxdy; D: {?)i; 2?: . =;T20—1%00
4) j[z]=&f(32_f +2} +2xzcosy)drdy;, D: {_Ofgxysji; |C=—2%—%.
5) j[z]:jnj(Szﬁ +2} +2wyz)dvdy; D: {_Ofsxys;i; ’ =x2+ogz .
) Jlz) = [[ 2z 2 + 2wy dvdy: D {gf’y‘ Sf c =x—1%oy—
7) j[z]=j!(zi +222 +2* +2xzcos y)dxdy; D: {_01533;22;; 2, =f_020_éy—0_'
8) j[z]=J;3[(zﬁ -3z} +2yzcosx)dxdy; D: {—01;;;11;; | =1£626+5y6.
9) j[z]:joj@zﬁ ~ %2 +2c°yz)dxdy; D: {g z; 22 I, =-5’i0+%%.
10) j[z]=-[5[(zf + 422 +2* +2xyz)dxdy; D: {_Ofsxysji; | =%.g—2.
MpuMepbl pelieHus TUNOBbIX 3aaay
fpumep 1. HaiiTu 3kcTpemMans GyHKIMOHANA
J[y]=i(x2 +y’ +y'? )dx; {zg)i):;;
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I/ICCJIeﬂOBaTb Hai’illeHHyIO 3KCTpeMaJlb Ha JOCTATOUYHbIE YCJIOBHA U MTOCTPOUTD €€ Irpa-

uk.

Pewenne. B sToM npumepe moasiHTerpaipHas GyHKIMst HMEET BUL
2 2 2
F,yy'Y=x"+y° +y'"

CocraBuM ypaBueHHe Jitnepa B Buze (8.16) U pellluM ero NMpu 3aaHHbBIX IPaHUYHBIX
ycaoBusax. 3aTeM mocTpouM rpaduk HaiaenHo# axcrpemayu. IlonyTHo HcciexyeMm
BBIIIOJTHEHUE FOCTATOUHBIX YCAOBMIl 3KCTPEMyMa — [Uist 3TOTO NIPOBEPUM 3HaK BTOPOK
MPOU3BOIHOU Ez/ Y

PeanuzaiMio HaMEYEHHOro aJrOPUTMA pellleHust TTOCTaBAeHHON 3a4ayuM BBIIOJHHUM
B CHMCTeMe aHa/iMTHYeCKUX Borumcaennii Maple. OnpenenyM MobiHTerpaibHyo GyHK-
LHMIO KaK QYHKLHIO TPEX MepeMeHHBbIX:

> restart:
> Fi=(x.y.yl)->x*2+y*2+y1*2;

F:=(x,y,y1)—)»)c2+y2+y12

CocraBum ypasHeHne Jiinepa. s 3TOro BIYHCAUM Bee HeoOXOAMMble MPOU3BOAHBIE
bynkuuu F F, F, F . F,

yy'r Cay”

> dFdy:=diff(F(x.y.yl).y):dFdyl:=diff(F(x,y.y1).y1):
> d_dFdyl_dx:=diff(dFdyl.x).d_dFdyl_dy:=diff(dFdyl.y);
> d_Fdyl_dyl:=diff(dFdyl.yl);

dFdy =2y

dFdyl =2yl
d_dFdyl _dx =0
d_dFdyl dy =0
d _Fdyl dyl =2
CocraBuM Tenepb arddepeHnuanbHoe ypaBHeRHe Jitiepa:
> eq:=dFdy-d_dFdyl_dx-d_dFdyl_dy*yl-d_Fdyl_dyl*y2=0:
eq =2y-2y2=0
> eq:=simpl1fy(Ths(eq)/2)=0:
> eq:=subs(y=y(x),y2=d1ff(y(x).x$2).1hs(eq))=0:

eq =y-y2=90

d2
eq = y(x) - [(—1; y(x)] =0

Pewium ypaBHeHHe Ditepa ¢ 3a4aHHBIMU TPAHUYHBIMY YCAOBUSAMHU:

> res:=dsolve({eq.y(-1)=1,y(1)=2},y(x)):
> assign(res):y:=evalf(y(x)):

e (e?- Z)C(ﬂ) e(2el-1)e"
“1+¢t “1+¢!

res =y(x)=
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X

y=0.2733111731e' ™" + 0.6987702374 ¢

IlocTpouM rpadMx MOJY4YEHHOTO PEIUeHUS:

> py:=plot(y.x=-1..1.title="Tpunep k1" .legend="Tounoe peuwexne .color=black):
> plots[display]({py}):

N~ A

-1 08 4068 04 02 02 04 08 08 1

X

Tounoe pelnenue

Tak xak F, . =2 >0 u 310 yc/I0BHE BBINOJIHAETCS AJIA mobbix y(x) Uy (x), TO B COOT-
BETCTBUM C JOCTAaTOYHBbIM ycnoBuem JlexaHApa HalieHHas 3KCTPeMasib JOCTaBAACT
CUJIBHBIII MUHAMYM Haluemy GyHKLMOHANY,

[Tpu peleHHH 3TOTO NPUMMEPA Mbl COCTABUIIM ypaBHeHHe Dilyiepa «Bpy4Hy10» COLJIac-
Ho dopmyie (8.16). B cucreme Maple 8 B cityyae npocTeitiiedt BapualMOHHOI 3a1a4H
ypaBHeHMe OJiJiepa MOXHO TMOJYYMTb aBTOMAaTHYECKM C IOMOIIbIO IPOLEAYPbL
EulerLagrange u3 makera VariationalCalculus. [last 3TOro IOAK/IIOYAEM NAKET

> with(VariationalCalculus):
[ ConjugateEquation , Convex, EulerLagrange , Jacobi, Weierstrass ]
OnpeznensieM MOABIHTErPATBHYI0 PYHKIMIO Halllero (pyHKIHOHaNa

> yi='y fi=x" 24y (x)*2+diff(y(x) . x)"2:
2

fi=x"+y(x)+ [d% y(x)j

1 TIo/Ty4aeM ypaBHeHue Jiiepa ¢ TIOMOIIbI0 YKa3aHHOW POLEeaypbI

> EulerlLagrange( f. x. y(x)):

dZ
{2y(x) - 2[d—x; y(x)j}
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[lanee peuretie HUYEM He OTJIMYAETCA OT PaCCMOTPEHHOTO paHee pelleHust
> resl:=dsolve({op(%)=0.y(-1)=1.y(1)=2}.y(x)}:
> assign(resl):y:=evalf(y(x)):

-x)

e(e?-2)¢e . e(2e¢’-1)¢"
et—1 e'-1

resl =y(x) =

y=02733111731e 7" + 0.6987702374 ¢
TO €CTb, KaK H JOJIZKHO 6bITb, HOJIy‘{I/IJIH TOT 2Ke p€3yf[bTaT!

Mpumep 2. Halitu akcTpemanis GyHKIMOHANTA

_3 2,02 7. y(1) =4
Jlyl={y’y *dx; {y(3)=3_

1
WccnenoBath HailleHHY10 9KCTPEMalb Ha IOCTaTOUHbIE YCIOBHUSA ¥ IIOCTPOUTH €€ Tpa-
duk.

PeweHwne, B 3TOM HpI/IMEpe I'[OllbII-ITeI‘paJIbHaﬂ (byHKLIHﬂ HMeEET BUI
' 2. 12
Flyy)=y"y"",

TO ecTb He 3aBHCHUT sIBHO OT X. B aToM ciiydae Mbl MMeeM MepBbill HHTeTpas ypaBHe-
nust Ditzepa B Buge (8.19). Oxnako, ucronbays cucremy Maple, Mbl MoxkeM peliath
3afauy 1o obuieil cxeMe, kak B pumepe 1.

Oupenenum noabIHTETPaibHYI0 DYHKIMIO KaK (QYHKIMIO ABYX TlePEMEHHBIX:

> restart:
> Fi=(x.y.yly->y*2*yl1"2:

F=(x,y,yl)>y ylI’

CocraBum ypaBHetine Jilyepa:

"

dFdy:=diff(F(x.y.y1).y):dFdyl:=diff(F(x.y.yD).yl):
d dFdyl_dx:=d1ff(dFdyl.x):d_dFdyl_dy:=diff(dFdyl. y):
d Fdyl dyl:=diff(dFdyl.yl):

"

\2

dFdy =2yyl*
dFdyl =2yl
d dFdyl dx =0

d_dFdyl_dy =4%yl
d_Fdyl dyl =2 y2
eq:=dFdy-d_dFdyl dx-d_dFdyl dy*yl-d_Fdyl_dyl*y2=0:

"

eqi=-2yyl*-2y'y2=0
> eq:=simpl1fy(lhs(eq)/2)=0:
> eq:=
subs (y=y(x).yl=diff(y(x).x).y2=diff(y(x) x$2).1hs(eq))=0:

eq =y pl?—y?y2=0
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2

d
e = =y(0) 1oy | —y(x)z[

2
:x: y(x)j =0
Peurnm ypaBHenre Jitnepa ¢ 3afaiHbIMU TPAHHYHBIMH YCJAOBUAMU:
> res:=dso1ve({eq.y(1)=4.y(3);3}.y(x)):
> assign(res) y:=evalf(y(x)):
res =y(x)= _7_x+£
' 2 2

y =4/~3.500000000x + 19.50000000

Hocrpoum rpaduk nosyuyeHHOTO peilieHus:

> py:=plot(y.x=1..3.titTe="Tpumep W2" Tegend="Tounoe pemewe'lco]o#b]acki:
> plots{displayl({py}):

4
38
386
34
32

AN

3 N\

1 1.2 14 16 18 2 22 24 28 28 3

x

Mpumep Ne2

Tak kak F,., . = 2y? >0, UMeeM CUJIbHBIT MUHMMYM,

PexoMmeHayeM 4MTaTeNiO0 BBINOJHUTH BCE PacuyeTbl, UCIOJBb3Ys IepBblil MHTErpasn
ypaBHeHus Jiisepa B Buze (8.19).

[MokaxeM peluenuMe npumepa C IOMONIBIO IpoueAypb! EulerLagrange u3 makeTa
VariationalCalculus:

> yr="y" f=y(x)*2*diff(y(x).x)*2:
2

. d
f= y(x)“(a y(x))

> Eulerlagrange( f, x. y(x)):
2 2 N

> d d 9 d“
(300 Gy | =K, 230 (v | ~2 30 [dxz o))
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O6parum BuuMane 11a To, yTo Maple, kpome nnddepeHianpioro ypasuenus Jiiiepa
B obmieit popme (8.16), BpiaaeT Takke u IepBLI HHTerpas 3TOro ypasHenus B ¢popme
(8.19), To ectp

2
dy
-ly(x)—1| =K,.
[ dx
I[aflee pCIHeHI/Ie BbIITIOJHsSAETCSt IO CTaHﬂapTHOﬁ cxXeMe.

Npumep 3. HaiiTn akcTpeManip GyHKIIMOHANA, PACCMOTPEHHOIO B IIpuMepe 1, npu ToM
JKe CaMOM IPaHUYHOM YCJIOBUH Ha JIEBOM KOHLE, €CJIH [PAaHUYHOE YCIOBUE Ha IIPaBoM
KoHile He 3afaHo. CpaBHUTL pellieHHe ¢ pelieHHeM 3ajayuu npimepa 1.

Pewenue: Eciv rpaHUYHOe yc/l0BHe 13 [IPABOM KOHIE He 33]aHO, Mbl HMeeM 3a/lauy
co cBoboxaHoit Bapuauueil. CrnegoBatenbHo, Ha 3TOM KOHIE AOJDKHO BbINOJHATLCS ec-
TecTBeHHoe rpaHuuiioe ycnosue Tuna (8.22). Pemenue 3agaun peanusyem B Maple:

> restart:
Fo=(X,yn, ynl)->x"2+yn"2+yn1*2;
F:=(x,yn,ynl)— x*+yn> +ynl?
dFdy n:=diff(F(x.yn.ynl) yn):
dFdyl n:=diff(F(x.yn.ynl). ynl):
d dFdyl dx _n:=d1ff(dFdyl_n.x):
d dFdyl dy n:=diff(dFdyl_n.yn):
d Fdyl dyl n:=diff(dFdyl_n.ynl):
dFdy n:=2yn
dFdyl n :=2ynl

d dFdyl dx n =0

d dFdyl dy n =0

d Fdyl dyl n =2
> eq:=dFdy_n-d_dfdyl dx n-d_dFdyl_dy _n*ynl-d Fdyl dyl n*yn2=0:

eq:=2yn—-2yn2=0

"

vV V. V VvV V

> eq:=simplify(Ihs(eq}/2)=0:
> eq:=subs(yn=yn(x).yn2=diff(yn(x).x$2).1hs(eq))=0:

eq:=yn—-yn2=0

d2
eq =yn(x) - [E yn(x)j =0

> hound2:=subs(ynl=D(yn) (1) .dFdyl n)=0;
bound2 :=2D(yn)(1)=0
> res:=dsolve({eq.yn(-1)=1} union {bound2}.yn(x)):
> assign(res):yn:=evalf(yn(x));
X 3 (-x)
ee e’ e
T+

res ==yn(x) =

l+e 1+e*

- ~bx
yn = 0.04889158769¢" + 0.3612626842¢'
> py_nat:=plot(yn.x=-1..1.title="TipuMep ¥3" . Tegend="EcTecTsennoe
ycnosue , color=black.thickness=2):
plotsldisplay]({py_nat}):
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Npumep N3

04
03

-1 8 06 04 902 0 02 04 06 08 1

> plots[display]({py_nat.py}):

o} \

4 08 06 04 82 © 02 a4 08 08 1

2

EcrecteenHoe ychoene
Apumep Net

Npumep 4. Haiitu akcrpemanu dyHKiMoHama
2 ; -2)=1; -2)=0;
J[y,Z]=I(y’z +Z/2 +2y2)dx, {y( ) {Z( )
2 y(2)=0; 2(2)=2.
Iloctpouts rpadyku 3TUx 3KCcTpeMarneil.
Pewenune. Onpenensem MOAbIHTErPAIbHYIO PyHKIHIO;

> restart:
> Fi=(y.z.yl.z1)->y1"2+2172+2%y*z;

Fi:(y,Z,yLZ])—>y12+z]2+2yz
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Briumc/isieM Bce HeoGXOAMMbIE YACTHbIE TPOUIBOJHBIE JUISL TOTO, YTOOBI COCTABHTh
cuctemy AuddepeHIMalbHBIX YpaBHeHU Jitnepa:
dFy:=diff(F(y.z.yl.zl) y):dFz:=diff(F(y.z.yl.z1).2):
dfyl:=diff(F(y.z.yl.z1).yl):dFzl:=diff(F(y.z,yl.21),21);
d2Fyl x:=diff(dFyl.x):d2Fz1_x:=diff(dFzl, x);
d2Fyl y:=diff(dFyl.y):d2Fz1_z:=diff(dFz1.2):
d2Fyl yl:=diff(dFyl.yl):d2Fz1 z1:=diff(dFzl,zl);
dfy =2z
dFz:=2y
dfyl =2yl
dFzl =2zl
d2Fyl x =0
d2Fz] x =0
d2Fyl y =0
d2Fz] z =0
d2Fyl _yl =12
d2Fz] zl =2

VvV V. V V V

Cocrasisiem cucreMy ypasHeHuil Ditnepa:

> eq y:=dFy-d2Fyl x-d2Fyl y*yl-d2Fyl yl*y2=0:

> eq z:=dFz-d2Fz1 x-d2Fzl_z*z1-d2Fz1_z1*z2=0:
eq y:=2z-2y2=0
eq z:=2y-222=0

> eq_y:=simplify(1hs(eq_y)/2)=0;

> eq_y:=subs(y=y(x).z=z(x).y2=diff(y(x).x$2).1hs(eq_y))=0:

> eq_z:=smmplify(lhs(eq_z)/2)=0:

> eq_z:=subs(y=y(x) z=z(x).z2=diff(z(x).x$2).1hs(eq_z))=0:

eq y:=z—y2=0

-

e
eq y :=z(x)—[dx2y(x)J=0
eq z:=y—22=0

dZ
eq z =y(x) - (E Z(x)J =0

Pewaem nonyyennyio cucremy ypasnenuit Dilsiepa NIpH 3aZJaHHBIX TPAaHHYHbIX YCJIO-
BHAX:

> res:-dsoWe({eq_y.eq_z,y(~2)=1,y(2)=0.z(—2)=0.z(2)=2}.{y(x).z(x)}):
> assign(res):y:=evalf(y(x)):z:=evalf(z(x)):

- 2
lel(e*-2) et ™ Clel(2ef+(e!) —et+1)e” _3sin(x) 1 cos(2) cos(x)
2 ~1+eb 2 ~1+e? 4 sin(2) "3 sin(2)2-1
le’(e'-2) e ™ _le?(=2e%+ (e“)z— ef+1)e” 3 sin(x) 1 cos(2)cos(x)
2 —1+ef 2 -1+ 45in(2) 4 sin(2)- 1

. (-1.x)
y = 0.06521076520¢ +0.1341409064 ¢* — 0.8248126275 sin(x) + 0.6007494902 cos(x)

res = {y(x)=

ax)=
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z2:=0.06521076520¢ " + 0.1341409064¢" + 0.8248126275 sin(x) ~ 0.6007494902 cos(x)

Crpoum rpaduku HalHeHHBIX KCTPEMAIEH!

> py:=plot(y.x=-2..2.title="Tipunep W4 Tegend="Peuenne y(x) .color=black.linestyle=4):
pz:=plot(z.x=-2..2 title="Tpunep k4" Tegend="Pewenue z(x)" .cotor=black):
plots[displayl({py.pz}):

Mpumep Ned
24

054

Pewenus y(x)
Pewenne 2(x)

3mech Takxe AN TIOJIYYEHHS! CHCTEMbI ypaBHeHUil Jilfepa MOXKiI0 BOCIOIb30BATLCS
npouenypoi EulerLagrange 13 nakera VariationalCalculus:

> Fr=diffy(x), x)®2+d v Ff(z(x) . x)*2+2*y(x)*z(x):
2 2

d d
F:—(ay(x)j +(az(x)j +2y(x)z(x)

> futerlagrange( F. x. [y(x).z(x)1):

a [ d N (d_ ¥
{Mx)—{; y(x)}zym—z[d 520 | {90 (470 + 20 200 -

X

> el:=simptify(op(1.%)/2)=0;e2:=simptify(op(2.%%)/2)=0:
2

d
el =zx)- [Ey(x)jz 0

d2
el =y(x)- [E z(x)]: 0

IIaJIee pelieHHe BBITTOJHAETCA 10 CTa}IlIapTHOﬁ cxeme.
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Mpumep 5. Haiitu sxcTpemarns GyHKLMOHANA TIpH 3aJaHHbIX TPAHHYHBIX YCJIOBHSIX

y(-H =1, {y(i) =2;

t
JWwl=["" -2y +4yy’ +y* -2ysinx)dx; { ' '
.Il yhH=-1 ly®H=-L

[MocTpouts rpadux.
Pewerue. OnpeaensieM NOAbIHTEIPANbHYIO PYHKIIMIO

> restart;
> Fi=y2*2-2%y1"2+4%y*yl+y*2-2%y*sin(x);

F:=y2"-2y1*+4yyl +y*— 2 ysin(x)
BbI‘IHCJIﬂeM YaCcTHBIE TPOU3BOJAHDIC:

> dFy:=diff(F.y):
dFy:=subs(y=y(x).yl=diff(y(x).x) y2=diff(y(x).x$2) dFy):

dFy =4yl +2y-2sin(x)
d
dFy =4 (a y(x)) + 2 y(x) - 2sin(x)

> dFyl:=diff(F,yl):
dFyl:=subs(y=y(x),yl=diff(y(x),x).y2=diff(y(x).x$2).dFyl):
> dFyl _x:=diff(dFyl.x):

dFyl =—4yl+4y

d
dFyl .= -4 (a y(x)) +4y(x)

dFyl 4d2()+4d()
x:=-4| — —y(:
i dxzy x dxy X
> dFy2:=dVff(F.y2):
dFy2:=subs(y=y(x).yl=diff(y(x),x).y2=diff(y(x).x$2).dFy2):
> dfy2_x2:=diff(dFy2,x$2):

dFy2 =2y2

d2
dFy2 =2 [d_xz y(x)]

d4
dFy2 x2 :=2 [E y(x)]

CocrasisieM ypaBHerHe Jitrepa:

> eq:=dFy-dFyl x+dFy2_x2=0.
d’ a
eq =2y(x)—2sin(x)+4 (Ei y(x)] +2 [Q y(x)] =0

Peuraem ITOJIYYECHHOE ypaBHeHUE [TPDH 3a[aHHBIX TPAHHYHBIX YCIOBHAX!

> res.=dsolve({eq.y(-1)=1.y(1)=2,D(y)(-1)=-1D(y)(1)=-1}.y(X)):
assign(res):y:=simplify(evalf(y(x))):
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2 1 (cos(1)sin(1)+ 2sin(1)~6cos(1)) sin(x)

I x*) 1 )
res = y(x)= [g_ ?] sin(x) - Zcos(x)x T4 —1+ cos(1)sin(1)

3 (=sin(1)* + cos( 1) sin(1)* = cos( 1)) cos(x) 3 sin(1) (=1 + cos(1) sin( 1)) sin(x) x
2 I - sin(1)2+ sin(1)* 2 I —sin(1)2+ sin(1)*
+l(sin(l)2+ cos(l)sin(l)—4sin(1)~1-2cos(1))cos(x)x
4 =1+ cos(1})sin(l)

Crpoum rpadux:

> pic_y:=plot(y.x=-1,.1 title="fpumep W5"  Tegend="®yHruna y(x) . color=black):
plots[displayl({pic_y}):

Mpumep Ned

Y

/

-1 Q98 96 04 02 0 02 04 06 08 1

DOynryna y(x)

Npumep 6. MeromoM Purna HaiiTin akcrpeMans GyHKIIHOHANa W3 tipiMepa 1

_1 2 2 ’2 Cfy=-H=1
Jlyl=[G* +y® +y'?)dx; {y(l):Z;

-1
CPaBHMTD IOJTyYeHHOE MPHOIMKEHHOE PelileHie ¢ TOYHbIM pelieHHeM; ITOCTPOUTb HX
rpaduKH.
Pewenue. Boibupaem 6asrchble GyHKIHH M ONpe/ieisieM allpoKCHMHPY ULY10 PyHK-
o, IIpy sTOM paccMOTpHM aBa BapuaHTa 6a3MCHBIX (PYHKIMI, yAOBIETBOPSIOUIHX
OJHOPO/IIBIM FPAHUYHBIM YCJIOBHUSIM, — CUCTEMY IIOJIMHOMOB U CHCTEMY CHHYCOB:

> phil0:=x->yl+(y2-y1)*(x-x1)/(x2-x1):

> phi:=(x,n)->sin(n*Pi*(x-x1)/(x2-x1)):

> Us:=proc(x,N)option operator.arrow: local n:
> phi0(x)}+sum{a[n]*phi(x.n). 'n'=1. .N):

> end proc:
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> Up:=proc(x.N)option operator.arrow: local n:
> phi0(x)+(x-x1)*(x-x2)*sum(aln]*x*n, 'n'=0. N):

> end proc;
- (y2-yl) (x—xI)
00 =x->yl+ 2l
_ . (nn(x—xl)
$: (x,n)—)sm( 2 =1 )

N
Us = (x, N} > local n; $0(x) + ( Z a, ¢(x, n)J

‘n'=1

N
Up = (x, N) = local n; $0(x) + (x — x1) (x — x2) ( > a, x"J

‘n'=0

Paspa6oTaeM npoueaypy AJsi COCTaBAeHUs] U PellleHUst CUCTeMbl ypaBHEHUM MeToa
Purna:

> Ritz:=proc(F,u,i0.N.a)

> local Fu.eqns.var.eq.i,res;global x1,x2:
> Fur=simplify(int(subs(y(x)=u.F).x=x1..x2)):
eqns:={}:var:={}:

for i from i0 to N do

var:=var union {a[il}:
eq[i]:=diff(Fu,afi])=0:

eqns:=eqns union {eq[il}:

od:

res:=solve(eqns.var):

assign(res):

end proc:

VvV V V V V V VvV V

Iporeaypa oyenb npocra ¥ He TpebyeT JOMOJHUTENbHBIX KomMMeHTapues. [Ipucry-
NuM Tellepb K peuleHuio Hauielf sagayu. OnpenesisieM NOABIHTEIPAJIbHYIO GYHKIMIO

> Fr=x*2+y(x)*2+diff(y(x).x)"2;
2

d
Fr=xt+y(x)+ (a y(x))

BBoauM rpaHnvHbIE TOYKH:

> x1:=-1:x2:=1:yl:=1:y2:=2;

xl=-1
x2:=1
yl =1
y2 =2

3azaauMmcs uyucaoM 6asvcHbIX GYHKNUME B NPeACTaBI€HMH aNnpoKCHMMpYylonlei
GYHKIMM M PEeIlivM 3a7ady C UCIOJb30BAHMEM CHCTeMbI CHHYCOB B KayecTBe 6asuc-
HBIX GOYHKIMIL:

> N:=3:cl:="cross :c2:="circle :c3:="box":
> for j from 1 to N do
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> a:=array(l..j):u=Us(x.j):

> Ritz(F.u,1.j.a):

> pUs_|{]:=
plot(Us(x,j).x=-1..1.color=black.style=point, symbol=Cj|j.
tegend=cat ( 'Metog Putua N = ° convert(j.string))):

> end do:

> plots[display]({pUs_1.pUs_2.pUs_3.py}):

+ 4+ ¢+ + + + Metop Puryga N=1
———————  T0OuHO® peuieHune

oo oo oo MarogPuryaN=2
@ 9 o o0aoa  Merog PuiyaN=3

> Us(x.1):Us(x.2);Us(x.3):
1
24 sin(l‘(_“_)]
2
2 n(ml+4)

L (m(x+1)
2451“( 2 j+ sin(m (x+ 1))

n(ri+4) n(l+n?)

3
2+

+

NI W
(ST

L (m(x+1) S 3n(x+ 1)
N o P )
_+__ + 2 - 2
22 n(nt+4) n(l+7n%) n(4+9n%)

Pewruym a1y xe 3agayy ¢ HOMOLIBIO TTOJHHOMHAIBHON anpoKCUMALIHU

> N:=2:cl:="cross :c2:="circte :c0:="diamond" :

for j from 0 to N do

a:=array(0..j):u:=Up(x.j):

Ritz(F.u.0.j.a):

pUp_[1J:=ptot(Up(x.j).x=-1..1 color=black.style=point.symbol=c}|j.
tegend=cat("Metop Putuya N = ~,convert(j.string))):
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end do:
> plots[displayl({pUp_0.pUp_1.pUp_2.py}):

w
®s00e0

-1 08 06 04 02 o 02 04 06 0B 1

X

TouHoe pelueHus

Mertoa Putya N =2
Meroq Purya N=0
Metoa Purya N=1

+o0
+o0
‘o0
‘o0
‘o0
vo0

> Up(x.0):Up(x.1):Up(x.,2);
777 (x+ 1) (x - 1)
1472
777 Tx
(ra 1) (x= l)(1472 92]

3 x m 7 63
§+E+(x+1)(x—l)(m+§x+1472)(]

3 x
2727
3 x
2t 27

Npumep 7. MeronoMm Puria Haiitv skcrpemasb PyHKIIHOHANA
Jiz] =”(z -2z} + 2yz[smm + —Ddxdy,
D

rae obiactb HHTErPUPOBAHKUA U I'PAHUYHAA (byHKllHﬂ HMEIOT BHA

de

D_OSxSl y2
o<y <2 ”10 50

Pewenve. Boi6upaem Gasuchbie GyHKIMH 1 OTIpe/iesisieM alllPOKCHMUPYIOLLY IO (hYHK-
LHIO:

> restart;
> phi0:=(x.y)->x/10+y"2/50;
> phi=(x.y.1.J)->sin(i*Pi*(x-x1)/ (x2-x1))*sin(j*Pi*(y-y1)/(y2-y1)):
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> u:r=proc(x.y.M.N)option operator . arrow; local n.m:
phil(x.y)+sum(sum(a[m.n]1*phi(x,y.m.n). ‘m'=1. M) 'n'=1. .N):
> end proc;

1 I,
¢0 = (X,y)—')T6X+ 5Oy

o= (x,,0,j) > sin(”T (x— x” (/ﬂygy_-yyll))

N
u:=(x,y, M, N) - local n, m; $0(x, y) + [ Z [ Z a,  ox,y m, n)D
= ‘mt=1
Paspaboraem Tipoueaypy AJisl aBTOMATHUYCCKOTO COCTABJICHUS U peilienysl ypaBHEHUH
meroza Purna a14 Hawero dyHKnMoHana:

Ritz:=proc(F.M.N.,a)local Fu.egns.var.eq.i.j.res:
Fu:=simphify(int(int(F.x=0..1).y=0..2)):
eqns:={}:var:={}:

for 1 from 1 to M do

for j from 1 to N do

var:=var union {ali.jl}:
eqli.jl:=diff(Fu.ali.j1)=0:

eqns:=eqns union {eq[i.31}:

od:od:

res:=solve(egns.var):

assign(res);

end proc:

V V. V. V. V. V V V V V VvV V

BBO,ZIHM TpaHIYHbIC TOUYKH:

> x1:=0:x2:=1:yl:=0:y2:=2:

xl =0
x2 =1
yl =0
y2 =

3afaeM TIOABIHTErpaTbHYI0 QYHKIHIO

> Fr=diff(ulx.y). x)"2-2*diff(u(x.y) . y) 2+2*y*u(x.y)*(sin(Pi*x)+x/5):

2 2
F = (é&} u(x,y)j —2(56;u(x,y)] +2yu(x,y) (sin(nx)+%)

3afaem KOIMYECTBO 6a3yCHBIX DYHKIMIt /1S ATTIPOKCUMALIMH peLleHls H peluaeM 3a-
oady:

> M:=2:N:=2:a:=array(l .M.1..N):
> F2:=subs(u(x.y)=U(x.y .M.N}.F):Ritz(F2.M N.a):

M=2
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N:=2

(e(x ¥ ny Ty L
F2 '_(8x(1()+5()+a‘ sm(nx)sm( > j+a,|sm(2nx) sm( > )+a|'2sm(n,\)sm(n3)

2
0 ? . . .
+a2‘2sin(27tx)sin(ny)]] _2(@(%+_56+a sin(nx)sm(nz—y)+az_lsm(an)sm(—nz—y-j
2

2
. . . . . (ny
+a|_2sm(nx)sm(ny)+az‘ZSm(znx)sm(Tcy)D +2y(ﬁ+?0—+a sm(nx)sm( 5 )

. , X
+a, sin(2nx) sin(%) +a, ,sin(nx)sin(ny) + a,,sin(2 7 x) sm(ny)] (sm(n x)+ gj
> Z:=U(x.y M.N):z:=evalf(z):

;g (18+25n)sin(nx)sin(n—yj q sin(znx)sin("—;i)

_xL,r 8 2,8
0750 28 o 35 <
2 (5m+2)sin(nx)sin(n y) 1sin(2 mx) sin(n y)

5 ol 5 ot

z :=0.1000000000.x + 0.020000000003 — 0.3171443332sin( 3.141592654 ) sin( 1.570796327 y)
+0.002346510229sin( 6.283185308x) sin( 1.570796327y)
~ 0.07271585464sin(3.141592654x) sin(3.141592654 )
— 0.002053196450sin( 6.283185308 x) sin(3.141592654 )

[octpoum rpaduk HaitieHHOH SKcTpeMai B BmIe [IpOCTPAaHCTBEHHOM IIOBEPXHOCTH
U B cedeHHH nipu x =05:

> plot3d(U(x.y .M. N) , x=0..1,y=0. 2. title=cat( AnnpokcvMauna M = N =
*.convert(M.string))):

Annpokcumauua M= N =2
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> p|[M:=

plot(U(0.5.y.M.N).y=0..2 color=black,linestyle=4, legend=cat( M=N=" convert(M.string))):
plotsidisplayl({p2}):

.'..
01 K
s
’
,"
4
\ y s
‘02 04 D D08 1 12 14 16/ 18 2
0 \ 7
\ y
\ '/
\ 7
\'\ K4
N s
ot | /
. ‘/
\\ '/
" .
K ’
\ A
02 \ v
-
“
N ... ,/'
------------ - M=N=2

PCKOMCHIIyCM YHUTaATEJNO BBITTIOJIHHUTB BCE PACyeThl, YAEPXKUBAS 6oJibllIee KOJIMYECTBO

6a3uCHbIX (PYHKIMIH B aNNpOKCHMAUHMH pelIeHUs,  UCCAEHOBATh CXOJAMMOCTD I10JY-
yaeMbIX peIuelHil.
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Tabnuua 1. OpuruHans n ux nsobpaxeHus

1 ('+lm_ , - on .
1@ =52 [Terdp J(p)=[f@era
c—tn 0

0(r) = 1, 1>0 1
=10, <0 p
e 1
p+a
p
cos (Br) %+ B
. B
sin(f) o B
. 'iv+1)
2 pv+1
. 2a’p
sin (at) sh(af) 2"+ 4a°
il \ﬁ
Vi P
1
Jo(at) /pz ol
L,t<T 1-e T
0,t>T P
2 2 2
sin(at) ch(af) a(,z Al (Z )
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a
sh(at) P
P
ch(at) PR
L (sin (at) - at cos (at) 2
— (sin(at) — atcos (a :
2a( ( (.DZ +a*)?
t . p
—sin(at p
5 (at) (p2 + a?)?
P
cos (at) ch(ay) P
p+A
LTI -
e " cos(wt) (»+ k)l )
e sin (ot) >
(p+ 2+ o’
1 ,ﬁi e—a p
LIy
14 ‘/;
2 2
a(p” -2a’)
cos (at) sh (af) 27+ 4d"
P
ch (at) p2 e
a7
1 —(D[—a-j ¢
2Vt P
1
ch Vo) e’
T 7
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sh @Ve) e?
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A

abcumcca cxogumoct, 322, 325
anprepliatusa Ppeatonbma, 425

B

bera-bynkuns, 171

BapHatimst
dbyuxumotana, 479
Bapuanus (ilpupaiueliiie)
aprymelita, 479
BOJIIOROE ypaBuelixe
nsymepitoe, 33
oxliomepiloe, 28
Tpexmeplioe, 38
BbICUIME TpalCueledTHbie dyukimy, 170

r

ramma-cynkns, 174
rapMoOIIHUCCKHC KPACBbic 3asadil, 59
runepboinucckoe ypasicnue
Kanotucckas popma, 54
rpanulia obsacTil, 15
rpailmylioe ycjoBHe
BTOpOro poaa, 58
11epBOro poa, 58
TpeThero poaa, 58
rparindnbie ycaosus, 30, 56
BToporo poxa, 108
1lepeoro poaa, 108
Tperbero poaa, 108
yeTBeproro poja, 108

E

eBKJIMIOBO HPOCTPAILCTBO
AJHua (iopma), 15
paccTosiue, 15
cKassiplioe Npouaseaelitie, 15

CMKOCTD, 36
CCTCCTBEUHbIC MPaHHYHbBIE VCI0BIs, 484

3
3a1a4a
Hupuxie, 58
Ko1u
At FepbosyeeKoro
ypasuenus, 57
215t 1apabosideckoro ypasienus, 57
Heiimana, 58
Wrypma—Jlnysnias, 107
peryssipias, 107
cuuryisipuas, 107
sagaya Koniu, 57
3aKOLl
Fyxa, 30
Hepiicra, 40
Dypue, 38

n
uzobpaskenue (rpancdopmanta
Jlanaca), 322
nuTerpal
Bepositnocty, 176
Jupuxace, 322, 335
Jannaca, 322
Ilyaccona, 104
Pumana—Mesnunna, 322, 334
Oypoe, 263
B KoMilickeloll hopme, 263
Dypre—DBeccens, 264
HHTErpaiblioc HpeAcTaBienie
Ityaccona, 191
nirerpajisioe npeobpazosaiiie, 275
HITErpajlbLioe ypaBlieiilie
Jneiitoe, 389
eantierinoe, 389
C BLIPOAJICHITBIM s/1pOM, 403
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MHTeIpasbHble YpaBHeHUs
nepsoro poxa, 390
BTOpOro pona, 390
Bonbreppsl, 390
Openroasma, 390

unterpo-auddepennanbioe ypaBHernue, 457

K

KBajipaTHyHasi gopma
KaHoluyeckui Buj, 48
ypaBHeHus, 46
KBasuiuHenHoe nuddeperimanbHoe
ypaBHeuue, 46
KJlacc KoppekrHocTH, 60
KJaaccuyeckue peuenus, 60
koopauHatHble (6asuclibie)
dyukuny, 503
KOPPEKTHO NOCTaBjeHHas 3alaya
(o Anamapy), 60
kocunyc-uHrerpan Oypoe, 262
Kocuxyc-npeobpasosanue Dypoe, 276
koadpuuuentol Jlama, 23
KpaeBasi 3aj1a4a, 57
HepBOro, BTOPOro U TPeTbero pona, 58
IJ1ST 3JUIMTIITUYECKOrO ypaBHeHus, 57
KpHMBOJIHHe11asi cucteMa KoopauHart, 21
KpHBOJIMLIEH Hble KOOPAUHATHY, 22

n

JniHefiHoe auddepeHuManIbHOE
ypaBHeHue, 26, 51, 93
HeozHopozHoe, 93
onHopoaHoe, 93
JorapudMuUYECKU nIoTeHIMal
npocToro cyios, 434

M

mMepomopdHast dyukius, 322, 341
METOJ
pasjesieHus nepeMestblx, 92
CrexnoBa—JInysnans— @ybunu, 114
dynkunit [puna, 92
ODypoe, 92
MHHUMU3HpYIOLast
ocJ1e,0BaTeblioCTb, 302
MHOKECTBO
3amkHyTOC, 15
3ambikanue, 15
KOMIIaKT, 15
orpaHuyedHoe, 15
OTKpblTOE, 15
cpasnoe, 15

MoandUUMpOBaHHEblE HUAMHADHYECKHUE
dyuxuuy, 196

H

Hayanbible ycaoBus, 30, 56

HEO/IHOPOJHBIE 33/1a4¥ MaTeMaTHYeCKoi
dusuky, 243

HopMa cucrems! PyHkuuit, 119

(o

obnacrp, 15
0606weltoe npeobpazoBaHue
Dypoe, 276
0606uetibti uurerpan Oypoe, 262
OJIHODOJLIble 3a/la4y MATEMATHYECKOH
pusuxy, 243
OKDECTHOCTb MHOXKeCTBa, 15
ornepaTop
I'amuibroda (CUMBOAUYECKUI
BekTop Habna), 18
Jlannaca (nannacuan), 17
oneparop-rpaauent, 16
oneparop-auBepredims, 17
oneparop-porop (Buxpb), 17
onpencauTels
KBaJpaTu4HOi dopmbt, 47
olpezeisiouiee ypaBHeHue
coorioenye ynpyrocry, 30
opurunan (navanbias dyukuus), 322
OpTOroHaJibHas cucreMa
KoopauHart, 22
dynxumit, 119
OpTOIlOpMKpOBalIIas CUCTEMA
$pyuknuit, 119
OTKpPBITHIA wap, 13

n

napabonuyecKoe ypasiieHue

KaHoHuyeckas Gopma, 35
flapamerp pasienenus, 95
naplible YHTerpajbHble

ypaBitedus, 393

nojaunombl Jlexanapa, 211
nocrosinnas Jitnepa—Mackepohu, 176
npeobpasobarine

Dypre, 276

®ypve—beccens, 277
NpUHIKI

aHAJTUTHYECKOro

npoaosKkenus, 322, 325

Cyuepnosuimu (Hajnoxenus), 93

npofionbias aehopManus crepxus, 29
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p

pasnoxenue Xesucaiina, 322, 341
paHr, cobcrBerHoe 3HaueHue, 419
PETYJIIPHOE UHTErpa/ibHOE
ypaBsheHue, 391
PE30JIbBEHTA WHTErPAIBLHOIO
ypaBnenus, 395, 400
pe3oJibBeHTa ypaBHEHUsS
Dpenroasma, 418
psin
Hunu, 205
Dypbe—Beccens, 205

C

CaMOMHAyKIUs, 36
CUHTYJIAPHOE WHTerpajiibHoe
ypaBHeHxue, 391
cunyc-unTerpan Qypove, 262
cunyc-upeobpasosanue Pypoe, 276
cucrema Qynkiuuii, HOpMUpOBaHHas
B Touke, 112
CMeulaHHas 3ajava, 57
s runepboauyeckoro
ypaBueHus, 59
Ans napaboauyeckoro ypaBHeHus, 59
cobersennas QyHKIUS
sanaun llrypma—Jlnysuans, 109
MHTErpaiblioe ypaBHeHue, 419
coOCTBCHHOE 3HaueHnne
WHTErpanbioe ypaBHeHUe, 419
co6CTBeHHblE 3HAYEHUS
sapaun Ultypma—JInysuaas, 109
KpaeBo# 3anayu, 98
coberpeHble QYHKIMH KpaeBoi
3aja4u, 98
CIIeKTp
sanaun Ultypma—Jlnysuans, 109
IMCKpeTHbli, 119
HerpepbiBHbLHA, 119
cMmewanubii, 119
UHTelrpajlbHOE ypaBHeHue, 419
cdepuyeckue
Koopauliarthl, 24
dyHkuuu, 211
Jlexcarinpa, 211

T

reserpacdtioe ypashenue, 35

TOYKa MHOXeCTBa
BHYyTpeHHsIs, 15
npezxeabsas, 15

tpancdopmanra, 249

y

ypaBHeHue
bBeccens, 179
lenbMmronbua, 41
runepbosmueckoe, 47
anddysuu, 38, 40
KBasuiuHeilHoe auddepenuiansioe, 46
Konebauui, 26
Jlannaca, 41
Juneiinoe anddepennuansioe, 51
MaJblX DONepeYHbIX KoJiebanuii
MeM6bpanbi, 32
CTpyHbl, 28
CTepxKHs, 28
napabosmyeckoe, 47
TonepedHbIX Koaebanuit 6anky, 45
Ilyaccora, 41
paBHOBecust MemOpaHbl, 35
cBobonHbIX Kosebanuuit mem6paiibl, 34
Codu Kepmen—Jlarpanxa, 46, 284
TEeNJ0NpoBoaHOCTH, 39
Dypbe, 39
XapakTepucriueckoe, 53
Jinepa, 478
3JUIUIITUYECKOE, 47
ypaBHeHust
C pa3nensouuMUcs epemelllipiMy, 95
Bonbreppnt tuna cseprky, 394
Jlarpanxa, 492
ycaoBue
Jlexxangnpa, 501
nepuonuyuocry, 108
paspemumocty 3aaayv Helimana, 58
corjacoBauusi, 32
CTauuoHapHocTH QyHKIuoHana, 479
TPaHCBEPCaNbHOCTH, 485
yreyka, 36

o2

dopmyna
I'puna, 20
Hanambepa, 71
Ocrporpazckoro, 19
Pumana—Mennuna, 322, 334
Ponpura, 212

(dyHnameHTalbHast CUCTEMa pelUeHUIT

UErypma—Jlnysunns, 112 -
dyukumnonan, 471 ’
Pyukuus

Beccens

BTOpOro pofa, 184
nepeoro poaa, 181
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hyukimsa (npodorncenue)
Bebepa, 184
I'piia, 432
Jlexkaiipa sroporo poaa, 213
Maxnonadibia, 196
Hefimana, 184

X

XapakTepHeTHKH Andipeperiiaibioro
ypasuenus, 53

xapakrepiethueckiii misoroucr, 322, 347

XAPAKTCPHCTIMCCKOC YpaBleiine, 53

Ll

uenast pynkis, 111

netiast aniis, 496

THUHLAPHYCCKast ykits
BTOpOIO poja, 184

AndaBuTHbIA yka3arens

i apnueckue (1an 6eceencsbl)
dynkin, 179
UHIULHAPYYECKHE Koopanniatht, 23
LHUHHAPHYecKHe DYHKIHH TPeThelro poia
dyuxnum Xaukens, 185

3

aKcTpeMailb, 478
AIIMIITI{UECKOE ypaBlietiie
Kalonnyeckas ¢opma, 55

SAAPO
HIITCrpaJlbHOro
upcobpasosanus, 275
HuTerpaablioro ypasuetis, 391
obpatiioro upeobpazosattisi, 275
Tina gynkium Tpuna, 422
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